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work to add a few additional references and to make a number of corrections 
of minor errors. 
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and misprints, and in particular we are grateful to Mr E. T. Copson, Lecturer 
in Mathematics in the University of Edinburgh, for the trouble which he has 
taken in supplying us with a somewhat lengthy list. 

E. T. W. 
G. N. W. 
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A rational number x may be represented to the eye in the following 
manner: 

If, on a straight line, we take an origin 0 and a fixed segment OPx 
(Pi being on the right of 0), we can measure from 0 a length OP* such that 
the ratio OP*/OPi is equal to x\ the point P* is taken on the right or left of 
0 according as the number x is positive or negative. We may regard either 

the point P^ or the displacement OPx (which will be written OP*) as repre¬ 
senting the number x. 

All the rational numbers can thus be represented by points on the line, 
but the converse is not true. For if we measure off on the line a length OQ 
equal to the diagonal of a square of which OP, is one side, it can be proved 
that Q does not correspond to any rational number. 


Points on the line which do not represent rational numbers may be said to represent 
irrational numbers; thus the ix>int Q is aaid to represent the irrational number 
^2 = 1*414213.... But while such an explanation of the existence of irrational numbers 
satisfied the mathematicians of the eighteenth century and may still be sufficient for 
tho.se whose interest lies in the applications of mathematics rather than in the logical 
upbuilding of the theory, yet from the logical standpoint it is improper to introduce 
geometrical intuition.s to supply deficiencies in arithmetical arguments; and it was 
shewn by Dedekind in 1858 that the theory of irrational numbers can be established on 
a purely arithmetical basis without any appeal to geometry. 


12. Pedekind’s* theory of ii'rational numbers. 

The geometrical property of points on a line which suggested the starting 
point of the arithmetical theory of irrationals was that, if all points of a line 
ai-e separated into two classes such that every point of the first class is on 

the right of every point of the second class, there exists one and only one 
point at which the line is thus severed. 

Following up this idea, Dedekind considered rules by which a separation f 
or 5eciion of all rational numbers into two classes can be made, these fclasses 
(wmch will be called the X-class and the iJ-cIass, or the left class and the 
rig t c ass) being such that they possess the following properties; 

(i) At least one member of each class exists. 

(ii) Every member of the Z-cIass is less than every member of the 


It 18 obvious that such a section is made hy any rational number jt; and 
* IS either the greatest number of the £-class or the least number of the 

kind*, tract eiaborated in 1858, was not published before the appearance of Dede- 

W:LV;ase [serr DaX^e^'r 

1908)] and Cantor, Math. Ann. y. a872), 

math^iit' tOTOri the basia of the treatment of irrational nnmbere by the Greek 

Observing pnrer«r!.,:“ “ 
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iZ-cksa. But sections can be made in which no rational number x plays this 
part. Thus, since there is no rational number* * * § whose square is 2, it is easy 
to see that we may form a section in which the i?-class consists of the positive 
rational numbers whose squares exceed 2, and the Z-class consists of all 
other rational numbers. 


Then this section is such that the ^-class has no least member and the 
L-chxss has no greatest member; for, if x be any positive rational fraction 

and 2 are in order of magnitude; and therefore given any member x of the 
i-class, we can always find a greater member of the X-class, or given any 
member x of the i2-class, we can always find a smaller member of the 
J?-class, such numbers being, for instance, y and j/', where y' is the same 
function of x' as y of x. 


If a section is made in which the i2-class has a least member .da, or if the 
Z class has a greatest member Aj, the section determines a rational-real 
number; which it is convenient to denote by the samef symbol A 2 or A^. 

If a section is made, such that the i2-class has no least member and the 
Z-class has no greatest member, the section determines an irrational-real 

number^. 


If ar, y are real numbers (defined by sections) we say that x is greater 
than y if the X-class defining x contains at least two§ members of the ^-class 
defining y. 


Let a, be real numbers and let A^, ... be any members of the 

corresponding X-classes while A^, are any members of the corresponding 
i2-clasaes. The classes of which A^, ^ 2 , ... are respectively members will be 
denoted by the symbols (A^), (AA, .... 


Then the sum (written a + B) of two real numbers a and B is defined as 
the real number (rational or inational) which is determined b}^ the Z-class 
(.4, + Bi) and the i2-class (Aq + B^y 


It is, of 0001 * 86 , necessary to prove that these classes determine a section of the rational 
numbera. It is evident that A^ + Bi<A^+B 2 and that at least one member of each of the 
cla-sscH {At + Bi\ {A 2 '\-B.i) exists. It remains to prove that there is, at most, one rational 

* For if pjq be such a number, this fraction being in its lowest terms, it may be seen that 
( 2 ( 7 -p)/(p-g) IB another such number, and Ocp-q<q, so that p/q is not in its lowest terms. 
The contradiction implies that such a rational number does not exist. 

f This causes no confusion in practice, 

X B. A. W, Russell defines the class of real numbers as actually beiny the class of all L-classea; 
the class of real numbers whose L claeses have a greatest member corresponds to the class of 
rational numbers, and though the rational-real number x which corresponds to a rational number 
•T is conceptually distinct from it, no confusion arises from denoting both by the some symbol. 

§ If the classes had only one member in common, that member might be the greatest 
member of the L.class of x and the least member of the if-class of y. 
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number which is greater than every + and less than every ^^2 + ^2; suppose, if possible, 
that there arc two, x and y iy>x). Let ai be a member of (i 4 i) and let 02 be a member 
of (J2): and let N be the integer next greater than {a^ -a\)l{\{y-x)}. Take the last of 

the numbers <Ji +^(a2 —a|), (where 1, ... A), which belongs to (.d|) and the first of 

them which belongs to (/ 1 2); let these two numbers be ci, cj. Then 

C2-Ci = j,(a2-a,)<^ (y-x). 

Choose t/j, <^2 in & similar manner from the classes defining /3; then 

C2 + d.i-Ci - di<y -X. 

But C2 + d2^y, c,+ci,^x, and therefore C2-\-d2~Ci-di^y~x; we have therefore 
arrived at a contradiction by supposing that two rational numbers x, y exist belonging 
neither to (^i + 5 ,) nor to + 

If every rational number belongs either to the class + or to the class {Ai + B2)t 

then the classes (^ 4 , + ^,), (A2 + B2) define an irrational number. If one rational numbers; 

exists belonging to neither class, then the Z-class formed by x and + &nd the 

^-class (^2 + ^2) define the rational-real number x. In either case, the number defined 
is called the sum a+^. 

The diflerence a-^ of two real numbers is defined by the Zr-class (Ai^B2) and the 

A-class (^2--«i). 

The product of two positive real numbers a, 3 is defined by the ^-closs (-42^*) 
and the Z-class of all other rational numbers. 

The reader will sec without difficulty how to define the product of negative real num- 

rs and the cjuotient of two real nuiubers; and further, it may be shewh that I'cal 

numbers may be combined in accordance with the associative, distributive and commuta* 
tivc laws. 

The aggregate of rational-real and irrational-real numbers is called the 
®Sg*'Ggate of real numbers; for brevity, rational-real numbers and irrational- 
real numbers are called rational and irrational numbers respectively. 


1’3. Complex numhei's. 

We have seen that a real number may be visualised as a displacement 

along a definite straight line. If, however, P and Q are any two points in a 

plane, the displacement PQ needs two real numbers for its specification; for 

instance, the differences of the coordinates of P and Q referred to fixed 

rectangular axes, mhe coordinates of P be (f, t)) and those of Q (f + a:, 17 - 1 - y) 

the displacement PQ may be described by the symbol [x, y]. We are thus 

led to consider the association of real numbers in ordered* pairs The natural 

deHnUion of the sum of two displacements [x. y]. [x, y'] is the displacement 

which IS the result of the successive applications of the two displ^ements • 

It IS therefore convenient to dehne the sura of two number-pairs by the 
equation tr 

[^. y] -I- [a:', y'] = ^ 

„ J “-e oraered numbsr-pair [x. y] from .he ordered 
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The product of a number-pair and a real number x is then naturally 
defined by the equation 

x‘ X [x, y] = [xx, x'y]. 

We are at liberty to define the product of two number-pairs in any 
convenient manner; but the only definition, which does not give rise to 
results that are merely trivial, is that symbolised by the equation 

[x, y] X [x', y'] = [xx' - yy\ xy -H x y]. 

It is then evident that 

[x, 0] X lx, y] = lxx\ xy] = xx [x, y] 
and [0, y] x [x, y] = [- yy, x'y] = y x [- y', x']. 

The geometrical interpretation of these results is that the effect of 
multiplying by the displacement [x, 0] is the same as that of multiplying by 
the real number x; but the effect of multiplying a displacement by [0, y] 
is to multiply it by a real number y and turn it through a right angle. 

It is convenient to denote the number-pair [x, y] by the compound 
symbol x-i-iy; and a number-pair is now conveniently called (after Gauss) 
a complex number \ in the fundamental operations of Arithmetic, the complex 
number <c-|- tO may be replaced by the real number x and, defining i to mean 
0 +il, we have [0, 1] x [0,1] =» [— 1, 0]; and so may be replaced by — 1. 

The reader will easily convince himself that the definitions of addition 
and multiplication of number-pairs have been so framed that we may perform 
the ordinary operations of algebra with complex numbers in exactly the same 
way as with real numbers, treating the symbol i as a number and replacing 
the product n by — 1 wherever it occurs. 

Thus he will verify that, if a, 6, c are complex numbers, we have 

a + 6 = 6 -I- a, 
ab = 6a, 

(a + 6) c = a q- (6 + c), 
ab .c = a .be, 
a (6 -f- c) = a6 + ac, 

and if ab is zero, then either a or 6 is zero. 

It is found that algebraical operations, direct or inverse, when applied to 
complex numbers, do not suggest numbers of any fresh type; the complex 
number will therefore for our purposes be taken as the most general type 
of number. 

The introduction of the comples number hae led to many important developments in 
matbcmatics. Fuiictions which, when real variables only are considered, ap^tear as 
essentially distinct, ai'e seen to be connected when complex variables are introduced : 
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thiw the circular functions are found to be expressible in terms of exponential functions 
of a complex argument, by tlie equations 


1 


cosx=- (e‘* + e-**), 


sina’=i(e“-e-“). 

2t ' 


Again, many of the most important theorems of modern analysis arc not true if the 
numbers concerned ai'e restricted to be real; thus, the theorem that every algebraic ^ 
equation of degree n has n roota is true in general only when regarded as a theorem 
concerning complex numbers. 

Hamilton 3 quaternions furnish an example of a still further extension of the idea 
(»f number. A quaternion 

is formed from four real numbers ic, x, y, z, and four number-units 1, i, J, /■, in the same 
way that the ordinary complex number x + iy might be regarded as being formed from 
two real numbers .r, y, and two number-units 1, i. Quaternions however do not obey 
the commuutivc law of multiplication. 


The modulus of a complex number. 

Let X + iy be a complex number, x and y being real numbers. Then 
the positive square root of is called the modukis of (x+iy), and is 


written 


x + ty 


Let us consider the complex number which is the sum of two given 
complex numbers, x-^iy and n + fv. We have 

{x -t- iy) + («+ iv) = (x -(-«) +1 (y + i')- 

The modulus of the sum of the two numbers is therefore 

K® + «)= + (y + 


or 


But 


'(.tr + y*) -f (tt’ + t; 5 ) + 2 (xu -f yy))i 


11 + fy I q- 1 « + I'tf ! j5 = [(a:^ + ^ 

= (^ + yO + («’ + + 2 {xr If)^ 

= (or* -P y^) -p (u* + t,s) -P 2 {{xn -P yy)« + (a;v - 
and this latter expres-sion is greater than (or at least equal to) 

(a-® + y*) + (u* + t)*) -p 2 (xu -1- yv). 

We have therefore 


+ iy I + I + iu I ^ I (a:+ ly) + („ + („) 
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Let us consider next the complex number which is the product of two 
given complex numbers, x + iy and u + it»; we have 

(x + it/){u + lu) = {xit - yv) + i {xv -f- yu), 
and so | (a; + iy) (u + tV) | = ((arw — yv)* + {xv + - 

= 1 ^i 1«+IV I- 

The modulus of the product of two complex numbers (and hence, by in¬ 
duction, of any number of complex numbers) is therefore equal to the product 
of their moduli, 

1 * 6 . The Argand diagram. 

We have seen that complex numbera may be represented in a geometrical 
diagram by taking rectangular axes Ox, Oy in a plane. Then a point P 
whose coordinates referred to these axes are x, y may be regarded as 
representing the complex number a: + iy. In this wa}', to every point of 
the plane there corresponds some one complex number; and, conversely, to 
every possible complex number there corresponds one, and only one, point of 
the plane. The complex number x-^ iy may be denoted by a single letter* 2. 
The point P is then called the representative point of the number z\ we 
shall also speak of the number z as being the affix of the point P. 

If we denote + by r and choose B so that rcosd = x, rsm 9 =^y, 
then r and B are clearly the radius vector and vectorial angle of the point P, 
referred to the origin 0 and axis Ox. 

The representation of complex numbers thus afforded is often called the 
A rgand diagram f. 

By the definition already given, it is evident that r is the modulus of z. 
The angle B is called the argument, or amplitude, or phase, of z. 

We write 0 = arg^. 

From geometrical coasiderations, it appeal’s that (althongli the modulus of a complex 
number is unique) the argument is not unique^; if d be a value of the argument, the 
other values of the argument are comprised in the expression 2«7r+d where n is any 
integer, not ssero. The principal value of nTgz is that wliich satisfies the inequality 
— «• < arg2 ^ n. 

* It is convenient to call x and y the real and imaginary parts of z respectively. We fre¬ 
quently write X = R (z), y = I{z). 

+ It was published by J. 11. Argand, Eesai sur unc nuiniire de ffpr^nentur Ut quautUez imayia- 
airez danz lez eonztructionz gtttmtlriqucz (ISOU); it had however previously been used by Gauss, 
in Lis Helmstedt dissertation, 1799 (Werhe, in. p|>. 20-23), who had discovered it in Out. 1797 
{Math. /Inn. i.vii. p. 18); and Caspar Wessel hud discussed it in a memoir presented to th/- 
Danish Academy in 1797 and published by that Society in 1798-9. The phrase complex utimOrr 
first occurs in 1631, Gauss, IKrrAe, 11 . p. 102. 

:t See the /ippetidix, § A'521. 
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-^1 -^a the representative points corresponding to values 

and respectively of z, then the point which represents the value Zi + z^ is 

clearly the terminus of a line drawn from P,, equal and parallel to that 
which joins the origin to P,. 

To find the point which represents the complex number z^z^, where and 
are two given complex numbers, we notice that if 

Zx = n (cos -j- % sin 

, , . -^2 = ra (cos + i sin 6^) 

then, by multiplication, 


= nra (cos (0, + 0^) + isin ((9j + ^,)). 

The P'^^t which represents the number ZxZ^ has therefore a radius vector 
measure y the pioduct of the radii vectores of Pj and Pa, and a vectorial 
angle equal to the sum of the vectorial angles of P, and P*. 


The logical foundations of the theory of number. 

A. K Whitehead and B. A. W. Russell, Principia Afathematica (1910-1913). 

B. A. W. Russell, Introduction to Mathematical Philoscrpky (1919). 

On irrational numbers. 

K. Dedekind, Stetigkeit uv.d ir^ationale Zahlen. (Brunswick, 1872 .) 

. VON Dantscher, Vorleaungen ueber die IVeierstras^sche Theorie der irrationcUen 
Zahlen. (Leipzig, 1908.) 

E. W. Hobson, Functions of a Real Variable (1907), Ch. i. 

T. J. I A. Bromwich, Theory of Infinite Series (1908), Appendix i. 

On complex numbers. 

U. Hankel, Theorie der complexen Zahlen-systeme. (Leipzig, 1867.) 

O. Stole, Vorleaungen iiber allgemeine Arithmetik^ ll. (Leipzig, 1886 .) 

G. H. Hardy, A course of Pure Mathematics ( 1914 ), Ch. iii. 

Miscellankous Examples. 

1. Shew that the representative points of the complex numbers l+4u 2 + 7t 
are collinear. ^ “»«> -r i ot, 

thetu.ptrnulterr™'"'’^ "" points of 

2 + », 4 + 4t, 6 + 9 l 8 + 1Gi, 10 + 25*. 

nu™i«.Tp™^i:i™ ."ciT-u 

number of integers (including unity) less than n and prTme to 

Provo that if fl., a, ... ,, the arguments of the primitive roots. I oos^,fl=0 when 

/> 18 a positive integer less than - ” r 

abc...k* are the different constituent 

primes of n; and that, when _ 2coa,,/)_ 

the constituent primes. ^ a6c^/*»» the number of 

(Math. Trip. 1895.) 


CHAPTER II 


THE THEORY OF CONVERGENCE 


21 . The definition* of the limit of a sequence. 

Let Zx, Zi, Zi, ... be an unending sequence of numbers, real or complex. 
Then, if a number I exists such that, corresponding to every positive f 
number e, no matter how small, a number n® can be found, such that 

\^n — l\< ^ 

for all values of n greater than Wo. sequence (Zn) is said to tend to the limit I 
as rt tends to infinity. 

Symbolic forms of the statement J * the limit of the sequence (^„), as n 
tends to infinity, is I' are: 

liin Zn = I, lim Zn = I, Zn^^ I as oo . 

OC 

If the sequence be such that, given an arbitrary number N (no matter 
how large), we can find such that | ^„ | > JV for all values of n greater than 
Tio. we say that *\sn \ tends to infinity as n tends to infinity,’ and we write 

In the corresponding case when — > iV* when n> we say that 

If a sequence of real numbers does not tend to a limit or to oo or to — oo , 
the sequence is said to oscillate. 


2’11. Definition of the phrase ' of the order of' 

If (f„) and {zn) are two sequences such that a number exists such that 
I (?n/«n) I < K whenever n>n^, where K is hidependent of n, we say that is 
* of the order of’ and we write§ 

Kn^O(Zn)\ 


thus 


15W-H9 
1 +n* 




If lim(f„/^„)s= 0 , we write ?n = o(^n). 


* A definition equiyalent to this was first given bj John Wallis in 1655. {Opera^ i. (1695), 

p. 882.] 

t The number zero is exclnded from the class of positive numbers. 

$ The arrow notation is due to Leathern, Camb. Math. Tracts, No. 1, 

§ This notation is due to Bachmann, Zahlentheorie (1894), p. 401, and Landau, Frimxahlen, 
i. (1909), p. 61. 
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2’2. The limit of an increasing sequence. 

Let (a;,,) be a sequence of real numbers such that for all values 

of n ; then the sequence tends to a limit or else tends to infinity (and so it does 
not oscillate). 

Let X be any rational-real number; then either: 

(i) Xn'^ X for all values of n greater than some number 7?o depending on 
the value of x. 

Or (ii) Xn<x for every value of n. 

If (ii) is not the case for any value of x (no matter how large), then 
a:„->oo. 

But if values of x exist for which (ii) holds, we can divide the rational 
numbers into two classes, the £-class consisting of those rational numbers x 
for which (i) holds and the ij-class of those rational numbers x for which (ii) 
holds. This section defines a real number cr, rational or irrational. 

And if € be an arbitrary positive number, a —belongs to the L-class 
which defines a, and so we can 6 nd jij such that >a — Je whenever 71 >n|; 

and a + ^e is a member of the i2-class and so jrn<o + i€. Thei’efore, 
whenever 7i>n,, 

Therefore x„ I " - *■> I < '• 


Corollary. A decreasing sequence tends to a limit or to — x. 

Example 1. If = then lira (v+2m')=-^+^'. 

For, given we can find n and n' such that 

(i) whenm>7i, (ii) whenm>»', 

Let be the greater of n and n'; then, when m > n*, 

l(z«. + 2«')-(« + n I + !(*«'-(') I, 

<*: 

and this is the condition that lim + = f+ 

Example 2 Prove similarly that lim(r„.-0 = lior (r,„0 = «', and, if r + 0, 

IMU ♦ 


Example 3. If 0 < .r < I, -*■ 0. 
For if x=^ (1 +a) -a > 0 and 


0 


X"=s . - 


(1 + a)" 1 + na’ 

by the binomial theorem for a positive inteirral indox ’ v • 

positive number we can choose «« such that (l+na)-i < * wLa^VI^Tand^so^r.! 

2-21. Limxt-poirUs and the Bolzano- Weieretraee' theorem 

Ut M be a sequence of real numbers. If any number G exists sue 

seems to have been known to Cohy. EzalcUn WU... No. 153.] 
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that, for every positive value of €, no matter how small, an unlimited number 
of terms of the sequence can bo found such that 

G — €<X^^<G-\-€, 

then G is called a limit-point, or cluster-point, of the sequence. 

Bolzano’s theorem is that, ^ X ^ xvhet'e p are independent of n, 
then the sequence (xn) has at least one limit-point. 

To prove the theorem, choose a section in which (i) the iJ-class consists 
of all the rational numbers which are such that, if A be any one of them, 
there are only a limited number of terras satisfying Xn> A\ and (ii) the 
£-class is such that there are an unlimited number of terms such that Xn>a 
for all members a of the Z-class. 

This section defines a real number G \ and, if e be an arbitraiy' positive 
number, (? — and + are members of the L and R classes respectively, 
and so there are an unlimited number of terms of the sequence satisfying 

G — e < G — ^€^Xn^G+^e<G + €, 

and so G satisfies the condition that it should be a limit-point. 

2 * 211 . Definition of * the greatest of the limits* 

The number G obtained in § 2*21 is called ‘the gieatest of the limits of 
the sequence The sequence {xn) cannot have a limit-point greater 

than G\ for if G' were such a limit-point, and € = — (?), G' — e is a 

member of the i2-class defining G, so that there are only a limited number of 
terms of the sequence which satisfy Xn> G' ^ e. This condition is incon¬ 
sistent with G' being a limit-point. We write 

(?= lini.rn. 

The ‘ least of the limits,' L, of the sequence (written lira x^) is defined to be 

- lim (- Xn). 

2 * 22 . Cauchy’s* theorem on the necessary and sufficient con¬ 
dition FOR the existence OF A LIMIT. 

We shall now shew that the necessary and sufficient condition for the 
existence of a limiting value of a sequence of numbers z^, z ^,... is that. 
corresponding to any given positive number €, howfvex' small, it shall he 
possible to find a number n such that 

! ^n+p “ ■^n I < ^ 

fox' all positive integral valves of p. This result is one of the most important 
and fundamental theorems of analysis. It is sometimes called the Principle 
of Convergence. 


* Analyse Algibrique (1821), p. 126. 
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First, we bave to shew that this condition is necessary, i.e. that it is 
satisfied whenever a limit exists. Suppose then that a limit I exists; then 
(§ 2*1) corresponding to any positive number e, however small, an integer n 
can be chosen such that 


\^n M ^ 1 ^n+p ^ ^ 

for all positive values of p; therefore 

I I = I (^n+p ~ 0 ” (^n “ 0 1 

< I ^n+p “ ^ I + ! M 

which shews the necessity of the condition 

I ■^n+p — I < 

and thus establishes the first half of the theorem. 

Secondly, we have to prove* that this condition is sufflcierU, i.e. that if 
it is satisfied, then a limit exists. 

(I) Suppose that the sequence of real numbers (a:„) satisfies Cauchy s 
condition; that is to say that, corresponding to any positive number e, an 
integer n can be chosen such that 


1 i*^«+p — 1 < € 

for all positive integral values of p. 

Let the value of n, corresponding to the value 1 of 6, be m. 
Let Xi, Pi be the least and greatest ot ... ar„,; then 


Xi - 1 < < Pi + 1, 

for all values of n; write X, — 1 = p| + 1 ■= p. 

Then, for all values of n, X < «„ < p. Therefore by the theorem of § 2-21 
the sequence (a?^) has at least <yne limit-point O. * 


Further, there cannot be more than one limit-point: for if there were 
two, G and 1/ < G). take e < i (G - Then, by hypothesis, a nuXr 

n exisU such that [ - «„ | < e for every positive value of p. But since G 

and H are hunt-points, positive numbers q and r exist such that 


Then 10—+ 

But, by § 1-4, the sum on the left is greater than or equal to | G - JI 

onehmft-Snf >‘);^‘»esis; so there is o. 

outside the interval (G - 8 G Si wh X of terms of the sequel 

» S.0 + 8). where 8 is an arbitraor positive numb. 


* This proof is given by Stoli and 


Gmeiner, Tluorttitche Arithmetik, 


n. (1902), p. 144. 
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for, if there were an unlimited number of such terms, these would have a 
limit-point which would be a limit-point of the given sequence and which 
would not coincide with O ; and therefore O is the limit o/(x„). 

(II) Now let the sequence (Zn) of real or complex numbers satisfy 
Cauchy’s condition; and let rn = a:,,iy„. where and y„ are real; then for 
all values of n and p 

I ^n+j> ~ I $ I ^n+p ~ ^n\t 1 J/n+p “ Vn I ^ 1 ^n+p ~ ^n\- 

Therefore the sequences of real numbers (x„) and (y^) satisfy Cauchy’s 
condition ; and so, by (I), the limits of (x„) and (y„) exist. Therefore, by 
§ 2*2 example I, the limit of (^„) exists. The result is therefore established. 


2*3. Convergence of an infinite series. 

Let «i, t/,. ... «n> ••• be a sequence of numbers, real or complex. Let 

the sum 

+ Ws + ••• + Wn 

be denoted by Sn- 

Then, if Sn tends to a limit S as n tends to infinity, the infinite series 

«i -t- «, -f- H, + -1-... 

is said to be convergent^ or to converge to the sum S. In other cases, the 
infinite series is said to be divergent. When the series converges, the 
expression S^Sn* which is the sum of the series 


'*^+1 ^^+8 ^^+8 “h • • •» 

is called the remainder after n terms, and is frequently denoted by the 
symbol i^. 

The sum Wn+i + 1 ^ 1 + 9 +••• +Wn+p 

will be denoted by Sn,p- 

It follows at once, by combining the above definition with the results 
of the last paragraph, that the necessary and sufficient condition for the 
convergence of an infinite series is that, given an arbitrary positive number e, 
we can find n such that | Sn,p | < e for every positive value of p. 

Since 11 ^+) = it follows as a particular case that lim — 0—in other 
words, the 77 th term of a convergent series must tend to zero as n tends to 
infinity. But this last condition, though necessary, is not sufficient in itself 
to ensure the convergence of the series, as appears from a study of the series 




i 5 ■*' *••• 


In this series, ^ i . 

The expression on the right is diminished by writing (2n)~* in place of 
each term, and so Sn,n > i- 
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Therefore 


*5an+I 1 + Si^ 1 4- 2 + '^4^4 + *^B,9 + Sie,ie + ... + 


> 2 (« + 3) 00 ; 

so the series is divergent; this result was noticed by Leibniz in 1673. 

There are two general classes of problems which we are called upon to 
investigate in connexion with the convergence of series; 

(i) We may arrive at a series by some formal process, e.g. that of 
solving a linear differential equation by a series, and then to justify the 
process it will usually have to be proved that the series thus formally ob¬ 
tained is convergent. Simple conditions for establishing convergence in 
such circumstances are obtained in §§ 2-31-2*61. 

(li) Given an expression S, it may be possible to obtain a development 
S + -ffn> valid for all values of n ; and, from the definition of a limit, 

it follows that, if we can prove that Rn—> 0, then the series 2 u„, converges 
and its sum is S. An example of this problem occure in § 5*4. 

Infinite series were used* by Lord Lrouncker in Phil. Tram. ii. (1668), pp. 645-649, 
an t e term convergent was introduced by James Gregory, Professor of Mathematics at 
in urgb, in the same year; the term divergent was introduced by N. Bernoulli in 1713 
Infinite series were used systematically by Newton in 1669, Dt analygi per aetpiat. num. 
in/., and he investigated the convergence of hypergeometric series (§ 14 - 1 ) in 1704. 
ut the great mathematicians of the eighteenth century used infinite aeries freely without, 
or the most part, examining their convergence. Thus Euler gave the sum of the series 


as zero, on tho ground that 


111 


.(a) 




1 -z 


( 6 ) 


and 


Z Z* 2-1 


.(c). 


The error of ^urse arises from the fact that the series (i) converges only when 
and the scr.es (c) converges only when | s | > 1, so the series (a) never convLe.s 
For tho history of rosoArcbos od convAr^c^nM aaa ^ w** « 

ifaM., (1) and Reiff, GesMcMe rfer uaciriMca 

2*301. Abel's inequalityf. 

Let > 0 /(»• oil integer values of n. Then 

A is the greatest of the sums 

Kl. |a. + a,|. |a. + n,+ „,|.| a. + a,+ 

* See also the note to § 2*7. 

Journal fiir Math. 1 ..... 

CoroUary (i), also appears in that mLoir. ^ P^^^icnlar case of the theorem of § 2-31 


1, 


Ui 

»=i 


^ Af, where 






2 - 301 , 2 - 31 ] 
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For, writing Oj + Og + ... + On «n. we have 


m 


2 O^fn ~~ "h (^5 ™ *^ 2)^3 + ... + (<S,n <^»n— 

n<Bl 

“ ^1 y®) + *2 {f% y) + • • • + -Sm—1 (yin—I ~frr^ 4 * Smfm- 

Since fx — /», /* —/*, ... are not negative, we have, when ?i « 2, 3, ... m, 

I ^n—1 I ^ (yn—I "“ft^ > also j 5,^ | y^^ ^ ^fmt 

and so, summing and using § 1*4, we get 


i Onfn 
n=l 


< -dy. 


Corollary. If ai, a«, ... Wi, «?a, ... are any numbers, real or complex, 

1^2* 1 Wn + i - 1 +1»’». 11. 


m 

2 

nsl 


where .<1 is the greatest of the sums 2 i = "O* 

Hsl 

2'31. Diricklet’s* test for convergence, 

p 


(Hardy.) 


Let 


2 a„ 

l|sl 


< K, where K is independent of p. Then, if fn >fn+i > 0 


and limy„ « 0*f*, 2 anfn converges. 

n^\ 

For, since limy„ = 0, given an arbitrary positive number e, we can find m 
such that fm+i < el2K. 

< 2K, for all positive values of ^; so 
that, by Abera inequality, we have, for all positive values of p, 

^ -^fm-^x * 



m+9 


m+q 

1 

m 

Then 

2 On 


2 Qn 

+ 

2 an 


n®m+l 


n®l 


n=l 


where A < 2K. 
Therefore 


m+p 

S anfn 

m + l 


m+p 

2 anfn 

nam+1 


A 


< 2Kfm+i < e; and so, by § 2*3, 2 anfn converges. 

nsl 


Corollary (i). AheVs test for convergence. If 2 a„ converges and the sequence (w„) is 

ft® I 

moDotonic (i.e. always or else + i always) and jUrt|<«, where k is 

m 

m 

independent of n, then 2 a„Un converges. 

9»sl 

For, by §2 2, «„ tends to a limit «; let Then /n-^O steadily; anil 

CO 

therefore 2 (^nfn converges- But, if (u„) is an increasing sequence, so' 

2 (u — vOa- converges: therefore since 2 tta» converges, 2 u^a,, converges. If (a„) is 
*=1 nal n=l 

a decreasing sequence/, iB9Ua—u, and a similar proof holds. 

* Journal de Math. (2), vxi. (1862), pp. 253-255. Before the publication of the 2nd edition 
of Jordan’s Coure d’Analytt (1893), Diriohlet’s test and Abel’s test were frequently jointly described 
as the Diriohlet.Abel test, see e.g. Pringsheira, Math. Ann. xxv. (1685), p, 423. 
t In these circumstances, we say/^-^O •teadily. 
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Corollary (ii). Taking = in Dirichlet’s test, it follows that, if/«>/,+ ! 

and lim/n= 0 ,/i-/ 2 +/ 3 converges. 

P 

Example 1. Shew that if 0<^<2ir, 2 ainnd <cosecid; and deduce that, if 

n»l 

steadily, 2 sin 1 x 6 converges for all real values of d, and that S cos nB converges 

n»l 

if is not an even multiple of n* 

Example 2. Shew that, ifsteadily, 2 (-)"/«cosnd converges if 5 is real and 

not an odd multiple of «• and 2^ (-)"/„sin ntf converges for all real values of 6 . [Write 
tr + d for d in example 1.] 

2'32. Absolute and conditional convergence. 

m 

In order that a series S u„ of real or complex terms may converge, it is 
sufficient (but not necessary) that the series of moduli 2 | li,J should 

n=l 

converge. For, if = | | + | | + ... + K+p | and if I | «,, | converges, 

we can find n, corresponding to a given number e, such that a-„,p < e for all 

A 

values of p. But | 5|,^p | ^ < e, and so S converges. 

I»8l 

The condition is not necessary; for, writing/, = 1/n in § 2-31, corollary (ii), 
we see that 1 - i + ^ _ J + ... converges, though (§ 2-3) the series of moduli 

j + g + |+ |+ ...is known to diverge. 

In this case, therefore, the divergence of the series of moduU does not 
entail the divergence of the series itself. 

Series, which are such that the series formed by the moduli of their terms 
are wnyergent, possess special properties of great importance, and are called 
^soluUly converge,a series. Series which though convergent are not abso¬ 
lutely convergent (i.e. the ser.es themselves converge, but the series of moduli 
diverge) are said to be condxti<mally convergent. 

2'33. The geometHc series, and the series 2 ~ 

by Ii: ^ 

following articles) by a comparison 

which is known fyx Ko ^ ® series with some other senes 

the convergence of two orthrLries wh^rLe ff investigate 
standards for comparison. frequently used as 


THE THEORY OF CX)N MERGENCE 


19 


2 * 32 , 2 * 33 ] 


(I) The geometric series. 

The geometric series is defined to be the series 

1 + + ^ + .... 
Consider the series of moduli 


for this series 


1 + I ^ I + I ^ 1* + I ^|*+ ; 

'5n.p = 1 ^ i "■*■'+I ^ +... +U i 

1-1^1^ 




l-l«l ' 


n+1 


Hence, if | ^ | < 1, then 8n,p < j — i for all values of p, and, by § 2*2, 

1 ~ ^ 


example 8, given any positive number e, we can find n such that 

Thus, given e, we can find n such that, for all values of p, Sn,p<€. Hence, 
by § 2'22, the series 

1 + I^I + I^I*+... 


is convergent so long as \ z\<l, and therefore the geometric series is absolutely 
convergent if\e\< 1. 

When 1^1 >1, the terms of the geometric series do not tend to zero as n 
tends to infinity, and the series is therefore divergent. 

(II) TAe series p + i + i + i + i + 


» • » 


n 1 

Consider now the series Sn- 2 —, where s is greater than 1. 


^ We have 


11 2 1 
2* 3* ^ 2* 2'“* * 

1 1. 2.2 2_ J_ 

^ 5* 6* 7» 4* 4*“' * 

and so on. Thus the sum of 2^ — 1 terms of the series is less than 

1111, 1 ^1 

8«-i + • ‘ + 2'^" ^ 1 — 2*“' ’ 

and so the sum of any number of terms is less than (1 — 2’“*)"**. Therefore 
the increasing sequence 2 m”* cannot tend to infinity; therefore, by § 2-2, 


m~l 


the senes 2 — is convergent t/ s> I; and since its terms are all real and 

n«l nr 

positive, they are equal to their own moduli, and so the series of moduli of 
the terms is convergent; that is, the convergence is absolute. 


i ■ f 


I . 


r T 




.. . .A 
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If s = 1, the series becomes 


1 * 2^3~4~**** 


which we have already shewn to be divergent; and when s < 1, it is a fortiori 
divergent, since the effect of diminishing s is to increase the terms of the 

OD 1 


^ X 

series. The scTnes 2 — is therefore diverge^it if s 


2’34. The Com-paHson Theorem. 

We shall now shew that a smes +«« + 7/3 4-... is absolutely con- 

vergent, provided that | tt„ | is always less than C 1 Vn |. where C is some number 

independent of n, and is the nth term of anothei' series which is known to 
he absolutely convergent. 

For, under these conditions, we have 

I Wn+I 1 + 1 I + ... + I ! < C (I I 4- I I 4- ... 4- 1 l-n+p |}, 

where n and p are any integers. But since the series is absolutely 

convergent, the series 2 [ tJ„ ] is convergent, and so, given e, we can find n 
such that 


^>1+1 i 4 " ! V „+2 I 4- ... 4- I Vn^p 

for all values oip. It follows therefore that we can find n such that 

I 1 + I ■*^n+2 I 4- ... 4- 1 Wrt+y ! < €, 

for all values of p, i.e. the series 2 | u„ | is convergent. The series 2m is 
therefore absolutely convergent. 

Corou^. A series i3 ebsoh.tely convergent if the mtio of the modulus of its nth 

urm to the nth Unn of a series which is known to be absolutely convergent is less 
than some number md^n^nHpnf « / g nt is less 


< €/C. 


than some number independent of n. 
Example 1. Shew that the series 


cos«+icos2z+ico3 32 + icos 42+... 


is absolutely convergent for all real values of t. 

When 2 is real, we have 1 cos tw 1:^1, and therefore 


the terms of the given scries are therefore le-ss than „ a , . * 

terms of the series ’ equal to, the corresponding 


■t 


^ moduli of 


^ "*"98 4* .jjj + .j4~ 


28^32 

which by § 2*33 is absolutely convereent 

convergent. * senes is therefore absolutely 

Example 2. Shew that the series 

1 1 1 

an2-23)'*'3=<(2-Z3) + 4*(ir^) + -. 

^ (71 ^ 1 9 \ 

is convergent for all values of 2 vLrhi^u 

01 2 , which are not on the circle 1 2 f = 1 . 


where 



ilimir Univc*«hv 
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The geometric representation of complex numbers is helpful in discussing a question of 
this kind. Let values of the complex uvimber z be represented on a plane ; then the 
numbers Ti, ... will give a sequence of points which lie on the circumference of the 

ciix;le whose centre is the origin and whose radius is unity; and it can be shewn that 
every point ou the circle is a limit-]x>int (§ 2*21) of the points 

For these special values of the given series does not exist, since the denoroi- 
, nator of the nth term vanishes when z — For simplicity we do not discuss the aeries 
for any point z situated on the circumference of the circle of radius unity. 

Suppose now that 1«|4=1. Then for all values of n, l« — 2 «| ^ I {1 - I * |} for 

some value of c; so the moduli of the terms of the given series are less than the corre¬ 
sponding terms of the series 

If+2* ^3* 

which is known to be absolutely convergent. The given series is therefore absolutely 
convergent for all values of z, except those which are on the circle 1^1 = 1. 

It is interesting to notice that the area in the z-plane over which the series converges 
is divided into two parts, between which there is no intercommunication, by the circle 

Example 3. Shew that the series 

2810 |-f-4 8in ^ + 8 sin ^-f+2’*sin + 


converges absolutely for all values of z. 

Since* lim 3’*3in(«/3«)«r, we can find a number independent of n (but depending 
on z\ such that ] 3» sin (i/S") 1<<1*; and therefore 


2 * sin 



» /o\ 1% 


converges, the given 


series converges absolutely. 


2*36. Cauchy's test for absolute convergencef. 

If lim i w„ 1, 2 w« converges absolutely. 

f 1 ^ go n^l 

For we can find m such that, when n>m, where p is 

A 

independent of n. Then, when 71 > m, | u„ | < p"; and since^^S^^ p" converges, 

it follows from 5 2-34 that 2 «„ (and therefore 2 O converges ab- 

solutely. 

[Note. If lira |««| It «•» does not tend to zero, and, by § 2-3, m, does not 
converge.] 

* This U evident from results proved in the Appendix. 
t Analyze Algibrique, pp. 132-185. 
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2'36. D*Alembert’s* ratio test for absolute convergence. 

We shall now shew that a series 

Wl + + ^4 + • • • 

is absolutely convergent, provided that for all values of n greater than some 


fixed value r, the ratio 


^»+i 

Wn 


is less than p, where p is a positive number 


independent of n and less than unity. 

For the terms of the series 

lWr+il + l«r-M| + l«r+s|+.-. 

are respectively less than the corresponding terms of the series 

Wr+i 1(1 + p + p*+ />■+•• •). 


OQ 


which is absolutely convergent when p < 1; therefore S (and hence 
the given series) is absolutely convergent. 

A particular case of this theorem is that if lim 1 (Un+i/wn) | ^ < 1, the 

series is absolutely convergent. 

For, by the definition of a limit, we can find r such that 



f 

1 

Wn+1 

« 

1 

«n 


and then 
when n>r. 


1 - 1 < 5 (1 - 0» when n>r. 




[Note. If Urn i Un+i-j-u,, |>1, u,» does not tend to zero, and, by § 2*3, 2 does not 

1 Nsl 

converge.] 

Example 1. If jc|<1, shew that the series 

2 

%9\ 

converges absolutely for all values of z. 

[For as n-^®, if Ic|<l.] 

Example 2. Shew that the series 

a — h 

-;/ V- “''y , \'*~*'/K**' 

4! 

converges absolutely if 1«1<| 61“*. 


. (a-t)(g-26) (a-3M . 

2! 3! - i* + ... 


[For 


+ i a-nb 


u, n + 1 so the condition for absolute convei-gence is 

6t|<l,i.e.l.|<|6|->.] 


OputcuUi. t. T. (1768). pp. 171-182. 
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Exumple 3, Shew thiit the series S —— 7 ^———— converges absolutely if |r|<l. 

—(l+« ^ 

[For, when \s\<\, +n'')“l ^(1+n-')"-U"! ^ 1 + 1 +^ + ... _ 1 > 1 , so the 

rnoduli of the terms of the series are less than the corresponding terms of the series 

ac 

” (*•“* I; but this latter series is absolutely convergent, and so the given series con- 


-1 




verges absolutely.] 

2*37. A general theorem on series for lokich lira 


n ec 




n+i 


= h 


U 


n 


It is obvious that if, for all values of n greater than some fixed value r, 
itu+, I is greater than | then the terms of the series do not tend to zero as 


and the series is therefore divergent. On the other hand, if 


u 


n+i 


a 


a 


is less than some number which is itself less than unity and independent 
of n (when n >r), we have shewn in § 2 36 that the series is absolutely con¬ 


vergent. The critical case is that in which, as n increases, 


tends to 


u 


n 


the value unity. In this case a further investigation is necessary. 
We shall now shew that* a series »2 + »s + ..in which lim I 


» go 


%l 


^ 1 


will he absolutely convergent if a positive number c exists such that 


lim n ■{ 


u 


n+i 


1 < 


n 


- 1 


. = - 1 - C. 


For, compare the series S ] Un \ with the convergent series where 

Vn — 

and is a constant; we have 






n 


As n 




n - -I —> — 1 — 4 c, 

[Vn i 


and hence we can hnd m such that, when n > m, 


u 


M+l 


u 




Vn+i 


V 


n 


By a suitable choice of the constant A, we can therefore secure that for 
all values of n we shall have 

'«n I <V„. 


As is convergent, 2|«j, | is also convergent, and so is absolutely 


convergent. 


* This is the second (D’Alembert’s theorem given in § 2‘3G being the first) of a liierarcby of 
theorems doe to De Morgan. See Chrysta), Algehrn, Ch. xxvi. for an historical account of 
these theorems. 
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Corollary. If 


%i+i 


A. /1 \ 

= 1 + ~ + 0 J, where Ai is independent of n, 


then the series is absolutely convergent if < — 1. 

Example. Investigate the convergence of 2 n*” exp ( -its iV when r>k and when 

»=i \ 1 mj 

r<k. 

2 * 38 . Convergence of the hypergeometric series. 

The theorems which have been given may be illustrated by a discussion 
of the convergence of the hypergeomeiric series 

^ . 6 a(a + l)6(6+l) q (a +1) (a + 2) 6 (6 +1)(6 + 2) 

"^l.c 1.2.c(c + l) i . 2 .3 . c(c + l)(c + 2) •••* 

which is generally denoted (see Chapter XIV) by ^'(a, 6; c; z). 

If c is a negative integer, all the terms after the (l-c)th have zero 
denominators; and if either a or 6 is a negative integer the series will 
terminate at the (1 - a)th or (1 — 6)th term as the case may be. We shall 
suppose these cases set aside, so that a, b, and c are assumed not to be 
negative integers. 

In this series 

j ^ 1 (a + n-l)(& + n-I) 

\ ' n(c + n — 1) ^ 

as n —♦ 00 . 


We see therefore, by § 2 - 36 , that the setnes is absolutely convergent when 
^ i < 1, and divergent when i ^ | > 1. 

When \z\ — l, we have* 




u 


n 


1 + 


a - 1 


n 


1 + ^ + 

^ n \n*/ 


I 


- a+6—c—1 

1 +-^ 


n 


“©I- 


Let a, b, c be complex numbers, and let them be given in terms of their real 
and imaginary parts by the equations 


Then we have 


Wn 


a = a + la'', 6 = 6' +16" c = c' + ic'\ 


1 + 


a' + 6' —c' —1\* 


n 


= 1 + 


a' 4 - 6' - c - 1 


71 






By § 2 - 37 . Corollary, a condition for absolute convergence is 

a' + 6' — c' < 0, 

• The eymbol O (I/,."-) doee no, denote the seme funetion of „ throughout. See J 211. 
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Hence when |^| = 1, a sujicient condition* for the absolute convergence of 
the hgpergeometric setnes is that the real part o/n + fe —c shall be negative, 

2 ' 4 , Effect of changing the order of the terms in a semes. 

In an ordinary sum the order of the terms is of no importance, for it 
can be varied without affecting the result of the addition. In an infinite 
series, however, this is no longer the casef, as will appear from the following 
example. 

Let 


and 


•^“*^+3 2"'"S"*"7 4 ■*“ 9 11 “ 6 

11 1 1 1 


and let 2 ,* and S„ denote the sums of their first n terms. These infinite 
series are formed of the same terms, but the older of the terms is different, 
and so Xn and Sn are quite distinct functions of n. 


Let 


Cfi — I 2~^ *’* that — a'211 ~ tTn, 


Then 


V _i I 

^ 5 n ” j 4* 3 ^ ^ 


” ^*n o ^in 


4n > 1 
1 
2 


1 

2 


1 

4 


1 _ 

2u 


rt Cn 


— (^4» O'an) "I" o (o**?! O',,) 


= ^4n + ^ Sin 


Making n-^00, we see that 


X^S-\-lS; 

and so the derangement of the terms of S has altered its sum. 


E.vample. If in the series 


1 ^ j. ^ ^ 

2 3 4 “!■ • • • 


the order of the teims be altered, so that the ratio of the number of positive terms to the 
number of negative terms in the first n terms is ultimately a*, shew that the sum of the 
series will become log (2a). (Manning.) 

2 * 41 . The fundamental property of absolutely convergent se 7 'ies. 

We shall shew that the sum of an absolutely convergent series is not 
affected by changing the order in which the terms occur. 

Let jSt=*«i + t4, + W3 +... 


* The coudition is also necessary. See Bromwich, Infinite SerU$, pp. 202-204. 

« OD 

-t We say that the series 2 consists of the terms of 2 in a different order if a law 

n=t »al 

is given by whioh corresponding to each positive integer p we can find one (and only one) 
integer q and vice vena, and Vq is taken equal to Up. The result of this section was noticed by 
Diricblet, lierliner Abh. (1837), p. 48, Journal de Math. iv. (1839), p. 397. See also Cauchy, 
Returnee analytiquea (Tnrin, 1833), p. 57. 
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be an absolutely convergent series, and let S' be a series formed by the same 
terms in a different order. 

Let € be an arbitrary positive number, and let n be chosen so that 


u 


n+i 


+ |U 


n+a 




n+p 


<2« 


for all values of p. 

Suppose that in order to obtain the first n terms of S we have to take 
m terms of S' ; then if k > m, 

= >S'„ + terms of S with suffices greater than n, 

so that 

^S^Sn — S + terms of 5 with suffices greater than n. 

Now the modulus of the sum of any number of terms of S with suffices 
greater than n does not exceed the sum of their moduli, and therefore is less 

than ^ €. 

Therefore | — *Si | < | - 5 | + ^ €. 


But I - iSf I < lim ( 1 I 4 * | | + ... + ) ,} 

1 

< 2 

Therefore given e we can find m such that 

when k>m \ therefore > S, which is the required result. 

If a series of real terms converges, but not absolutely, and if Sp be the 
sum of the first p positive terms, and if o-„ be the sum of the first » negative 
terms, then Sp—► oo , <r„-» - co ; and lim(Sp + o-„) does not exist unless we 
are given some relation between p and n. It has, in fact, been shewn by 
Riemann that it is possible, by choosing a suitable relation, to make 
lim (iSp 4 -<7„) equal to any given real number*. 


2 ’ 5 . Double seHes\. 

Let u,n,n be a number determinate for all positive integral values of m 
and n ; consider the array 

^1,1) 

^3,l> 


* Get. WeTke, p. 221. 

t A complete theory of double series, on which this account is based, is given by Pringsheim 
Miinchener SUzunotbeHchU, xxvii. (1897). pp. 101-152. See further memoirs by that writer’. 
Math. /fnn. Liii. (1900), pp. 289-321 and by London, ibid. pp. 322-370. and also Bromwich’ 
In/nUe Seriet, which, in addition to an account of Pringsheim's theory, contains many develop¬ 
ments of the subject. Other important theorems are given by Bromwich, Proc. London Math 
Soc. (2), i. (1904), pp. 176-201. 


^i,a» ••• 
• • • 

Wa 1^’ 
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2 * 5 , 2 - 51 ] 

Let the sum of the terms inside the rectangle, formed by the first 
m rows of the first n columns of this array of terms, be denoted by 

If a number S exists such that, given any arbitrary positive number e, it 
is possible to find integers m and n sucli that 

1 — *S ; < e 

whenever both /a > m and v > n, we say* that the double series of which the 
general element is converges to the sum jS>, and we write 

lim = 

If the double series, of which the general element is | |, is convergent, 

we say that the given double series is absolutely convergent. 

Since = — — ,„«)), it is easily seen that, if 

the double series is convergent, then 

lira = 

Stole' necessary and sufficient^ condition for convergence. A condition for 
convergence which is obviously necessary (see § 2’22) is that, given e, we can 
find m and n such that — Sf,^y\<€ whenever y.>m and v>n and 

p, <r may take any of the values 0, 1, 2 , .... The condition is also sufficient; 
for, suppose it satisfied; then, when p > m + n, | | < e. 

Therefore, by § 2 ’ 22 , has a limit S ; and then making p and <r tend to 
infinity in such a way that p 4- p — v + <r, we see that | jS' — ,. | < e when¬ 

ever p, > m and v> n \ that is to say, the double series converges. 

Corollary. An absolutely convergent double series is convergent. For if the double 
series converges absolutely and if tn,n 1^^ the sum of m rows of n columns of the series of 
moduli, then, given c, we can find p such .that, when p>in>p and q>n>n, 

But and so when p>m>p, q>n>fii and this 

is the condition that the double series should converge. 

2*61. Methodsi of summing double series. 

® m 

Let us suppose that 2 converges to the sum <5?^. Then 2 is 
called the sum by rows of the double series; that is to say, the sum by rows 
is 2 I 2 Similarly, the sum by columns is defined as 2 ( 2 

That these two sums are not necessarily the same is shewn by the example 

„ = ——in which the sum by rows is — 1, the sum by columns is + 1; 

p + V •' ’ 

and S does not exist, 

* Thie dehnition is practically due to Cauchy. Analyse Alyebrique, p, 540. 

t This condition, stated by Stolz, Math. Ann. xxiv. (1884), pp. lo7>171, appears to have 
been first proved by Pringsheim. 

t These methods are due to Cauchy. 
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Pringsheim’s theorem* : If s exists and the sums by rows and columns 
exist, then each of these sums is equal to S. 

For since S exists, then we can find m such that 

1 - S1 < f, if /A > m, V > m. 

And therefore, since lim iSf^„ exists, | ( liin ^ €; that is to say, 




when /x > m, and so (§ 2 22) the sum by rows converges 


p=i I 

In like manner the sum by columns converges to o. 


to <S. 


2‘62. Absolutely convergent double series. 

We can prove the analogue of | 2 41 for double series, namely that if the 
terms of an absolutely convergent double semes are taken in any order as a 
simple series, their sum tends to the same limit, provided that every term occurs 
in the summation. 

Let o-^,v be the sum of the rectangle of p. rows and v columns of the 
double series whose general element is ] „ (; and let the sum of this double 

series be <r. Then given e we can find m and n such that <r — 
whenever both p> m and v>n. 

Now suppose that it is necessary to take N terms of the deranged series 
(in the order in which the terms are taken) in order to include all the terms 
of and let the sum of these terms be ty. 

Then consists of a sum of terms of the type Up,, in which 

p>m, q>n whenever M >m and M>n \ and therefore 

1 <A' — I $ <r — 3f+i < 2 

Also, S — consists of terms Up,, in which p>m, q>n; therefore 

i 5 —I $ O’ — o’jf+i.K+i <^e; therefore | S~ty\< e ; and, corresponding 
to any given number €, we can find W; and therefore t/f-^S. 


Example 1. Prove that in an absolutely convergent double series, 2 exists, and 

thence that the sums by rows and columns respectively converge to jS. 

(Let the sum of p rows of v columns of the series of moduli be y, and let t be the sum 
of the series of moduli. 

* « 

Then 2 j and so 2 y converges ; let its sum be : then 

+ + + lim 

and converges absolutely. Therefore the sum by rows of the double series 

exists, and similarly the sum by columns exists; and the required result then follows from 
Pringsheim’s theorem.] 


* Loc. cif. p. 117. 
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ExampU 2, Shew from first principles that if the terms of an absolutely convergent 
double series be arranged in the order 

«l.l + («a,t + «|.*) + («3.l + W2,3 + W,.3) + CW4,l + *-.+Ul.4) + .--t 
this series converges to S. 

2’63. Cauchy^s theorem* on the multiplication of absolutely convergent 

series. 

We shall now shew that if two series 

S — Ui V2 Us ’h ••• 

T=Vi + V2 + V3 + ... 

are absolutely convergent^ then the series 

P — WjVi + W2V1 + w,ya -f 

formed by the pt'oducts of their terms, written in any order, is absolutely con¬ 
vergent, and has fur sum ST. 

Su = Wj + 1/3 + ... + 

Tn — Vi + V 2 -\-...-\-Vn. 

ST = lim S., lim Tn - lim 
by example 2 of§ 2 * 2 . Now 

SnTn = + thVi + ... + 

+ Vg + -h ... + u»V 3 

+ . 

+ w,t/„ + w.jy„+ ... + w„y„. 

But this double series is absolutely convergent; for if these terms ai*e 
replaced by their moduli, the result is where 

<?•*> = I I + I W2 t + ... + I I, 

= IV, I + ! V.,! 4-... +1 y„ I, 

and a„Tn is known to have a limit. Therefore, by § 2 52 , if the elements of 
the double series, of which the general term is UmVn, be taken in any order, 
their sum converges to ST. 

Example. Shew that the series obtained by multiplying the two series 

z it 111 

and rearranging according to powers of z, conveiges so long as the representative point of z 
lies in the ring-shaped region bounded by the circles U| = l and ]2|=;2. 

2*6. Power-Semes f. 

A series of the type 

Oo + aj^ + -¥ a.i^ + ..., 

in which the coefficients Oo, a,, rij, as,... are independent of z, is called a series 
proceeding according to ascending powers of z, or briefly a power-series. 

* Analyze Algtbriqve, Note vii. 

t The results of this section are due to Cauchy, Analyze Alyibrique, Ch. ix. 


Let 

Then 
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We shall now shew that if a power-faeries converges for any value Za of z, 
it will he absolutely convergent for all values of z whose representative points 
are within a circle which passes through z^ and has its centre at the origin. 

oo 

For, if z be such a point, we have | ^ | < j |. Now, since S converges, 

ftaO 

an^o" must tend to zero as , and so we can find M (independent of w) 

such that 




n 


M. 


Thus 


I < M 


n 


ce 

Therefore every term in the series 2 | | is less than the corresponding 

n^o 


term in the convergent geometric series 




IM 

n=(i 


Z 

^0 


the series is therefore convergent; and so the power-series is absolutely 
convergent, as the series of moduli of its terms is a convergent series; 
the result stated is therefore established. 

X 

Let lim = then, from §2*35, 2 QnZ^ converges absolutely when 

ti=0 

CO 

z\<r\ if \z\>r, a,^z” does ngt tend to zero and so 2 anZ** diverges (§ 2-3). 

n=0 

The circle \z\ = r, which includes all the values of z for which the 
power-series 

ao + + a^z^ + + ... 

converges, is called the circle of convergence of the series. The radius of 
the circle is called the radius of convergence. 

In practice there is usually a simpler way of finding r, derived from d'Alembert’s 
test (§ 2*36); r is lim (on/a„ + ,) if this limit exists. 

A power-series may converge for all values of the variable, as happens, for 
instance, in the case of the series* 

z -4-_ — 

3r 5! 

which represents the function sin z ; in this case the series converges over the 
whole 2 :-plane. 

On the other hand, the radius of convergence of a power-series may be 
zero ; thus in the case of the series 


we 


have 


u 


n+t 


U 


n 


— n \2 


• The Bari., for <• sinr co.r and the lundamantal proparties of tha.a fnnctiona and of 

^ O' “>0 'motions ia givan 
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W'hich, for all values of n after some fixed value, is greater than unity when 
z has any value different from zero. The series converges therefore only at 
the point z = 0, and the radius of its circle of convergence vanishes. 

A power-series may or may not converge for points which are actually on 
the periphery of the circle ; thus the series 








whose radius of convergence is unity, converges or diverges at the point « = 1 
accoixling as 5 is greater or not greater than unity, as was seen in § 2'33. 


Corollary. If (a^) be a sequence of positive terms such that lim(a„ + i/a„) exists, this 
limit is equal to lim a^'*. 


2 61. Convergence of series derived from a 'power-series. 

Let Gfl + cti^ + + a 42 ^ + ... 

be a power-series, and consider the series 

a, -I- 20^2 -I- 8032“ -I- + ..., 

which is obtained by differentiating the power-series term by term. We 
shall now shew that the derived sevies has the same circle of convergence as the 
original series. 

For let « be a point within the circle of convergence of the power-series; 
and choose a positive number r,,intermediate in value between \ z\ and r the 

radius of convergence. Then, since the series S tt„rj” converges absolutely, its 

n—0 

terms must tend to zero as n —► 00 ; and it must therefore be possible to find a 
positive number M, independent of n, such that 1 a„ | < ifrr" for all values 
of n. 

00 

Then the terms of the series X n\an\\z\^~^ are less than the corre- 

nsi 

sponding terms of the series 

M * n\z\^-' 

n n=l ^i”“* 

But this series converges, by § 2*36, since \z\<r,. Therefore, by § 2 34, the 
series 

in|a„lk|-‘ 

nal 


converges; that is, the series converges absolutely for all points ^ 


CO 


situated within the circle of convergence of the original series 2 a„z\ When 


naO 


> r, OnZ” does not tend to zero, and a fortiori nUnZ^* does not tend to 
zero; and so the two series have the same circle of convergence. 
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Corollary. The series £ » obtained by integrating the original power-series 

t«rm by term, has the same circle of convergence as 2 

n=0 

2*7. Infinite Products. 

We next consider a class of limits, known as infinite products. 

Let 1 +ai. 1 -ha,, 1 4-a,, ... be a sequence such that none of its members 
vanish. If, as n oo, the product 

(1 + a,)(l + a,)(l -h oa) ... (I -f a„) 

(which we denote by n„) tends to a definite limit other than zero, this limit 
is called the value of the infinite product 

n =(1 +ai)(l + a,)(l -ho,) .... 

and the product is said to be convergent*. It is almost obvious that a necessciry 
condition for convergence is that lira a„ = 0, since lim = Hm n„ =t= 0. 

00 

The limit of the product is written 11 (1 + a^). 

n=l 


Now 


andf 


n (1 -h an) = exp • % log (1 + an)|, 

»=1 (n=l ) 

exp 1 lim Wn,) = lim (exp w„) 


if the former limit exists; hence a sufficient condition that the product 

should converge is that i^log(l + a„) should converge when the logarithms 

have their principal values. If this series of logarithms converges absolutely, 
the convergence of the product is said to be absolute. 

The condition for absolute convergence is given by the following theorem : 
in order that the infinite product 

(1 + Oi) (I + Oa) (1 -i- Oa) ... 

may be absolutely convergent, it is necessaiy and sufficient that the series 

Oi + Qj 4- a, + ... 

should be absolutely convergent. 

For, by definition, 11 is absolutely convergent or not according as the 

S@ fl6S 

log(l + a,) + log(l +a,)+log(l+a,)+... 

is absolutely convergent or not. 

a. 165^!’° "‘'“I' <■-.= - l/n> waa investigated by tVaUis as early 

t See the Appendix, § A‘2. 
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then 


Now, since lim a„ = 0, we can find m such that, when n > m, | a„ | < | ; and 


*«>g(l +a-n)~l\ = 


— 4- —* . , 

2 T 3 4 ■*■••• 


1,1 1 

^ 2^ * 2^ ^ • • • — o • 


And thence, when n > 7n, ^ 

A 


$ 2 > therefore, by the comparison 


log (l + 

theorem, the absolute convergence of 2 log(l + c^^) entails that of and 
conversely, provided that a,» — 1 for any value of n. 

This establishes the result*. 

If, in a product, a finite number of factors vanish, and if, when these are suppressed, 
the resulting product converges, the original product is said to converge to zero. But such 

a product as n (1 — r}'*) is said to diverge to zero. 

uk3 

Corollary. Since, if exp (5,.)—esp f, it follows from §2*41 that the factora 

of an absolutely convergent product can be deranged without affecting the value of the 
product. 

Example 1 . Shew that if n (1 +a„) converges, so does 2 log (1 +a,), if the logarithms 

11=1 «=i 

have their principal values. 

Example 2 . Shew that the infinite product 

sin z sin ^z sin ^z sin 

is absolutely convergent for all values of z. 

[For ^sincan be written in the form 1-^, where |X„|<it and Jh is inde- 

OB X 

pendent of n; and the series 2 ^ is absolutely convergent, as is seen on comparing 
* 1 

it with 2 -j. The infinite product is therefore absolutely convergent.] 

n=l ^ 

2*71. Some examples of infinite products. 

Consider the infinite product 

which, as will be proved later (§ 7*5), represents the function sin z. 

In order to find whether it is absolutely convergent, we must consider the 

flO ^ 

series X ^ 7-^1 or ^ X —; this series is absolutely convergent, and so the 

product is absolutely convergent for all values of z. 

Now let the product be written in the form 

* A disoQssion of the convergsucc of infinite products, in which the results are obtamed 
without making use of the logarithmic function, is given by Pringebeim, Math. Ann. xxxiii. 
(1869), pp. 119-164, and also by Bromwich, Infinite Seriez, Cb. vi. 


• • • 4 
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The absolute convergence of this product depends on that of the series 


z z z z 

TT TT 27r 27r 


But this series is only conditionally convergent, since its series of moduli 


z\ \z\ \z\ \z 

TT ^ ?r ^27r^27r^‘'‘ 


is divergent. In this form therefore the infinite product is not absolutely 
convergent, and so, if the order of the factors ^1 + is deranged, there is 
a risk of altering the value of the product. 


Lastly, let the same product be written in the form 



TT 


.(‘ * i) ‘"■t {(' - i) + 




e 2 » 


• • 


in which each of the expressions 


(l + 

\ mTTj 


is counted as a single factor of the infinite product. The absolute convergence 
of this product depends on that of the series of which the ( 27 n - l)th and 
(27n)th terms are 


1 T 


— ] e »»» — 1 . 
mv/ 


But it is easy to verify that 


\ mTT/ ^ VmV ’ 


and so the absolute convergence of the series in question follows by comparison 
with the series ^ 


l + l + p + ^ + i + ^, + i + i + .,.. 


The infinite product in this last form is* therefore again absolutely 

convergent, the adjunction of the factors e*- having changed the con¬ 
vergence from <»ndit.onal to absolute. This result is a particular case of 
the hrst part of the factor theorem of Weierstrass (§ 7'6). 

Example 1. Prove that 5^ {(l U absolutely convergent for aU values of 

2 , if c is a coostaut other than a negative integer. 

For the infinite product converges absolutely with the aeries 
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Now the general term of this series is 

(- .-f.) i » ©I 0 (i) ■ 0 © ■ 

^ converges, and so, by § 2-34, l| converges absolutely, 

and therefore the product converges absolutely. 

Example 2. Shew that converges for all points z situated 

outside a circle whose centre is the origin and radius unity. 

For the infinite product is absolutely convergent provided that the series 

is absolutely convergent. But lim (1 ) '=«, so the limit of the ratio of the (ft + l)th 

term of the series to the nth term is - ; there is therefore absolute convergence when 


A 

2 

na 8 


1 


1 , i.e. when jj|>l. 


Example 3. Shew that 


1 . 2 . 3 ... (m —1) 


m 


(«+ l){r-f 2)... (« + m- 1) 
tends to a finite limit as m-^oo, unless r is a negative integer. 

For the expression can be written as a product of which the nth factor is 




r(2-l) 


#+n \ n ) \ ' n) y ' n) ' 2n2 

This product is therefore absolutely convergent, provided the series 




• * 1 
is absolutely convergent; and a comparison with the convergent series 2 shew.s that 

this is the case. When 2 is a negative integer the expression does not exist becaiwe one of 
the factors in the denominator vanishes. 


Example 4. Prove that 

For the given product 

,1". ■ (■ - S (■ - a ('« a - (-«^n;) (• - r.) (• - © 


--logs . 

sin z. 


= lim 


e 


ti 1 _ i^l\ 


X z 


(• - ‘i) - • (• - 2 ^) - (■ -^) • (‘ 


M / ir 


lim .-iO-l+f-'V-l-i) . (1 - 1) (1 +1) e-; (l -^-1) el (l +-1) 


P trr 

^ • • • I 
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since the product whose factors are 

is absolutely convergent, and so the order of its factors can be altered. 

Since log 2 = 1-i + i' —» 

this shews that the given product is equal to 

-- log 2 . 
e " sin z. 


2*8. Infinite Determinants. 

Infinite series and infinite products are not by any means the only 
known cases of limiting processes which can lead to intelligible results. The 
researches of G. W. Hill in the Lunar Theory* brought into notice the 
possibilities of infinite determinants. 

The actual investigation of the convergence is due not to Hill but to Poincar^, Bxdl. de 
la Soc. Math, de France, xiv. (1886), p. 87. We shall follow the exposition given by 
H. von Koch, Acta Math, xvi, (1802), p. 217. 

Let A ijfc be defined for all integer values (positive and negative) of i, k, 
and denote by 


the determinant formed of the numbers Aik(i, k = -- m, ... +m); then if, 
as 7)1 00 , the expression i>„i tends to a determinate limit D, we shall say 

that the infinite determinant 


is convergent and has the value D. If the limit D does not exist, the deter¬ 
minant in question will be said to be divergent. 


The elements An, (where i takes all values), are said to form the principal 
diagonal of the determinant D; the elements Ait, (where i is fixed and k 
takes all values), are said to form the row i; and the elements Ait, (where k 
is fixed and i takes all values), are said to form the column k. Any element 
Ait is called a diagonal or a non-diagonal element, according as i = A; or i $ k. 
The element d®,® is called the oW^tn of the determinant. 


2-81. Convergence of an infinite determinant. 

We shall now shew that an infinite determinant converges, provided the pi-odiict of the 

diagonal de.nenu converge, aUolntely, and the ,um of the non-diagonol element, converge, 
absolutely. 

For let the diagonal elements of an infinite determinant D be denoted by l+o*,, 
and let the non-diagoiml elements be denoted by a**, (i>ir), so that the determinant is 


Reprinted m Aeta Muthematien, vui. (1886), pp. 1-36. Infinite determinants had previously 
dfr 7ellUn Furstenau on the algebraic equation of the uth degree. DarsteUuug 

18601 SneciRl 7 " GUichtwjjen dureh Determinanten tier Corpisienten (Marburg, 

infinit infinite deierniinants (known as conOtiuanK) occur in the theory of 

infinite continued fractions; see Sylvester. Math, l^upcrs, ,, p. 504 and in. p. 249 
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... 1 

0-10 

0_,| ... 

... <*0-1 

1 +000 

<Iq| 

... «l-l 

OlO 



Then, since the series 2 


a* I is convergent, the product 

?= a (l+ 2 I I) 


1 + 


m 
: 

- m 






is convergent. 

Now form the products 

/>„,= n (1+ 2 a**), ■^m= n ( 

then if, in the expansion of certain terms are replaced by zero and certain other 
terms have their signs changed, we shall obtain 2 >„. ; thus, to each term in the expansion 
of there corresponds, in the expansion of a term of equal or greater modulus. 
Now Dm* ~ represents the sum of those terms in the determinant /)„,+ p which vanish 
when the numk^rs a* {t, *= ±(m+1)... ± (m+p)) arc replaced by zwo; ai^ to each of 
these terms there corresponds a term of equal or greater modulus in Pm^p” Pm‘ 

Hence | /?m + p—-^m I + 

Therefore, since Pm tends to a limit as m-*-cc, so also Dm tends to a limit. This 
establishes the proposition. 

2*82. TKe rearTangemerU Theorem for convergent infinite determinants. 

We shall now shew that a determinant, of the convergent form already comidered, 
remains convergent when the elemeiUs of any row are replaced by any set of elements whose 
inodtUi are all less than some fixed positive number. 

Replace, for example, the elements 

... ^0. _m, ... ^0 ... -do. m ••• 

of the row through the origin by the elements 


• • •• • •• • •• 

which satisfy the inequality 

1 ^ I < 

where u is a positive number; and let thejiew values of Dm and D be denoted by 
and ly. Moreover, denote by and P the products obtained by suppressing in 
^ and P the factor corresponding to the index zero ; we see that no terms of^ />,«' can 
have a greater modulus than the corresponding term in the expansion of ^/V ; and 
consequently, reasoning as in the last article, we^ave ^ 

I + Dm I <.t^P w*p~ t*'Pm* 

which is sufficient to establish the result stated. 

Example. Shew that the necessary and sufficient condition for the absolute convcr* 


genco of the infinite determinant 

Urn 

»n-»® 


1 ai 0 0 ... 0 

^1 1 as 0 .,. 0 

0 ^ 1 03 ... 0 


0 ... 0 ^ 


is that the series 

shall be absolutely convergent. 


aj/3| +aa/98 + 03^3 + *** 


(von Koch.) 
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Miscellaneous Examples. 

1 . Evaluate lim («"~*n^), lim ( 7 i“* logn) when a>0, 5>0. 






2. Investigate the convergence of 

3. Investigate the convergence of 

1 • 3 2 n-l 471+3)* 

B=i\ 2.4...2n 


(Trinity, 1904.) 


2 n + 2 / • 

4. Find the range of values of 2 for which the series 

2 8 in* 2-4 8 in <2 + 88 in® 2 -... + (-)»+i 2 " 8 in*" 2 +... 

is convergent. 


(Peterhouse, 1906.) 


5. Shew that the series 




+ ••• 


« *+l 2+2 2+3 

is conditionally convei-gent, except for certain exceptional values of 2 ; but that the series 




1 


x+p -1 z+p z+p+l~ — ~z + 2p + q-\ + 

in which (p + 9 ) negative terras always follow p positive terms, is divergent. (Simon.) 
6 . Shew that 


+ J-i+i--...=|log2. 


7. Shew that the series 

is convergent, although 

8 . Shew that the series 
is convergent although 


-L -L ^ ' 

!• **" 2S p"*"**' 


a+^*+a*+^* + ... 


(Trinity, 1908.) 
(l<aO) 

(CesAro.) 

(0<a</3<l) 

(CesAro.) 
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9. Shew that the seriea 


- 1} 


converges absolutely for all values of «, except the values 

(a = 0, 1; ir=0, 1, m-1 ; m = l, 2, 3, ...)• 

10. Shew that, when $>\, 

I i r^ +j_/_i_Lii 

n = l n* «-l^n=lL”* «-l [(n + 1)'-* "•"‘/J* 

and shew that the series on the right converges when 0 <«< 1. 

(de la Valine Poussin, Afem. d« VAcad. de Belgique, liii. (1896), no. 6.) 

11. In the series whose general term is 

where v denotes the number of digits in the expression of n in the ordinary decimal scale 
of notation, shew that 

lim 

and that the series is convergent, although lim . 

12. Shew that the seriea 

9i + + 93*++ • • •» 

where ( 0 < 9 < 1 ) 

is convergent, although the ratio of the (n + l)th term to the nth is greater than unity 
when n is not a triangular number. (Cesltro.) 

13. Shew that the series 


2 


n =0 (Wf+n)*’ 

where to is real, and where (w+n)* is understood to mean «•>*«{••+•»), the logarithm being 
taken in its arithmetic sense, is convergent for all values of «, when 1 (x) is positive, and 
is convergent for values of » whose real part is positive, when x is real and not an integer. 

14. If u»>0, shew that if 2 u„ converges, then lim (nt<„) = 0, and that, if in addition 

(nu„)*=0. 

m —n (m + n — 1 )! 


16 . If 


shew that 


# 1 * 


ml 


<* 0 .n = 


/ flO \ 



( 2 

= -l, 

2 

\«*0 / 


n»o 


{m, n > 0 ) 


(Trinity, 1904.) 


16. By converting the series 

89 I 69 * 249 ^ 

^ **"1 - 9 ^ 1+9* ^ 1 - 9*^ — * 

(in which | 9 1 < 1 ), into a double series, shew that it is equal to 

Sg . Qg* ■ ^ 


1 + 


(I'g)* (l + g*)* ( 1 -g*)* 


• • • * 


(Jacobi.) 
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IT. Assuming that 3inz=a , 

shew that if and 7i-*-co in such a way that lim {mln) = kj where X: ia finite, then 

the prime indicating that the factor for which r=sO ia omitted, 

18. If vo*«i = W 2 = 0, and if, when n > 1, 

1 1 ^ 


sinz 
z 


(Math. Trip., 1904.) 


00 


then n (1+«„) converges, though 2 and 2 are divergent. 

n=0 »b 0 n»0 

19. Prove that 


(Math. Trip., 1906.) 


where k is any positive integer, converges absolutely for all values of z. 

<e « 

20. If 2 a„ be a conditionally conveigent series of real terms, then n (1 4-an) oo*^" 

nal 

00 

verges (but not absolutely) or diverges to zero according as 2 converges or diverges. 

11 = 1 

(CaucbyO 


QO 


21. Let 2 be an absolutely convergent series. Shew that the infinite determinant 

nsi 


A(C)= 


1.. 

(c-4)*-do 

-d, 

•^2 

-ds 

-d. 

"* 4*-flo 

4*-do 

4*-do 

4*-do 

4»-do *■* 

-di 

(c-2)*-do 

-d, 

— dg 

-ds 

"• 2*-do 

2*-do 

2*-do 

2*:-d; 

2*-do *■* 

— da 

-d: 

c*-do 


-d. 



0^-do 

o»-do 

0*-do 



-^i 

(c+2)*- 

do -d, 

■ 2*-do 

2»-do 


2*-do 

2*-do *" 


-do 

$2 

-di 

(c+4)*-do 

4*-d« 

4*-do 

4*-do 

4*-do 

4»-do - 


converges ; and shew that the equation 


is equivalent to the equation 


A(c)=0 


sin* Jttcss A (0) sin* . 


(Hill; see § 19*42.) 



CHAPTER III 


CONTINUOUS FUNCTIONS AND UNIFORM CONVERGENCE 

31. The dependence of one complex number on another. 

The problems with which Analysis is mainly occupied relate to the 
dependence of one complex number on another. If z and if are two complex 
numbers, so connected that, if z is given any one of a certain set of values, 
corresponding values of ^ can be determined, e.g. if f is the square of «, or if 

? = 1 when ^ is real and ? = 0 for all other values of then f is said to be a 
function of z. 

This dependence must not be confused with the most important case of 
it, which will be explained later under the title of analytic functionality. 

If f is a real function of a real variable r, then the relation between ( and which 
may be written 

can be visualised by a curve in a plane, namely tho locus of a point whose coordinates 
referred to rectangular axes in the plane are (?, f). No such simple and convenient 
geometrical method can be found for visualising an equation 

considered as defining the dependence of one complex number ^ = ^ + on another 

complex number z=x + ty. A representation strictly analogous to the one already given 
for real variables would require four-dimensional space, since the number of variables 
y is now four. 

One suggestion (made by Lie and Weiei-strasa) is to use a doubly-manifold system of 
lines in the quodruply-manifold totality of lines in three-dimensional space. 

Another suggestion is to represent ^ and rj separately by means of surfaces 

A third suggestion, due to Heflfler* is to write 

then draw the surface r = r(x, y )—which may be called the modular-gur/ace of the 
function—and on it to express the values of 0 by Surface-markings. It might be 
possible to modify this suggestion in various ways by representing 0 by curves diuwn 
on the surface ra»r (jr, y). 

3‘2. Continuity of functions of real variables. 

The reader will have a general idea (derived from the graphical represen¬ 
tation of functions of a real variable) as to what is meant by continuity. 

• Zeitichrift /Ur Math, und Phys. xnix. (1899), p. 235. 
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We now have to give a precise definition which shall embody this vague 
idea. 

Let f{x) be a function of x defined when a ^x^h. 

Let X, be such that a < X| < 6 . If there exists a number I such that, 
corresponding to an arbitrary positive number e, we can find a positive 
number i) such that 

|/(X) ~l\<€, 

whenever \ x — Xi\< rj, x ^ x^, and a $ x ^ 6 , then I is called the limit of f(x) 
as X -► X,. 

It may happen that we can find a number 1+ (even when I does not exist) 
such that \f{x) — i < e when x, < x < x, + 77 . We call /+ the limit of f{x) 
when X approaches Xj from the right and denote it by /{x^ + 0 ); in a similar 
manner we define /(xi - 0 ) if it exists. 

( If /(xi + 0), /(xi), /(xi — 0) all exist and are equal, we say that /(x) is 
continuous at Xj; so that if /(x) is continuous at x,, then, given e, w'e can find 
7 ; such that 

l/(^) 1 < 

whenever ! x — Xj I < 7; and a ^ x ^ 6 . 

If /+ and exist but are unequal, /(x) is said to have an ordinary 
discontinuity* atxj; and if = l-^f{xi), f{x) is said to have a removable 
discontinuity at x^. 

If /(x) is a complex function of a real variable, and if f (x) ^ i h (x) 

where ^(x) and ^(x) are real, the continuity of f{x) at x, implies the con¬ 
tinuity of g (x) and of k (x). For when |/(x) — f (x,) | < e, then I ^ (x) — ^ (xj) | < e 
and 1 (x) — ^ (x,) 1 < €; and the result stated is obvious. 


Example. From 8 2*2 examples 1 and 2 deduce that if /(x) and <t>(x) are con¬ 
tinuous at Xi , so are /{x) ± <f> {x), /{x) x <f> (x) and, if (xi) #= 0, /(x)l<fi (x). 

The popular idea of continuity, so far as it relates to a real variable /(x) depending 
on another real variable x, is somewhat different from that just considered, and may 
perhaps best be expressed by the sUtemeiit “The function f{x) is said to depend con¬ 
tinuously on X if, as X passes through the set of all values intermediate between any 

two adjacent values x, and .r,, /(x) paases through the set of all values intermediate 
between the corresponding values/(Xj) and/(x8).” 

The queation thus arises, how far this popular de6nition is equivalent to the precise 
definition given above. ^ 

Cauchy shewed that if a real function /(sr). of a real variable a-, satisdes the precise 
deBnifon, then .t also satisfies what we have called the popular definition ;■ this result 


If a function ie said to have ordinary discontinuities at certain 
is implied that it is continuous at all other points of the interval. 


points of an interval it 
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will be proved in g 3 63. But the converse is not true, as was shewn by Darbous. This 
fact may be illustrated by the following example* 

Between -1 and Xi= + 1 (except at x=0), let/(x) = sin^ ; and let /(0)=0. 

Jt can then be proved that/(x) depends continuously on x near x=0, in the sense of 
the popular definition, but is not continuous at x = 0 in the sense of the precise definition. 

Example. If /(x) be defined and be an increasing function in the range (a, 6), the 
limits/(x±0) exist at all j)oiL‘ts in the interior of the range. 

[If f{x) be an increasing function, a section of rational numbers can be fo\>nd such 
that, if a, .4 be any members of its Z-cIass and its ii-class, a </(x + A) for every positive 
value of A and A ^/(x + A) for some positive value of A. The number defined by this 
section is/( a*+0).] 

3‘21. Simple curves. Continua. 

Let X and y be two real functions of a real variable t which are continuous 
for every value of t such that a^t^b. We denote the dependence of x and y 
on t by writing 

x-=x{t), y^y{t). {a%t%h) 

The functions x (^), y (t) are supposed to be such that they do not assume the 
same pair of values for any two different values of t in the range a< t< b. 

Then the set of points with coordinates (x, y) corresponding to these values 
of t is called a simple curve. If 

x{a) = x (6), y{a) = y (6), 
the simple curve is said to be closed. 

Example. The circle 1 is a simple closed curve; for we may writet 

x=cosr, y = 8!n;. (0^i^2rr) 

A two-dimensional continuum is a set of points in a plane possessing the 
following two properties: 

(i) If (x, y) be the Cartesian coordinates of any point of it, a positive 
number S (depending on x and y) can be found such that every point whose 
distance from (x, y) is less than 8 belongs to the set. 

(ii) Any two points of the set can be joined by a simple curve consisting 
entirely of points of the set. 

Example. The points for which form a continuum. For if P be any 

point inside the unit circle such that ClF=r<l, we may take d=l—r; and any two 
points inside the circle may be joined by a straight line lying wholly inside the circle. 

The following two theorems} will be assumed in this work ; simple cases 
of them appear obvious from geometrical intuitions and, genemlly, theorems 
of a similar nature will be taken for granted, as formal proofs are usually 
extremely long and difficult. 

* Dae to Mansion, Matheeie^ (2) xix. (1699), pp. 129-131. 

t For a proof that the sine and coeine are continuous funotione, see the Appendix, § A’4i. 

$ Formal proofs will be found in Watson’s Complex Integration and Cauchy’s Theorem. 
(Cambridge Math. Tracts, No. 15.) 
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(I) A simple closed curve divides the plane into two continua (the 
‘ interior ’ and the ‘ exterior ). 

(II'l If P be a point on the curve and Q be a point not on the curve, 
the angle between QP and Ox increases by ± 27r or by zero, as P describes 
the curve, according as Q is an interior point or an extenor ^mt. If the 
increase is + 2'n-. P is said to describe the curve ‘ counterclockwise. 

A continuum formed by the interior of a simple curve is sometimes called 
an open two-dimensional region, or briefly an open region, and the curve is 
called its boundary ; such a continuum with its boundary is then called a 
closed two-dimensional region, or briefly a closed region or domaxn. 

A simple curve is sometimes called a closed one-dimensional region ; a 
simple curve with its end-points omitted is then called an open one-dimensional 

region. 


3-22. Continuous functions of complex variables. 

Let f{z) be a function of z defined at all points of a closed region (one- or 
two-dimensional) in the Argand diagram, and let be a point of the region. 

Then f{z) is said to be continuous at if given any positive number e, 
we can find a corresponding positive number ?? such that 

whenever \ z — Z\\<n and z is a point of the region. 


3*3. Series of variable terms. Uniformity of convergence. 

Consider the series 

^ ^ 1 a:’ (I H- a^)* ^ ^ (1 -I- x®)" ^ 

This series converges absolutely (§ 2*33) for all real values of x. 

If Sn (a;) be the sum of n terms, then 

s„(x) = \+x‘- ; 

and so lim &'„(«) = 1+*'*; (ar^O) 

n ^ 

but <Sn(0) = 0, and therefore lim jS„(0) = 0. 

ft ® 

Consequently, although the series is an absolutely convergent series of 
pontinuous functions of the sum is a discontinuous function of x. We 
naturally enquire the reason of this rather remarkable phenomenon, which 
was investigated in 1841-1848 by Stokes*, Seidelt and WeierstrassJ, who 
shewed that it cannot occur except in connexion with another phenomenon, 
that of non-uniform convergence, which will now be explained. 


* Camh. Phil. Trans, vin. (1847). pp. 533-583. [CoUected Paperg, i. pp. 236-313.] 
+ 3IUnchener Abhandlungen, v. (1848), p. 381. 
t Geg. Math. JVerkg, i. pp. 67, 75. 
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Let the functions Wb(^), ... be defined at all points of a closed region 
of the Argand diagram. Let 

S„ (z) = Wi («) 4 u, (^) + ... + Hn (^). 

The condition that the series S should converge for any particular 

tl si 

value of z is that, given €, a number n should exist such that 

for all positive values of p, the value of n of course depending on e. 

Let n have the smallest integer value for which the condition is satisfied. 
This integer will in general depend on the particular value of z which has 
been selected for consideration. We denote this dependence by writing 
n {z) in place of n. Now it may happen that we can find a number N, 
INDEPENDENT OF Z, such that 

n{z) < N 

for all values of z in the region under consideration. 

If this number N exists, the series is said to converge uniformly 
throughout the region. 

If no such number N exists, the convergence is said to be non-unifonn *. 

Uniformity of convergence is thus a property depending on a whole set of 
values of z, whereas previously we have considered the convergence of a series 
for various particular values of z, the convergence for each value being con¬ 
sidered without reference to the other values. 

We define the phrase ‘uniformity of convergence near a point z’ to mean 
that there is a definite positive number 6 such that the series converges 
uniformly in the domain common to the circle 1i $ 8 and the region in 
which the series converges. 

3*31. On the condition for uniformity of convergence f. 

If = +w„+p(^). we have seen that the 

necessary and sufficient condition that X^u„(z) should converge uniformly 

in a region is that, given any positive number r, it should be possible to 
choose ^ INDEPENDENT OF z (but depending on e) such that 

I ;, (^) I < e 

for ALL positive integral values of p. 

* The reader who is unacqueintcd witli the concept of uniformity of convergence will liiid it 
mwle much clearer by consulting Bromwich. Infinite Serie*, Ch. vii, where an illuiniimting 
account of Osgood’s graphical investigation is given. 

t Thin section shews that it is indifferent whether uniformity of convergence is dtlined by 
means of the partial remainder or by Writers differ in the deffnilion taken 

as fuudameotal. 
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If the condition is satisfied, by § 2-22. S„{.) tends to a limit, S(^), for 
each value of 2 under consideration; and then, since e is independent of p, 

1 [ Urn iJy. p (^)l 1 < f) 

and therefore, when n> N, 

S {z) - Sn (^) == I P 

and so lS(z)-Sr^(z)l<2e. 

Thus (writing ie for e) a necessary condition for uniformity of convergence 
is that |iS(^) —Sn(^)l< whenever n>N and N is independent of z\ the 
condition is also m^ent \ for if it is satisfied it follows as in § 2*22 (I) 
that 1 iJjf p{z)\< 26, which, by definition, is the condition for uniformity. 

Example 1. Shew that, if x be real, the sum of the series 

1 (x+l)‘’'(x + l)(2x+lj'^'”'*’{{n-l)x + l}{7ix + l}'^*" 

is discontinuous at x=0 and the series is non-uniformly convergent near x=0. 

The sum of the first n terms is easily seen to be when x=0 the 

sum is 0; when x4=0, the sum is 1. 

The value of R^{x) = S{x)~S„{,x) is —^ if x + 0; so when x is small, say 

71^ 1 

x^one-hundred-milliontb, the remainder after a million terms is —~— or 


100 


+ 1 


the first million terms of the series do not contribute one per cent, of the sum. And in 
general, to make < c, it is necessary to take 




Con-esponding to a given •, no number A exists, independent of x, such that n<^ for 
all values of x in any interval including x=0 ; for by taking x sufficiently small we can 
make n greater than any number JV which is independent of x. There is therefore non- 
uniform convergence near x=0. 

Example 2. Discuss the series 


in which x is real. 


• x{n (n + l)x»-l} 
{l+n*x»}{l + (n+l)ax*}» 


The nth term can be written 


nr (n+l)x . x 

l+n*x» l + (n + l)ax»* ^“ 1+^* 


R -(^•H) ^ 

[Note. In this example the sum of the series is not discontinuous at x=0.] 

But (taking €<^, andx4=0), | iE„(x)l <« if c"* (» + !) | * 1 < 1+(n+l)*x» ; i.e. if 
n+l>4{»-*+V€-»-4>lx|-* or n + 1 <|{«-i_ 4 } 1 x 1"*. 
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Now it ia not the case that the second inequalitj is satisfied for all values of n greater 

than a cerUin value and for all values of x; and the first inequality gives a value of 

n (j) which tends to infinity as x-^0; so that, corresponding to any interval containing the 

point x=0, there is no number N independent of x. The series, therefore, is non-uniformly 
convergent near x«0. 

The reader will observe that «(x) is discontinuous at x = 0; for a(x)-^oo as 

butn( 0 )= 0 . 


3*32. Connexion of discontinuity with non-uniform convergence. 

We shall now shew that if a series of continuous functions of z is uniformly 
convergent for all values of z in a given closed domain, the sum is a continuous 
function of z at all points of the domain. 

For let the series be f{z') = (x) + Ua +... + (x) + ... = s,, (z) + Rn (^), 

where {z) is the remainder after n terms. 

Since the series is uniformly convergent, given any positive number e, we 
can find a corresponding integer n independent of z, such that | i 2 n (^) | < | c 
for all values of z within the domain. 

Now n and e being thus fixed, we can, on account of the continuity of 
(x), find a positive number 77 such that 

whenever \ z — 

We have then 


\IK^) -JK 


/ 


5„(X) - 5„(/) I + I U) I + I i2n(0 


< €, 


which is the condition for continuity at z. 
Example 1. Shew that near x=0 the series 

tti (x) + w* (x) + «3 (x) + 


where «i(x)=x, m,»(x)*sx®"“*-x®""3, 

and real values of x are concerned, is discontinuous and non-uniformly convergent. 

In this example it is convenient to take a slightly different form of the test ; we shall 
shew that, given an arbitrarily small number r, it is possible to choose values of x, os 
small as we please, depending on n in such a way that | ^(x) ( is not less than e for any 
value of n, no matter how large. The reader will easily see that the existence of such 
values of x is inconsistent with the condition for uniformity of convergeuce. 


The value of ^„(x) is x*"-* j as n tends to infinity, (x) tends to 1, 0, or - 1, accord¬ 
ing as X is positive, zero, or negative. The series is therefore absolutely convergent for all 
values of x, and has a discontinuity at xe=0. 
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In this series ft, (x) = l (x>0) ; howevergreat n may be, by taking* 

we can cause this remainder to take the value 1 -e-, which is not arb.trardy small. The 

series is therefore non-uniformly convergent near ar—0. 

Exa mple 2. Shew that near z =* 0 the series 


S 


is non-uniformly convergent and its sum is discontinuous. 

The nth term can be written 

so the sum of the first a terms is ■ Thus, considering real values of r greater 

than - 1, it is seen that the sum to inhoity is 1, 0, or - 1, according as 2 is negative, zero, 
or positive. There is thus a discontinuity at a = 0. This discontinuity is explained by the 
fact that the scries is non-uniformly convergent near 2 = 0 ; for the remainder after n terms 

in the series when z is positive is 

rKiTi)"’ 

and, however great n may be, by taking this can be made numerically greater 


than --- which is not arbitrarily small. The series is therefore non-uniformly con- 
1 

vergent near z =» 0. 

3-33. The distinction between absolute and uniform convergence. 

The uniform convergence of a series in a domain does not necessitate 
its ahsolate convergence at any points of the domain, nor conversely. Thus 

the series 2 rz -converges absolutely, but (near ^ = 0) not uniformly, 

(1 + ^ ) 

while in the case of the series 

I tt! 

•=i^* + n’ 

the series of moduli is 

* 1 

i n+.2* r 

which is divergent, so the series is only conditionally convergent ', but for all 
real values of z, the terms of the series are alternately positive and negative 
and numerically decreasing, so the sum of the series lies between the sum of 
its first n terms and of its first (n + 1) terms, and so the remainder after 
n terms is numerically less than the nth term. Thus we only need take a 
finite number (independent of z) of terms in order to ensure that for all real 
values of z the remainder is less than any assigned number c, and so the 
series is uniformly convergent. 

Absolutely convergent series behave like series with a finite number of 
terms in that we can multiply them together and transpose their terms. 

* This value of x aatUfies the conditioD | x | < 8 whenever 2 a - 1 > log 9~^. 
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Uniformly convergent series behave like series with a finite number of 
terms in that they are continuous if each term in the series is continuous 
and (as we shall see) the series can then be integrated term by term. 


3*34. A condition, due to Weierstras$*,for uniform convergence, 

A sufficient, though not necessary, condition for the uniform convergence 
of a series may be enunciated as follows:— 

If, for all values of z within a domain, the moduli of the terms of a series 

= U, (^) + lia (^) + "^^ (^) + • • • 

are respectively less than the corresponding terms in a convergent series 
of positive terms 

where is independent of z, then the series S is uniformly convergent in 
this region. This follows from the fact that, the series T being convergent, 
it is always possible to choose n so that the remainder after the first n terms 
of T, and therefore the modulus of the remainder after the first n terms 
of /Sf, is less than an assigned positive number e; and since the value of n 
thus found is independent of z, it follows (§ 3’31) that the series 6 is uni¬ 
formly convergent; by § 2-34, the series S also converges absolutely. 


Example. The series 


COS2 + icOS*2 + ^C033r+... 


is uniformly convergent for all real values of r, because the moduli of ite terms are not 
greater than the corresponding terms of the convergent series 

whose terms are positive constants. 


3*341. Uniformity of convergeiwe of infimite prodveU t. 


A convergent product 5 {1 + «„ (*)1 is said to converge uniformly in a domain of values 

••••I 


independent 


m 


n=» 


<t 


for all positive integral values of p. 

The only eonditiou for .miformity of convorgonoo which will be used in this work 
U that the produot converges uniformly if I«, «I < ''‘■ere Jf, is independent of r and 

S if,| converges. 


• Ahha^dtung,^ au. ier FunUioncnlehre, p. 70. The test given by th« condition le neually 
d«»hbed (e-g. by Osgood, einnal. 0 / Uath^mtic, iii. (1889). p. 180) a. the H-te.t. 

t The definition ie. eSeetively. that given by Osgood. Funkticientliecru, p. 462. The condition 
here given for uniformity of convergenoe ie aloo eotabliehed m that work. 
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oe 


To prove the validity of the condition we observe that ^n^Cl+ifn) converges (§ 2-7), 
and so we can choose m such that 


m 


and then we have 


nsi n=l 


m 


fn+P 

n {!+«„(«)}- n {i + w„(2)} 

nsl nsl 


in r iH-f-p T I 

n {i+w„(2)} n 

n»l J • 

m P m+p T 

n«l L n*»n+I J 


<♦» 


and the choice of m is independent of r. 


3*35. Hardifs tests for uniform, convergence •. 

The reader will see, from § 2*31, that if, in a given domain, 


S an(«) 


nsi 


<k where a„(^) 


is real and k is finite and independent of p and and if («)^/n + i (*) 

«e 

uniformly as n oo, then S a„ ( 2 ) ( 2 ) converges uniformly. 

nsl 

Also that if 

^ ^ w» (*) ^ «« +1 (*) ^ 0, 

A • 

where k is independent of z and 2 <* 1 ,( 2 ) converges uniformly, then 2 a„( 2 )M„( 2 ) con- 

»=i n=l 

verges uniformly. [To prove the latter, observe that m can be found such that 

®m+l(2)» ♦ I ( 2 ) + <2,n + a { 2 ), <*Tn +1 (2) + ®», + i ( 2 ) + •••+ p ( 2 ) 

ai'e numerically less than tfk ; and therefore (§ 2*301) 


m+p 

2 a„ ( 2 ) ( 2 ) 

fl = W+l 

and the choice of < and m is independent of 

Example 1. Shew that, if d>0, the series 

® cos nd 
2 -. 


«“m+l (*)/*< V, 


• sin n$ 


nst 


n 


n®l 


n 


converge uniformly in the range 

d « < 2n--8. 

Obtain the corresponding result for the series 

• (~ )* cos ng • (-l^sinn^ 
n * “ 

by writing ^ + ir for B. 

ExampU 2. If, when a^x^h, \^{x)\<ki and 2 1 «„+i (ar)-a,,(x) | <iea, where 


n 


nssl 


^1, ^2 are independent of n and x, and if 2 a„ is a convergent series independent of ^ 

1 

40 

then^2^a,(»„(x) converges uniformly when a 6. (Hardy.) 

• Proc. London Math. Soe. (2) it. (1907). pp. 247-265. These results, which are generali**- 
tions of Abel’s theorem (§ 8-71. below), though well known, do not appear to have been pubUabed 
before 1907. From their resemblance to the tests of Ririohlet and Abel for convergcnc«. 
Bromwich proposes to call them Diriohlet’s and Abel’s tests respectively. 
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[For we can choose m, independent of .r, such that "s” < ,, and then, by S 2-301 

f»sfA+l •' ^ 


— * * * 

corollary, we have ”s' a„o.. (x) < (i,+1^) 

3 4, Discussion of a particular double seines. 

Let u, and be any constants whose ratio is not purely real; and let 
«be positive. r j > 

The series „hich the sammation extends over 

all positive and negative integral and zero values of vi and n, is of great 
importance in the theory of Elliptic Functions. At each of the points 
^ = -2m6),-2/10)5, fcbe series does not exist. It can be shewn that the series 
converges absolutely for all other values of ^ if a > 2, and the convergence is 
uniform for those values of j such that I z + 2mo), + 2 ?io) 2 \^8 for all integral 
values of m and n, where S is an arbitrary positive number. 

Let 2' denote a summation for all integral values of m and n, the term for 
which m = n = 0 being omitted. 

Now, if m and n are not both zero, and if | z + 2ma), + 2iico^ j > S > 0 for 
all integral values of m and n, then we can find a positive number C, de¬ 
pending on 8 but not on z, such that 

1 <c 1 ; 

(z + 2mQ), + 27ift>2)* (2ma)i 2 / 10 ) 2 )“ | 

Consequently, by §3-34, the given series is absolutely and uniformly* 
convergent in the domain considered if 

2' - 1 -p- 

( 7/16), + no)j I ® 

converges. 

To discuss the convergence of the latter series, let 

O), = 0 ,-I-7^,, 6)2 = a,-Hf>S 2 , 

where 0 ,, Og, are real. Since o/j/o), is not real, ai^„ — ^ 0. Then 

the series is 

2' -_ _ _. 

j(a,7n + 0,71)* + + /327i)*]i‘‘ 

This converges (§ 2’6 corollary) if the series 

S=t' - 

{m* + /i*)*® 

converges; for the quotient of corresponding terms is 

(a,-I-Oa/i)*-f (>9, -I-^aA*)*[ 


J ’ 


* The reader will easily dedne aniformitj of convergence of double series (see § 3*5). 
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where fA — nfm. This expression, qua, function of a continuous real variable 
can be proved to have a positive minimum* (not zero) since 4^ 0; 

and so the quotient is always greater than a positive number K (independent 

of /i). 

We have therefore only to study the convergence of the series S, Let 

P 9 1 

^P.9 — ^ 


m 


= _p »=-« (m* + ’ 


CO ^ 1 

4 2 S' 


i. z, - 

m»o »=o (m* + n*)* 

Separating 5p,, into the terms for which rn = n, m>n, and m < «, re¬ 
spectively, we have 

p 1 P m^l 1 q n-1 1 

lo _ i 2 —. ^ -1-2 2 _ . 

^ m=i(2m*)^* m»i nao(m* H-n*)i“ n=i »iao(m* + n*)^® 


But 


Therefore 


1 m 

2 -r- < 


n=o (m* + (m*)^® 

OP 1 00 1 00 1 

2 -=-!—+ 2 — + 2 — 
m=l2*®m* m = l m*”* n = in*' 


But these last series are known to be convergent if o — 1 > 1. So the series S 
is convergent if o>2. The original series is therefore absolutely and uni¬ 
formly convergent, when a > 2, for the specified range of values of z. 


Example. Prove that the series 

^-5^-. 

(mj* + m2* + ... -1- m^*/* 

in which the summation extends over all positive and negative integral values and zero 
values of mi, m 2 , ...m^, except the set of simultaneous zero values, is absolutely convergent 
if ir. (Eisenstein, Journal filr Math, xxxv.) 


3*6. The concept of uniformity. 

There are processes other than that of summing a series in which the idea 
of uniformity is of importance. 

Let e be an arbitrary positive number; and let fijZy be a function of 
two variables z and which for each point ^ of a closed region, satisfies the 
inequality \f{z, ^) ] < e when ^ is given any one of a certain set of values 
which will be denoted by (^*); the particular set of values of course depends 
on the particular value of z under consideration. If a set (^0 can be found 
such that every member of the set (^)o is a member of all the sets {^g), the 
function f {z, is said to satisfy the inequality uniformly for all points z of 

• The reader will find no difficulty in verifying this statement; the minimam value in 
question is given by 

= i [a|» + 02 * + ^i* + /32‘ - {(a, - ft)® + (a* + ft)*l* { (ag + ft)* + (a* - ft)*}*J. 
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the region. And if a function {z) possesses some property, for every positive 

value of e. in virtue of the inequality \/{z, 0\<e,4> (z) is then said to posses, 
the propeHy uniformly. 

In addition to the uniformity of convergence of series and products, we shall have 

to consider uniformity of convergence of integrals and also uniformity of continuity • thus 

^ a seriM is uniformly convergent when ({ = n) assuming integer valuL in- 

dependent of z only. 

Further, a function f{z) is continuous in a closed region if, given f, we can 6 nd a 
positive number 7 , such that |/(i + f,)-/(^)|<* whenever 

and i + IS a point of the region. 

The function will be uniformly continuous if we can find a positive number 9 inde¬ 
pendent ofz, such that and |/(z + 0 -/W! <c whenever 

0<]C\<r} 

«nd z + f is a point of the region, (in this case the set (f)o is the set of points whose 
nioduli are less than ij). 

We shall find later (§ 3*61) that continuity involves uniformity of continuity; this is 
in marked contradistinction to the fact that convergeuce does not involve uniformity 
of convergence. 

3'6. The modified Heine-Borel theorem. 

The following theorem is of great importance in connexion with properties 
of uniformity; we give a proof for a one-dimensional closed region*. 

Given (i) a straight line CD and (ii) a law by which, corresponding to 
each point\ F of CD, we can determine a closed interval I{P) of CD, P being 
fln interior* point of 1 (P). 

Then the line CD can be divided into a finite number of closed intervals 
Ji ,... Jt, such that each interval contains at least one point {not an end 
^ point) Pj., such that no point of Jr lies outside the intei'val I (P^) assoeiated 
{hy Tneans of the given law) with that point Pr§. 

A closed interval of the nature just described will be called a suitable 
interval, and will be said to satisfy condition (A). 

‘ If CD satisfies condition (A), what is required is proved. If not, bisect CD • 
if either or both of the intervals into which CD is divided is not suitable, 
f bisect it or them||. 

’ * A formal proof of the theorem for a two-dimeneional- region will be found in Watson’s 

s Integration and Cauchy't Theorem (Camb. Math. Tracts, No. 16). 

, t Examples of such laws associating intervals with points will be found in §§ 3-61, 513. 

^ t Except when P is at C or D, when it is an end point. 

§ This statement of the Heine-Borel theorem (which is sometimes called the Borel-Lebesgue 
■ ^eorem) is due to Baker, Proc. London Math. Soc. (2) i. (1904), p. 24, Hobson, The Theory of 
\ metione of a Real Variable (1907), p. 07, points out that the theorem is practically given in 
oursat’s proof of Cauchy’s theorem {Trans. American Math. Soc. i. (1900), p. 14); the ordinary 
D orm of the Heine-Borel theorem will be found in the treatise cited. 

11 A suitable interval is not to be bisected; for one of the parts into which it is divided 
*olght not be suitable. 
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This process of bisecting intervals which are not suitable either will 
terminate or it will not. If it does terminate, the theorem is proved, for CD 
will have been divided into suitable intervals. 

Suppose that the process does not terminate; and let an interval, which 
can be divided into suitable intervals by the process of bisection just described, 
be said to satisfy condition (B). % 

Then, by hypothesis, CD does not satisfy condition (B) ; therefore at least 
one of the bisected portions of CD does not satisfy condition (B). Take that 
one which does not (if neither satisfies condition (B) take the left-hand one); 
bisect it and select that bisected part which does not satisfy condition (B). 
This process of bisection and selection gpves an unending sequence of intervals 
So> ••• such that: 

(i) The length of is 2^ CD. 

(ii) No point of is outside Sn- 

(iii) The interval Sn does not satisfy condition (A). 

Let the distances of the end points of from C be then 

Xn ^ < 3 /n+i Therefore, by § 2*2, x^ and have limits; and, by the ! 

condition (i) above, these limits are the same, say f ; let Q be the point whose 
distance from C is But, by h 3 rpothesis, there is a number 8q such that 
every point of CD, whose distance from Q is less than Sq, is a point of the 
associated interval I (Q). Choose n so large that 2““(7i>< 8q ; then Q is an 
internal point or end point of Sn and the distance of every point of Sn from 
Q is less than Sq. And therefore the interval Sn satisfies condition (.4), which 
is contrary to condition (iii) above. The hypothesis that the process of 
bisecting intervals does not terminate therefore involves a contradiction; 
therefore the process does terminate and the theorem is proved. 

In the two-dimensional form of the theorem*, the interval CD is replaced hy a closed 
two-dimensional region, the interval I(P) by a circlet with centre P, and the interval 
Jf. by a square with sides parallel to the axes. 

3*61. Uniformity of continuity. 

From the theorem just proved, it follows without difficulty that if a 
function f{x) of a real variable x is continuous when a^x^b, then f{x) 
is uniformly continuous J throughout the range a^x 

For let € be an arbitrary positive number; then, in virtue of the con¬ 
tinuity of f {fc), corresponding to any value of x, we can find a positive 
number 5*, depending on x, such that 

for all values of x' such that j a:' — a; j < 3^. 

The reader will Me that a proof may be oonstructed on similar lines by drawing a sqoare ' " 
ciroumsoribing the region and carrying out a process of dividing sqnares into four equal squares. 

t Or the portion of the circle which lies inside the region. 

^ *^0ttr7iaf /Ur Math. Lxxr. (1870), p. 361, and j;.xxiv. 0872), 

p. 188 . ' ' 
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Then by § 3*6 we can divide the range (o, h) into a JiniU number of closed 
intervals with the property that in each interval there is a number x, such 

that |/(a:') — fix^) | < 5 whenever x lies in the interval in which Xi lies. 

Let 3, be the length of the smallest of these intervals; and let be 
any two numbers in the closed range (a, 5) such that If —Tl <^o- Then 
f. f' lie in the same or in adjacent intervals; if they lie in adjacent intervals 
let fo be the common end point. Then we can find numbers a-,, one in 
each interval, such that 

i/(f) -/(*.) I < i-/<*■> I < i 
[/(f) -/(*»)! < 4 I < i 

SO that 

i/(f) -/(n I =i i/(f) -/<*')! - 

-!/(?') -/(*>)! I 

< €. 

If f, f lie in the same interval, we can prove similarly that 

I/(f)-/(?') !<^- 

In either case we have shewn that, for any number f in the range, 
we have 

i/(f)-/(f+r)i<‘ 

whenever f + f is in the range and - a. <?<«.. where S, is independent of f. 
The uniformity of the continuity is therefore established. 

Corollary (i) From the two-dimensional form of the theorem of § 3-6 we can prove 
that a function' of a complex variable, continuous at all points of a closed region of the 
Argand diagram, is uniformly continuous throughout that region. 

Corollary (ii) A function / (r) which is continuous throughout the range o ^ r § t is 
hounded in the range; that is to say we can 6nd a number a independent of a- such that 

!/(■*) I <ie for all points x in the range. 

[Let n be the number of parts into which the range is divided. 

Ut a, ^ 2 , ... b be their end points ; then if x be any i>oint of .the rth interval 
we can find numbers X|, ... x^ .such that 

l/(o)-/(xi)!<i^ l/(^i)-/(^2 )l<i*. l/(^2)-/(f2 )l<i*,-. 

Therefore !/(«)—/(■*) 

\/ix)\<\/(<i)\ + {rity 

which is the required result, since the right-hand side is inde,>endent of .r.] 

The corresponding theorem for functions of complex variables is left to the reader. 

3-62. A real function, of a real variable, continuous in a closed interval, 
attains its upper bound. 

Let f{x) be a real continuous function of a; when a^x^h. Form n 
section in which the iZ-class consists of those numbers r such that r>/(^) 
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for all values of x in the range (a, 6), and the Z-class of all other numbers. 
This section defines a number o such that /(x) ^ a, but, if 8 be any positive 
number, values of x in the range exist such that /(x) > a — S. Then a is 
called the upper hound oi f{x)\ and the theorem states that a number x' 
in the range can be found such that f{x')^a. 

For, no matter how small 8 may be, we can find values of x for which 
iy*(a:) — o ; therefore —al|“^ is not bounded in the range; 

therefore (§ 3'61 cor. (ii)) it is not continuous at some point or points of the 
range; but since \f(x)~a \ is continuous at all points of the range, its re¬ 
ciprocal is continuous at all points of the range (§ 3 2 example) except 
those points at which f{x) = a', therefore /'(ar) = a at some point of the 
range; the theorem is therefore proved. 

Corollary (i). The lower bound of a continuous function may be defined 
in a similar manner; and a continuous function attains its lower bound. 


Corollary (ii). If f {z) be a function of a complex variable continuous in 
a closed region, \f{z')\ attains its upper bound. 


3 63. A real function, of a real variable, continuous in a closed interval, 
attains all values between its upper and lower bounds. 

Let M, m be the upper and lower bounds of fix '); then we can find numbers 
by § 3‘62, such that fix) — M,f{x) = 7n\ let ^ be any number such that 
m< p<M. Given any positive number e, we can (by § 3‘6I) divide the range 
(x, x) into a finite number, r, of closed intervals such that 

!/(a:,‘’'')-/(xa<'i)|< 6, 

where are any points of the rth interval; take to be 

the end points of the interval; then there is at least one of the intervals 
for which/(x/*"') - /(x,<*'») —/* have opposite signs; and since ' 

I - {/(aJa"’*) -/*! I < e, f 


it follows that 




Since we can find a number a:,'*-' to satisfy this inequality for all values 
of e, no matter how small, the lower bound of the function \fix) — fL\ is 
zero; since this is a continuous function of x, it follows from § 3-62 cor. (i) 
thaty(a?) — fj, vanishes for some value of x. 


3 64. The fiuctuation of a function of a real variable*. 

^^^fi^) be a real bounded function, defined when a^x^b. Let 

a-^Xi^x^^ ... ^Xn^b. 

Then \fi^^—f{Xi)\ + \fix{)~f{x^\^....^'^f(^Xn)~fib) \ is called the 
fiuctuation affix) in the range (a, 6) for the set of subdivisions ar,. a:., ... a:„. 

section is pai-tly that of Hobson, The Theory of FuncHont of a Real 
Variable (1907) and partly that of Young, The Theory of Sets of Points (1906). 
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If the fluctuation have an upper bound Fa\ independent of n, for all choices of 
*** Xn, then /{x) is said to have limited total fluctuation in the range 
(a, 6). FJ* is called the total fluctuation in the range. 

Example 1. If /(x) be monotonic* in the range (a, 6), its total 6ucttiatioD in the range 
is |/(a)-/(6)|. 

Example 2. A function with limited total fluctuation can be expressed as the differ¬ 
ence of two positive increasing monotonic functions. 

[These functions may be taken to be /(.*■))•] 

Example 3. If f{x) have limited total fluctuation in the range (a, 6), then the limits 
f{x±0) exist at all points in the interior of the range. [See § 3*2 example.] 

Example 4. If /(x), g{x) have limited total fluctuation in the range (a, h) so has 
/(^) 9 (J^). 

[For \f{x') g (y) -/(x) ^ (x) ] ^ \f{3/) \.\g {^)-9 {x)\ + \g{x)\.\f{jf)~f (x) |, 

and 80 the total fluctuation of /(x) g (x) cannot exceed g. where /, g are the 

upper bounds of |/{j^)|, |5 '(i’)l-] 

3'7. Uniformity of convergence of power series. 

Let the power series 

00 + + ... +an^"+ ••• 

converge absolutely when z — z,,. 

Then, if |x|$lxo|, | I ^ I I- 

CO ^ 

But since 2 |a„4?o"| converges, it follows, by § 3 34, that 2 converges 
»=:0 n=0 

uniformly with regard to the variable z when 

Hence, by,§ 3 32, a power series is a continuous function of the variable 
throughout the closed region formed by the interior and boundary of any 
circle concentric with the circle of convergence and of smaller radius (§ 2-6). 

371. AbeVs theorem.^ on c&niinuiiy up to the circle of convergence. 

CO 

Let 2 a„x" be a power series, whose radius of convergence is unity, and 

n^O 

let it be such that 2 converges; and let 0 $x^l; then Abel’s theorem 

n=0 

( CO \ * 

2 a^iX^] = S On. 

naO / 

For, with the notation of § 3-35, the function x" satisfies the conditions 

CO 

laid on u,fx\ when consequently/(x) = 2^a„x’* converges uni- 

• The function ia monotonic if {/(x)-/(j')l/(* - J') is one-signed or zero for all pairs of 
different values of x and x'. 

t Journal fUr Math. i. (1826), pp. 311-.339. Tlieorem iv. Abel’s proof employs directly the 
WgQments by which the theorems of § 3-32 and § 3-35 are proved. In the case when S | ( 

®0nvergeB, the theorem is obvious from § 3'7. 
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formly throughout the range 0 $ ic $ 1; it is therefore, by § 3'32, a continuous 

function of x throughout the range, and so lim /(a:)—/*(!), which is the 

1—0 


theorem stated. 


3*72. AheVs theorem* on multiplication of series. 

This is a modification of the theorem of § 2 53 for absolutely convergent 
series. 

Let C5 = aQ6„ + ai6n-i+••• d-Un^o* 

Then the convergence S a„, S 5^ 2 Cn is a sufficient condition that 


n^O 


n^O 


n^O 


( i a„) ( i 6„) = 2 c„ 

\n —0 / \nssO ' ,fi«0 


For, let 

A(x)= X a„x’\ B(®)= I bno:", C{x)== X c„x“. 

n=»0 nsaO 

Then the series for A{x\ B{x\ C{x) are absolutely convergent when 
a; I < 1, (§ 2*6) ; and consequently, by § 2 53, 

A {x) B (a:) = C (a:) 

when 0 < a; < 1 ; therefore, by § 2 2 example 2 , 

{ lim A (a:)} ( lim B (a;)j = { lim C (a;)) 

aj-^l-O 

provided that these three limits exist; but, by § 3’71, these three limits are 

40 CD 40 

2 On, 2 6 n> 2 Cn ‘i and the theorem is proved. 

n=0 n = 0 n = 0 


3*73. Power series which vanish identically. 

If a convergent power series vanishes for all values of z suxh that \z \ 
where > 0 , then all the coefficients in the power series vanish. 

For, if not, let be the first coefficient which does not vanish. 

Then +Um+i^ +ct„»+ 8 ^* +••• vanishes for all values of z (zero excepted) 
and converges absolutely when | z 1 ^ r < r,; hence, if » = a«+i + We 

have 

t s I $ 2 I a„+n I 

and so we can findf a positive number B^r such that, whenever ] z | $ 5, 

I ®m+i ^ + • • • 1 ^ 2 ! I * 

and then + — |«|>^iam|. and so | | + 0 when | z | < 5. 


• Journal/Ur Math. i. (1826), pp, 311-S39, Theorem vt. This is AbePe original proof. lo 
some text-books a more elaborate proof, by the use of Ces^ro^s sums (§ 8*43), is given* 

+ It is sufficient to take 9 to be the smaller of the numbers r and 4 1 1*^ ^ I i w I 
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We have therefore arrived at a contradiction by supposing that some 
coefficient does not vanish. Therefore all the coefficients vanish. 

Corollary 1. We may ‘equate corresponding coefficients* in two power series whose 
Buma are equal throughout the region |<A where 5>a 

Corollary 2. We may also equate coefficients in two power series which are proved 
equal only when z is real. 
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Miscellaneous Examples. 


L Shew that the series 


X 

ne 


-1 


:,(l-*«)(l-z'*l) 

1 1 

13 equal to - -^ when U|< 1 and is equal to ——when |*[> 1, 

(1 —«)* 

Is this fact connected with the theory of uniform convergence ? 

S. Shew that the series 

2 sin ;J- + 4sin ^+... + 2" sin + 

Zz w 

converges absolutely for all values of z (r=0 excepted), but does not converge uniformly 
near z«o. 


3. If 






shew that s Un(3?) does not converge uniformly near x—0. 


(Math. Trip., 1907.) 


4. Shew that the series ^ ^ convergent, but that its square (formed 

hy Abel’s rule) 

18 divergent. 

5. If the convergent series ^ + be multiplied by itself 

the terms of the product being arranged as in Abel’s result, shew that the resulting aeries 
diverges if but converges to the sum if r> (Cauchy and Cajori.) 
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6 . If the two conditionally convergent series 


_ \n + I 


2 

n^l 


(-) 


and 2 

nss\ 


(_)«*! 


where r and « lie between 0 and 1 , be multiplied together, and the product arranged m in 
Abel’s result, shew that the necessary aud sufficient condition for the convergence of the 
resulting series is (Cajpr .) 

7. Shew that if the series 1-^ + ^ —^+ -- 

be multiplied by itself any number of times, the terms of the product being arranged as 
in Abel’s result, the resulting series converges. (Cajorl.) 


8 . Shew that the qth power of the scries 

sin sin 2 d +... -ban sin nd-b... 

is convergent whenever 5 (1 - r)< 1 , r being the greatest number satisfying the relation 
for all values of n. 

9. Shew that if d is not equal to 0 or a multiple of 2fr, and if «o» ^i» ^ * 

sequence such that steadily, then the series 2 «„ cos (n0+a) is convergent. 

Shew also that, if the limit of ru is not zero, but is still monotonic, the sum of the 
series is oscillatory if ^ i» rational hut that, if ^ is irrational the siun may have any value 
between certain bounds whose difference is a cosec |d, where a= lim u*. 

(Math. Trip., 1896.) 



CHAPTER IV 


THE THEORY OF RIEMANN INTEGRATION 
4 * 1 . The concept of integration. 

The reader is doubtless familiar with the idea of integration as the 
operation inverse to that of differentiation ; and he is equally well aware that 
the integral (in this sense) of a given elementary function is not always 
expressible in terms of elementary functions. In order therefore to give 
a definition of the integral of a function which shall be always available, 
even though it is not practicable to obtain a function of which the given 
function ia the differential coefticient, we have recourse to the result that the 
integral* of f{x) between the limits a and b is the area bounded by the 
curve y the axis of x and the ordinates x = a,x=^b. We proceed to 

frame a formal definition of integration with this idea as the starting-point. 

4 * 11 . Upper and lower integrals^. 

Let f(x) be a bounded function of x in the range (a. b). Divide the 
interval at the points , Xj. ••• ^^ ^^Let U, L he 

the bounds of/(a;) in the range (a, 6), and let Ur, Lr be the bounds of /(x) 
in the range ^r). where x^ = a, = b. 

Consider the sumsj 

(^Xi — tt) + U2 (^a “ ^1) + ■ • • + Un {b ^n-i)» 

5 ^ Ijl {Xi — a) + Xg (^2 Xi) + .., + JCn {b — 

Then 11(6 — u)^ L{b — a). 

For a given n, and are bounded functions of x^, x^, ... Let 

their lower and upper bounds^ respectively be Sn, Sn, so that s„ depend 
only on n and on the form of/(^). and not on the particular way of dividing 

the interval into n parts. 

* Defined ae the (elementary) function whose differential coefficient is / {x). 

t The following procedure for establishing existence theorems concerning integrals is based 
on that given by Goursat, Court Analyte, i. Cb. iv. The concepts of upper end lower integrals 

are due to Darboux, Ann. de V^cole norm. tup. (2) rv. (1876), p. 64. 

♦ The reader will find a figure of great assistance in following the argument of this section. 
S* Ind # represent the sums of the areas of a number of rectangles which are respectively 
greater Zid less than the area bounded by y=f{x}. x^a, x = b and y = 0. if this area be 

assumed to exist. 

§ The bounds of a function of n variables are defined m just the same manner as the bounds 
of a function of a single variable (§ 8'62). 
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Let the lower and upper bounds of these functions of n be S, 8. Then 

Sji ^ S, Sfi ^ 8. 

We proceed to shew that s is at mo8t equal to S ; i.e. S'^8. 

Let the intervals (a, a^i), {xx, itj), ... be divided into smaller intervals by 
new points of subdivision, and let 

3 /i» 3 /a> ••• y*-i> 3 /i+i» ••• yt—i> yi+i> ••• ym—^ 

be the end points of the smaller intervals; let U/, X/ be the bounds of /(a:) 
in the interval (yr-i, yr)- 


Let Tjn — 2 (yr “ yr—l) > tm — ^ {yr yr~j) -^r • 

r=l r=l 

Since CT/, U^, ... Ut do not exceed Ui, it follows without difficulty that 

Now consider the subdivision of (a, b) into intervals by the points 
x-,. 0 ?-, ... and also the subdivision by a different set of points 

••• Let S'n't^'n' be the sums for the second kind of sub¬ 

division which correspond to the sums Sn, for the first kind of subdivision. 
Take all the points a;,, ... x/, ... as the points yi, ... y^. 

Then 

and S\- s '„■. 


Hence every expression of the type Sn exceeds (or at least equals) every 
expression of the type 8n' \ and therefore 5 cannot be less than s. 

[For if 5 < s and s — 5 = we could find an and an such that 
Sn — S<7i, s — Sn'<V and so 8'n'>Sn, which is impossible.] 

fb 

The bound S is called the upper integral of f{x), and is written / f{x) dx ; 

s is called the lower integral, and written f f (x) dx. 

J a 

If S^s, their common value is called the integral of /(x) taken between 
the limits* of integration a and 6. 

The integral is written J f{x)dx. 

We define J /(a:) da:, when a < 6, to mean — J f{x)dx. 


Examplel. J {/(a:) + <^ («)} dr = J /(x)dx-hj ^(x)dr. 

Example 2. By means of example 1, define the integral of a continuous complex 
function of a real variable. 


* * Extreme values* would be a more appropriate term but 'limits' biu> the sanotion of 
ottstom. ' Termini ’ has been suggested by Lamb, InfinitesiTnal Calculus (1897), p. 207. 
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4*12, 4*13] 

4*12. Riemanns condition of integrabUity*. 

A function is said to be ‘ integrable in the sense of Riemann ’ if (with the 
notation of §411) Sn and have a common limit (called the Riemann 
integral of the function) when the number of intervals (x,._,, Xr) tends to 
infinity in such a way that the length of the longest of them tends to zero. 

The necessary and suficient condition that a hounded function shmild be 
integrable is that S^ — Sn should tend to zero when the number of intervals 
(xr^i, Xf) tends to infinity in such a way that the length of the longest tends 
to zero. 

The condition is obviously necessary, for if Sn and Sn have a common limit 
>0 a.s n--> 00 . And it is sufficient; for, since it follows 

that if lim (5„ — s„) = 0, then 

lim Sn = Hm = s. 


Note. A continuous function f{x) is ‘integrable.’ For, given e, we can find d such 
that l/{x')-/(x'') whenever |x'-x''i<8. Take all the intervale x,) 

less than 8, and then U,~ L,< tf{h - a) and so - »„ < e; therefore under the 

circumstances specified in the condition of integrability. 

Corollary. If Sn and have the same limit S for one mode of subdivision of (a, 6) 
into intervals of the specified kind, the limits of Sn and of for any other such mode of 
subdivision are both S. 

Example 1. The product of two integrable functions is an integrable function. 

Example 2. A function which is continuous except at a finite number of ordinary 
discontinuities is integrable. 

[If/(x) have an ordinary discontinuity at c, enclose c in an interval of length 5, ; 
given c, we can find 3 so that | fiaf) -/ {x)\<e when \a'^x\<d a.nd x,x' are not in this 
interval. 

Then 5,-«„<«(6-a-3,)+W„ where k is the greatest value of \f{zf)-/(x)\, when 
X, af lie in the interval. 

When 3i-^-0, ,t-.-l/(c+ 0 )-/(c- 0 ) 1, and hence ^1^^ C-5'„-5„)“0.] 

Example 3. A function with limited total fluctuation and a finite number of ordinary 
discontinuities is integrable. (See § 3*64 example 2.) 


4*13. A general theorem on iniegration. 

Let f{x) be integrable. and let e be any positive number, 
possible to choose h so that 


Then it is 


provided that 


2 (x,-ffp-i)/(®p-.)-/ <'- 

.=1 

x-i, ~~ Xp-x < 3. <^p-x ^ ^ p—\ < ^p' 


• Riemann {Get. Math. Werke, p. 239) bases hie definition of an integral on the limit ot the 
Bum occurring in § 413; but it is then difficult to prove the uniqueness of the limit. A more 
general definition of integration (which is of very great importance in the modern theory of 
Functions of Beal Variables) has been given by Lebesgue, Annali di Mat. (8) vn. (1902). 
Pp. 231-859. See also his Legons $ur (Paris, 1904). 
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To prove the theorem we observe that, gpven e, we can choose the length 
of the longest interval, 8, so small that Sn — Sn< e. 


n 


Also 


p = l 

'S'n> /Mdx'^Sn. 

J a 


Therefore 


2 {xj, - - f /(«) dx 

»al Ja 




e. 


As an eiample* of the evaluation of a definite integral directly from the theorem 


of this section consider 


dx 

Jo 


where ^"<1. 


Take ® = “ ®rc sin X and let x,=sin $dy (0<«S <iTr), so that 

-*‘i+i~-®«=2 sin cos (#+^) ; 


also let 
Then 


x/ = 8in (« + i) d. 


•=>(l 


^ sin —sin (<—l)d 


1 cos(#—4)^ 

= 2/} sin 

=arc sin X. {sin 
By taking p sufficiently large we can make 

^ dx p i 

, — i — 

0 


/, 


(1-X»)4 ■=! (l-X-S,.,)! 


arc sin 




arbitrarily small. 

We can also make 
arbitrarily small. 

That is, given an arbitrary number «, we can make 

dx 

- arc sin X 


/: 


by taking p sufficiently large. But the expression now uuder consideration doeg not 
depend on p ; and therefore it must be zero ; for if not we could take « to be less than it, 
and we should have a contradiction. 

That is to say f —^ 

./o n- 

ExampU 1. Shew that 


(1 - :r >)4 


arc sin X. 


lim 


1+C03-+COB —+...+coa^^^— 

n n n sin x 


n 


Example 2. If f{x) has ordinary discontinuities at the points o,, Oj, ... a«, then 

/Vw dx=urn {/“;"■ + /(,) ^ . 

where the limit is taken by making di, 8s,... 8*, «i, €s,... e* tend to +0 independently. 

* Netto, ZeiUchrift fUr Math, und Phyt. xi.. (1895). 
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Sjnmpia $. If/(x) is int^able when a, and if, when Oj < 6 < 6 i, we write 


f /(x)dr=<f>(a, b), 
I a 


and if /(b+0) exists, then 


«-*+0 ® 


Deduce that, if /(x) is continuous at a and 6, 


rf -6 /!/(') 


ExamflU 4. Prove by differentiation that, if 4> (x) is a continuous function of x and 
dx 

^ a continuous function of ^ then 

(x) (•') 

ExampUb. If /'(x) and ^'{x)are continuous when a^x^ 6 , shew from example 3 
that 

** /' ix) 4>{x)dx+ <t>' (^)/(^) dx=/{b) (6) -/(o) ff> (a). 

a J ^ 

Example 6 . lf/(x) is integrable in the range (a, c) and a ^ 6 ^ c, shew that 
is a continuous function of 6 . 




4 * 14 . Mean Value TAeoreme. 

The two following general theorems are frequently useful. 

(I) Let CT and i be the upper and lower bounds of the integrable function/(x) in the 
range (a, 6 ). 

Then from the definition of an integral it is obvious that 

j’'{a-/(x)}dx, jy(x)-L)dx 

sre not negative ; and so 

(/(b-a)^ j J{x)dx^Lib‘a). 

This is known as the First Mean Value Theorem. 

If /(x) is continuous we can find a number $ such that a ^ f $ 6 and such that /(^) has 
any given value lying between C? and Z (§ 3*63). Therefore we can find i such that 

/(x) dx={b- a)/ ({). 

If F{x) has a continuous differential coefficient F'{x) in the range (a, b), we have, on 
"riting r(x) for/(*). Jr^^y.F^a)^^b-a)F■(() 

for some value of ^ such that a^^^b. 

ExampU. If f(x) U continuous and (x)^0, ahew that ( can be found such that 

j" f{x)4,{x)dx=f(i) jy(x)dx. 
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(11) Let /(x) and 4>{x) be integrable in the range (a, 6) and let <^(x) be a positive 
decreasing function of x. Then Bonnets* form of the Second Mean Value Theorem is 
that a number | exists such that a ^ | < 6, and 




For, with the notation of §§ 4'1-4*13, consider the sum 

S= I (x,-x^,)/(x^i) <^>(x^i). 

Writing (x,-x^i)/(x,«|) = a»„i, <^(x^i) = ^^i, ao4-ai + ...+a,—we have 

p~i 

S= S (<f>s—i <f>$) + • 

asl 

Each term in the summation is increased by writing 6 for 2>,_i and decreased by 
writing 6 for if 6, h be the greatest and least of 6©, 6i,... 6p_|; and so h<f>Q^S <6^o* 


m 


Therefore iS lies between the greatest and least of the sums (xo) S (x, —x,_|)/(x,_i) 
where 2, 3, ... p. Bat, given #, we can find d such that, when 

2 (x,-X,._,)/(X,_,) l^(x,_i)- [ *’/(x) <^(x)rfx 

• -t J *9 


m 


i>(Xo) 2 (x,-x,.,)/(x,.,)-</>(xo) 

is| 


J *0 


x) dx 


<*, 


and so, writing a, 6 for x©, Xp, we find that j /(x)^(x)dx lies between the upper and 
lower bounds oft <P(a) J '/(x)fl2x+2«, where may take all values between a and 6. 
Let U and L be the upper and lower bounds of tf) (o) J /(x) dx. 

Then l7-{-2f^ J f (x) (x) <ix ^L — 2t for all positive values of f; therefora 

U^j /(x) 0(x)dx^Z. 

Since (a) j f (x) dx qua function of takes all values between its upper and lower 

Vjounds, there is some value say, of for which it is equal to j f(x) <f> (x) dr. This 
proves the Second Mean Value Theorem. 

Example. By writing j^(x) —^(6)| in place of ^(x) in Bonnet’s form of the mean 
value theorem, shew that if <f> (x) is a monotonic fimetion, then a number $ exists 
such that a $ £ ^ 6 and 

J^f(x)^(r)dx = <ft(a) ^^/(x)dx+^(6) j^f{r)dr. 

(Du Bois Reymond.) 

* Journal de Math, xiv. (1S49), p. 249. The proof given is a modified form of an investigation 
due to Holder, G&tt. Naeh. (1889), pp. 38—47. 

t By § 4-18 example G, since/(x) is bounded, /(x)dx U a continuous fnnetion offi- 
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4 * 2 . Differentiation of integrals containing a parameter. 

The equation* /(x. a)(ir=[ ^dx h true if f{x, a) possesses a 

Riemann integral nrith respect to x and /, is a continuous function of 

the variables x and a. 


For 


I- [V(x, «)<ir = Hm 

eta j a . a 


if this limit exists. But, by the first mean value theorem, since is a 
continuous function of a, the second integrand is /« (x, a + 0h), where 

But, for any given e, a number B independent of x exists (since the con¬ 
tinuity of/, is uniformj with respect to the variable x) such that 

I/a (x, a') -/. (x, a) I < c/(6 - a), 

whenever | a' — o | < 3. 

Taking | ^ | < 3 we see that | | < 3, and so whenever | A | < 3, 

j* /(x, ^ ^ ~/(^» °) j /. (x, a) (At I $ J |/, (x, a + 6k)- f^ (x, a) | dx 

< €. 


Therefore by the definition of a limit of a function (§ 3-2), 


ii„, ^ /(x.« + ^ W(^) 

*-►0 J a A 

b 


exists and is equal to j /* dx. 


IS a 


Example 1 . If a, b be not constants but functions of a with continuous difierential 
coefficients, shew that 

•' fb 

Example 2. If/(x, a) is a continuous function of both variables, / /(x, a)dv i 
continuous function of a. 

• This formula was given by Leibniz, without specifying the restrictions laid on/(x, o). 
t ^(x, y) is defined to be a continuous function of both variables if, given e, we can find 
8 such that \ <p{x', yO - ^ (x, y) | c< whenever {(x'-x)*4-(y'-y)*}i<8. It can be shewn by § 3-6 
that if 0 (x, y) is a continuous function of both variables at all points of a closed region in 
a Cartesian ffiagram, it is uniformly continuous throughout the region {the proof is almost 
identical with that of § 3*61). It should be noticed that, if 0 (x, y) is a continuous function 
of each variable, it is not necessarily a continuous function of both; as an example take 

«(0,o)=i: 

this is a continuous function of x and of y at ( 0 , 0 ), but not of both x and y. 

t It is obvious that it would have been sufficient to assume that had a Riemanu integral 
and was a continuous function of a (the continuity being uniform with respect to x), instead 
of assuming that was a continuous function of both variables. This is actually done by 
Hobson, Functions of a Real Variable, p. 699. 
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4'3. Dovhle integrals and repeated integrals. 

Let /* {x, y) be a function which is continuous with regard to both of the 
variables x and y, when a %x a ^y 

By § 4-2 example 2 it is clear that 

la 1 1f {/ 

both exist. These are called repeated integrals. 

Also, as in § 3’62, y(a:, y\ being a continuous function of both variables, 
attains its upper and lower bounds. 

Consider the range of values of x and y to be the points inside and on a 

rectangle in a Cartesian diagram ; divide it into nv rectangles by lines parallel 
to the axes. 

Let be the upper and lower bounds of /{x, y) in one of the 

smaller rectangles whose area is, say, and let 

Then Sn,y and, as in § 411, we can find numbers S„ „ which 

are the lower and upper bounds of respectively, the vklues of 

Sn,„, Sn,y depending only on the number of the rectangles and not on their 
shapes; and ^n,y^Sn,y. We then find the lower and upper bounds {S and s) 
respectively of qua functions of n and p ; and Sn y^S^s>s as in 

§ 411 - - «... 

Also, from the uniformity of the continuity off(x, y), given e. we can find 
0 such that 

< 6 , 

(for all values of m and m) whenever the sides of all the small rectangles are 

less than the number S which depends only on the form of the function f(x v) 
and on €. J\ 'if' 


And then ^ ^ (fe _ a) - a), 

S — s < e (h — a) {^ — a). 

But S and s are independent of e, and so 5 = s. 

The common value of 5 and « is called the double integral of f(x, u) and 
is written ^ 

y)idxdy). 

It la easy to shew that the repeated integrals and the double integral are all equal 
when f (r, y) is a continuous function of both variables. 
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For let Ywi A,« be the upper aud lower bounds of 

‘fl 
, « 

as X varies between and 


/: 


/(•r, 


Then 


But* 


n 


S V», (*«-•>?: 

M = l 


m— 




ii 


' fltr > 2 A,„ (x 

nis] 


n4 


^ \ 


2 f^m.M (y»* l) ^ ^«n ^^ 2 yn-i)’ 

K-1 M“1 


Multiplying these last inequalities by x„,-x„,i, using the preceding inequalities and 
summing, we get 


5 2 

Alsl >4sl 


r { y)^y\ 2 2 

/ « L/ 4 y M*l 




and so, proceeding to the limit, 


Blit 


S=,=y** l^/(x, y) (<irrfy), 


and so one of the repeated integrals is equal to the double integral. Similarly the other 
repeated integral is equal to the double integral 

Corollary. If/{x, y) be a continuous function of both variables, 

4*4. Infinite integrals. 

6 

If lim [^1 f{x)dc^ exists, we denote it by J fix^dx-, and the limit in 
question is called an infinite integral f- 


Examples. 


r dx A 1\ 1 

(*) /„ (a-») = «• 

/o ( ” 2 (*'+“') 

(3) By integrating by parts, shew that '<^(= 


(Euler.) 


Similarly we define J* flx)dx to mean ^his limit exists ; and 

J* f{x)dx is defined os ^ f(^)dr+l^ /{x)dx. In this last definition the choice 
of a is a matter of indifference. 

* The upper bound of /(x, y) in the rectaDgle is not less than the upper bound 
of /(^t y) on that portion of the line x-{ which lies m the rectangle. 

t This phrase, due to Hardy, Proc. London Math. Soc. xxxiv. (1902), p. 16, suggests the 
analogy between an infinite integral and an infinite series. 
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Infinite integrals of continuous functions. Conditions for con¬ 
vergence. 

aOP 

A necessary and suflBcient condition for the convergence of I y*(*t) die is 

J a 


» !• 

that, corresponding to any positive number e, a positive number X should 

•t" 


exist such that 


/(x) dx 


< € whenever 




The condition is obviously necessary; to prove that it is sufficient, suppose it 

IS satisfied; then, if n » Z - a and n be a positive integer and S„ = ^*''f{x)dx, 
"-ehave :S„+p-S„|<e. ‘ 

Hence, by § 2-22, S„ tends to a limit. S', and then, if f > a + n, 

f 


S— f{x)dx 


S- 


■a+n 


f{x)dx\-^ r f{x) 

J a+n 


dx 


< 2e; 


and so lim f f{x)dx — S; so that the condition is sufficient. 


4*42. Uniformity of convergence of an infinite integral. 

The integral j^f(x, a)dx is said to converge uniformly with regard to a 

m a given domain of values of a if, corresponding to an arbitrary positive 
number e, there exists a number X independent of a such that 


for ail values of a in the domain and all values of x' ^ X. 

The reader will see without difficulty on comparing g 2-22 and 3*31 with 

§4-41 that a necessary and sufficient condition that J*/(x, a)dx should 

converge uniformly in a given domain is that, corresponding to any positive 
number e, there exists a number X independent of a such that 

•x" 


f f{x,a)dx 


< € 


for all values of a in the domain whenever x" ^ x' > X 


4 43. Tests for the convergence of an infinite integral. 

There are conditions for the convergence of an infinite integral analogous 
to those given in Chapter II for the convergence of an infinite series. 

The following tests are of special importance. 
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(I) Absolutely convergent integrals. It may be shewn that 


certainly converges if |/(j:) | dx does so ; and the former integral is then 

V a 

said to be absolutely convergent. The proof is similar to that of § 2 ' 32 . 

ExampU The comparison test. If (/(x) ] (j) and ( g{x)dj; convei-ge.s then 

J a 

^ /(x) dx converges absolutely. 

[Note, It was observed by Dirichlet* that it is not necessary for the convergence of 
/(x) dx that/(x)-^O as X —® : the reader may see this by considering the function 

/(*)==0 (n$x^n+l-(»+l)-2 ), 

/(x) = (n + l)<(n + l-x){x-(»+l) + (n + I)“*} {« + I - (« +1 )“®«x ^k +1 ), 

where n takes all integral values. 

ft fn+l 

Ft>r j /{.t)d.t increases with | and j /{.v)dr = ^{n + \) 2; whence it follows 

without difficulty that J /{x)dx converges. But when j:=n + l-i (n + l)-2^ = ^ ; 

and so / (x) does not tend to zero.] 

(11) The Maclaurin-Cauchyf test. If /(^)>0 and /{x)-*^0 steadily, 
f{x)dx and 2 f{n) converge or diverge together. 

^ 1 n = l 


For 


and BO 


J « 

ti /rt+J 

2 /(»«)>/ f{x)dx'^ 2 fim) 
,=1 J 1 m =8 


The first inequality shews that, if the series converges, the increasing sequence 

fx-¥\ 

j /(x)dx converge.s(§ 2 2) when through integral values, and hence it follows 

without difficulty that /(x)rfx converges when x'-#-® ; also if the integral diverges, 
so does the series. 

The second shews that if the series diverges so does the integral, and if the integral 
conveiges so does the series (§ 2’2}. 

(Ill) BeHrand’st test If/(x) ^ 0(x*-*), [ f{x)dx converges when 
'h < 0 ; and if f{x) = 0 (x'* (logx)^-*). f /(^) converges when X < 0. 

These results are particular ca.ses of the comparison test given in (I). 


• Diriohlet’s example was/(.r) = 8inx3; Journal JUr Math. xvii. (1837), p. 60. 

t Maclaurin {Fluxions, i. pp. 289, 290) makes a verbal statement practically equivalent to this 
WBult, Cauchy’s result is given in his Oeuvres (2), Vii. p. 269. 

♦ Journal dt Math. vii. (1842), pp. 38, 39. 
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(IV) Ckartiev s test* for xiniegrals involving periodic fuTictutns. 

If y(^) 0 steadily as x oo and if J ^ (a:) dx is bounded as oo» 

then /(x) (x) dx is convergent. 

J H 

For if the upper bound of ] be d, we can choose Xsuch that /(x)<</2i 

when x'^X; and then by the second mean value theorem, when x" we have 

which is the condition for convergence. 

Example 1, j — dx converges. 

Example 2, /: iT “ ^ sin (x® — ax) dx converges. 


4*431. Testa f(yr uniformity of convergence of an infinite integral^. 

(I) Be la Vallde Poussin's test* The reader will easily see by using 

the reasoning of § 3-34 that /(*. a) dx converges uniformly with reganl 
to a in a domain of values of a if |/(x, a) | < ^ (x), where (*) is independent 
of a and (x) dx converges. [For, choosing X so that J*" ^{x)dx<€ 

when »"»x'^X, we have J^/(x, a)<ix < e, and the choice of X is inde- 
pendent of a.] 

Example, x^-'e-’dx converges uniformly in any interval (A, B) such that 

(II) The method of change of variable. 

This may be illustrated by an example. 


Consider 


ider/; “ 


smox 


dx where a is real. 


We have 


/■*" sin ax /'«»" sin y 


So 


can find rsuch that ^^-dy <,wheny"?y'? 1' 
/‘■'"sinox j ^ y 

).x I ex'I > r; if I a I »*> 0, we therefore get 


SB Oi 


Sin or 


x' X 


• JouTMlde J/slIi. xvm. (1853). pp. 201-212. It i. remarkable that this test tor eomUtioneU) 

convergent mtegrals should have been given some year, before formal definiUon, of absolutely 
convergent integrals. 

t The resulle of thie section and of § 4-44 are due to de U Vall4e Poussin, Am. de la See. 
Scientifiq^f BntxelUt, xvi. (1892), pp. 15<>-180. 

; This name is due to Osgood. 
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when y Yjii ; and this choice of X is independent of a. So the convergence is 

uniform when a ^ d > 0 and when a ^ - d < 0. 

/"I/o’ sin rfj is uniformly convergent in any range of real 

values of a. (de ]a Valine Poussin.) 


ideut of a and x since / b-I sin converges.] 

J 0 

(III) Tfte method of integration by parts. 

If /^/(x, a)rfx=0(.r, a) + /'x( 


does not exceed a constant inde- 


and if a)-*-0 uniformly as x-^x and j converges uniformly with regard 


/, 


method 


Example, j 


COSXSID ox 


r. 


< e 


both of the latter integrals converge uniformly in any closed domain of real values of 
a from which the points a = ± 1 arc excluded. 

4*44. Theorems concerning uniformly convergent infinite integrals. 

(I) Let f{x, a) dx converge unifoimly when a lies in a domain S. 

J a 

Then, if f{x, a) is a continuous function of both variables when x^a and 

a lies in S, [ f{x, a)dxis a continuous function * of a. 

J a 

For, given e, we can find independent of a, such that j J ^ fijr, a) dx 
whenever 

Also we can find S independent of x and a, such that 

\f(x, a) —/(x, a') I < ej{X — a) 

whenever | a — a' | < 5. 

That is to say, given e, we can find S independent of a, such that 

I 

[" /(x, a') - I” /(*. I ^ I I 

+ f /{X, a') + j f{x, a) dx 

\J X \ ]J X 

< 3e, 

whenever | a' - o | < S; and this is the condition for continuity. 

• This result Is due to Stokes. His sUtement te that the integral is a continuous function 
«if it does not * converge infinitely slowly. 
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(11) If ot) satisfies tJie same conditions as in (I), and if a lies in S 
when A then 


Ia {1 (iicj rfa = I { 


“ da;. 


For, by § 4-3, 


Therefore 


/(a a)da;jda = f \^j^f(x,a)da 

I^U /(aJ. a)dJ^da-^ 

= |/^|/f a)(ia^| da 

< J eda < € (B — A), 

for all suflBciently large values of f. 

But, brom ^ 2T and 4*41, this is the condition that 

Hm j U f{x,a)do^dx 
should exist, and be equal to 


► dx 




Corollary. The equation 


k I 


4> (x, a) dx 


_rd^ 

~]« aa 


dx is true if the integral on the 


right converges uniformly and the integrand is a continuous function of both variables, 
when x^a and a lies in a domain S, and if the integral on the left is convergent. 

Let .4 be a point of (S', and let ^=/(.t, a), so that, by § 4'13 example 3, 

Co 

j^ /{x, a)da = it> (X, a)-4> (x, A). 

Then j | / (x, a) (ia| dx converges, that is j (x, a) - ^ (x, A )) dx converges, 

and therefore, since<#> (x, a)dx converges, so does J cf> (x, A) dx. 


Then 


= |y{^,a)<£r=|__ 

which is the required result; the change of the order of the integrations has been justified 
above, and the differentiation of with regard to a is justified by § 4*44 (I) and § 4'13 
example 3. 



4 ' 5 . 4 - 51 ] ™ l»TK,.*T,ON 


improper 


If I/(a) I _♦ 00 as *-♦ „ + 0 , then lim 1 “ 

n •“+oio+y^ ®"‘* 

written simply j /(*) jj + 

® improper integral 

Tr I V I 


If|/(*)|->«as*-c.wherea<c<6,then. 

may exist; this is also written ^ j . 

integral; it might however happen that n improper 

5' -♦ 0 independently, but limits exists when 

.‘i:.l/r'/w*+/l./(.)i.) 

exists; this is called ‘ Cauchy’s, principal value of [" .... . 

. , fi, y («)aaj and is written 

for brevity P / /(x)dx. 

J a 

Results similar to those of §§ 4-4-4-44 tyirtt i. 
integrals. But all that is required in practice^ is 

convergence, (ii) the analogue of Bertrand’s test fi! ^ absolute 

analogue of de la ValUe Poussin’s test for uniformitv (”0 ‘he 

construction of these is left to the reader as i» '°“''"ge“ee. The 

of integrals in which the integrand has an infinite IW. consideration 
point of the range of integration*. more than one 

Example*. ( 1 ) a--* cosxfir is an improper integral. 

(2) dr is an improper integral if 0<x <i, 0 <^< 1 

It does not converge for negative values of X and ^ ^ 

™>“‘> of “O improper integral when 

0<a<l. 

4*61. The inversion of the order of integration of a certain r^eated integral 

General conditions for the legitimacy of inverting the order of intoim.*?^ l 
mtegrand is not continuous are difficult to obtain. *^8** n when the 

The following is a good example of the difficulties to be overcome in it,,, -*• •. 

order of integration in a repeated improper integral. the 

* * detailed discosaion of improper integrals, the reader is referred either to . 

lerpont^a Functiom of a Real Variable. The coDceiiozi between Infinite ini^ i° * 
improper integrale is exhibited bj Bromwich, Infinite Series, $ 164s egraU and 
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Let /(x.y) be a canHnuou, function of both variable,, and let 
V < I; then 


f. 


=f {/r* (1 -*-3')‘'“V(». y)'^] ■ 


1 k- k fir^f pmoloved by Dirichlet, is of importance in the theory of 

Ut X* - V' (1 - ^ - y’*”'^ ' 

Tiftt a be any positive number less than 

whose side, arex=*.. = ».x+y = l-*; at all points on and .ns.dc 

this^ngle 4, (X, y) is continuous, and hence, by § 4-3 corollary, 

dx {/P'* <!> (^. y)dy]- dy I /;■’'■ <P (*. i') • 

Now . 


I'^dtc {p 4> (-. y) <^y} = /r {/r"‘ * 


Iidx\ 


where 


But 


since 


di=II •p (4^> y) dy, /s p y) “^y- 

1 /, I <I' j/’x‘-V* (1 -^^-y)-'' dy 

=£ifo*-‘(i-x-8)-‘|V"‘‘^y- 
(i-x-yr'^a-*-*)'"*- 


Therefore,’ writing x={l -d)X|, we havet 


r 


Itdx 






«ift- M- (1 - 

< jrir y- (1 - B (X, e)-0 as «»0. 

The reader will prove similarly that /„<ir ->■ 0 asj -•■ 0- 

Hence } ('d. { f'-^ P (*. y) -^y} = {h * M 

® /*l -*6 f O-*-* , 1 

* Annali of Mattumatio, nt. (1908), p. 183. 

^ Xi*~l(l-X|)''"^ dxi=B »') exists if X>0, 1 * 3-0 (§ 4*6 example 2). 

•*■ The repeated integral exists, and is, in fact, absolutely convergent; for 

/» 

writing ^ 3fx^ t (1 -x)'*'*'*’ ' dx . I exists. And since the 

integral exists, i 


i rcyvmkvu iuw5|5*«»» -•.- 

=i{l-x)i; and^^ (1“^)'*'*’*'“'dx . ^ exists. And sin' 

9 xist 8 , its valne which is lim | * may be written lim ** 

< S-»o7 « 
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by what has been already proved; but, by a precieely similar piece of work, the last 
integral is 

{/] * • 

We have consequently proved the theorem in question. 

Corollary. Writing ^ = a + ( 6 -a)r, 17 = 6 -( 6 -a) y, we see that, if 17 ) is con¬ 
tinuous, 

/‘ <i£ {/‘ (f - a-/-' (6 - -jr-‘ (1 - f«(I. V) </■)} 

=/‘ rf, I /] (« - a)* -' (4 -jr' * (1 - «r ■' . 

This is called DirichleVa formula. 

[Note. What aro now called infinite and improper int^als were defined by Cauchy, 
Lefofu mr le ealc, inf. 1823, though the idea of infinite integrals seems to date from 
Maclaurin (1742). The test for convergence was employed by Ohartier (1853). Stokes 
(1847) distinguished between ‘essentially* (absolutely) and non-essentially convergent 
integrals though-be did not give a formal definition. Such a definition was given by 
I^irichlet in 1854 and 1868 (see his Vorlemnffen, 1904, p. 39). In the early part of the 
nineteenth century improper integrals received more attention than infinite integrals, 
probably because it was not fully realised that an infinite integral is really the limit 
of an integral.] 

4*6. Complex integration^. 

Integration with regard to a real variable x may be regarded as integration 
along a particular path (namely part of the real axis) in the Argand diagram. 
Let/(^), (= jP + iQ), be a function of a complex variable z, which is continuous 
along a simple curve in the Argand diagr®*^* 

Let the equations of the curve be 

Let x{a)'\-iy{a) = Zat x{b)-k-iy{h) = Z. 

Then if*f* x{t), y{t) have continuous differential coefficients! define 

j f{z)dz taken along the simple curve AB to mean 




The ‘length’ of the curve AB will be dehned ee j 

It obviously exists if — are continuous; we have thus reduced the 

•' dt* dt 

discussion of a complex integral to the discussion of four real integrals, viz. 

!»■ iy>- iyp‘- 

* A treatment of complex integration based on a different set of ideas and not making 
BO many assumptions concerning the curve AB will be found in Watson’s Complex Integration 
and Cauchy’e Theorem. 

t This assumption will be made throughout the subsequent work. 
t Cp. § 4*13 example 4. 
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By § 4*13 example 4, this definition is consistent with the definition of an 
integral when AB happens to be part of the real axis. 

Examplet. f{z)dz= f{z) dz, the paths of integration being the same (but in 

opposite directions) in each integral. 




4*61. The fundamental theorem of complex integration. 

From § 413, the reader will easily deduce the following theorem : 

Let a sequence of points be taken on a simple curve ; and let the first 
n of them, rearranged in order of magnitude of their parameters, be called 
••• = ‘^; let their parameters be 

and let the sequence be such that, given any number 3, we can find N such 
that, when n>N, W'"’ - I'er r = 0, 1, 2,n; let fr*”’ be any point 

whose parameter lies between Wi*”* i then we can make 

r=0 J tt 

arbitrarily small by taking n suflBciently large. 


An upper limit to the value of a complex integral. 

Let M be the upper bound of the continuous function \f(z) |. 


Then 




^Ml. 

where I is the ‘ length * of the curve z^. 


That is to say, f f{z)dz 

J 


cannot exceed Ml. 


4*7. Integration of infinite series. 

We shall now shew that if + +... is a uniformly con¬ 

vergent series of continuous functions of z, for values of z contained within 
some region, then the series 

I «,{*)<&+ [ U,(i)d^+..., 

J c J c 

(where all the integrals are taken along some path C in the region) is con¬ 
vergent, and has for sum I 8 {z) dz. 

J c 
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4 ‘ 61 - 47 ] 

For, >vriting 


we have 


-S (^) = U. (i) + «, (z) + ... + K„ (^) + (i). 


/ 


Now since the series is uniformly convergent, to every positive number e 
there corresponds a number r independent of z, such that when n ^ r we have 
Rn{z) 1 < 6, for all values of z in the region considered. 

Therefore if I be the length of the path of integration, we have (§ 4 62) 


f K(z) 

J c 


dz 


<€l. 


Therefore the modulus of the difference between f S(z)dz and 

nr ^ 

can be made less than any positive number, by giving n any 

suflBciently large value. This proves both that the series X f Un(z)dz is 

m*! J a 


I. 


Corollary. As in § 4*44 corollary, it may be shewn that* 

~ 2 u^(z)= i 

dz nsO AsO <*z 

if the series on the right converges uniformly and the series on the left is convergent. 
Example 1 . Consider the series 


in which x is real. 
The >ith term is 


• 2 jr{n (n+l) 8 in*x*— 1 } cosx* 
fi { 1 +n*sin* 4 r*] {l + (n+l)=‘sin’'r*) ’ 


2 xnco 8 .r* 2 «(n+l)cosj* 


I +n*8in*.r* 1 +{n + l)’'6in*a:*’ 

^nd the sum of n terms is therefore 

2jrcos'.ir* 2x(n 4*1) COSO.'* 


l4-6in*jr* 1 4*(n4* l)* 8 in*j:*‘ 

Hence the series is absolutely convergent for all real values of x except ±d{n\n) 
where m = 1 , 2 ,...; but 

<r-\ 

^"l4-(« + l)*8in’‘xS‘ 

*nd if n be any integer, by taking 4 r=(n 4 -l)“' this has the limit 2 as «-*.». The scries is 
therefore non-uniformly convergent near x= 0 . 

• means lim where along a definite simple curve; this definition 

" h-* 4 i " 

>8 modified slightly in g 6*12 in the ease when /(z) is an analytic function. 
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cos 3^ 1 ^ 

Now tbe sum to inbnity of the series is integral from 0 to 4 : of 

the sum of the series is arc tan {sin x*}. On the other hand, the sum of the integrals from 
0 to jr of the first n terms of the series is 

arc tan {sin x*} — arc tan {(n +1) sin .r^, 

andasn-^oo this tends to arc tan {sin 

Therefore the integral of the sum of the series differs from the s»im of the integrals of 
the terms by 

Example 2. Discuss, in a similar manner, the series 

* 2<".r{l-n(c-l)+c"**x^} 

n (n +1) (1 (1 +e- " ^x^) 

for real values of x. 


Example 3. Discuss the series 
where 

for real values of z. 


Mi + tta + tts+.-t 

u„ = n^e"*^ —(n- 


The sum of the first n terms is ?««•***, so the sum to infinity is 0 for all real values 
of z. Since tbe terms Un are real and ultimately all of the same sign, the convergence 
is absolute. 


In the series 

j uidz+j Uidz+j «3rfr+..., 

the sum of n terms is ^ (1 - and this tends to the limit ^ as n tends to infinity; this 
is not equal to the integral from 0 to r of the sum of the series Su^. 

The explanation of this discrepancy is to be found in the non-uniformity of the 
convergence near 2 s; 0 , for the remainder after n terms in the series U|-|-U 2 + ... is - 
and by taking z = nr^ we can make this equal to which is not arbitrarily small: the 
series is therefore non-uniformly convergent near f = 0. 


Example 4. Compare the values of 


where 



and 



2 n *2 2 (n+l )*2 

+nV) log(n + l) “ {l + (n + l)* 2 *}log(n + 2) * 


(Trinity, 1903.) 
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Miscellaneous Examples. 


1. Shew that the int^rals 

8 in(a:*)<ir, j coa(x^)fl?jr, j .t esp(-j®3in“x)c?x 

converge. 

2 . If a be real, the integral 


(Dirichlet and Du Bois Reymond.) 


is a continuous function of a. 


/ 


co^)^ 
0 1+J^ 


(Stokes.) 


3. Discuss the uuifonnity of the convergence of j jrsin (j^~ax)(ix. 


^S^xsin (jr^-(Lr)etr« + (jr^-ctr) 

(de la Valine Poussin.) 

4. Shew that j exp[--nj:)]cfr converges uniformly in the range in-) 

of values of a. (Stokes.) 

6 . Discuss the convergence of j --j- when v, p are positive. 

(Hardy, Metaen^er^ xxxi. (1902), p. 177.) 

6 . Examine the convergence of the integrals 


r (I - r sin(^^x«) 

Jo \s 2® ’ Jo A- 


(Math. Trip. 1914.) 


7. Shew that 


/: 


dx 


exists. 


6 . Shew that 


x*(8in x)^ 

/ OD 

2x<i;r converges if a>0, n>0. (Math. Trip. 1908.) 

9. If a aeries ff(r)= 2 (c^-c,.^.i)8in (2v + l) wr, (in which Co=0), converges uniformly 

•»=0 

* r 

in an intervaL shew that q(z) -r— is the derivative of the series/(x)= 2 -H ain 2vm. 

* ^ ' sin rol V 

(Lerch, Ann. de V£c. narm. tup. (3) Xil. (1895), p. 361.) 

f" f® /■* dx^dx^ ...dxn f* f" rf.ricdr^f... tfr,. 

10. Shew that/ / .../ j ... j 

converge when a>in and a-i+/9-‘ + ...+^"* < 1 respectively, (Math. Trip. 1904.J 

11 . If/(x,y) be acontinuous function of both x and y in the ranges (a ^x^b), {a^ij^b) 
except that it has ordinory discontinuities at points on a finite number of curves, with 
continuously turning tangents, each of which meets any line parallel to the coordinate axes 

only a finite numl)er of times, then J V(^r, y)dx 'we. continuous function of y. 

[Consider \ (/(^. y + A)-/(.n where the numbers 

Ja ./«!+•• J 

*i> ... «i, va. — ttfo so chosen as to exclude the discontinuities of /(jr, y+A) from the 

range of integration; a,, a,, ... being the discontinuities of/(.r, y).] (BOcUer.) 


CHAPTER V 


THE FUNDAMENTAL PROPERTIES OF ANALYTIC FUNCTIONS ; 
TAYLOR’S, LAURENT’S AND LIOUVILLE’S THEOREMS 


61. Property of the elementary functions. 

The reader will be already familiar with the term elementary function^ as 
used (in text-books on Algebra, Trigonometry, and the Differential Calculus) 
to denote certain analytical expressions* depending on a variable the 
s)rmbols involved therein being those of elementary algebra together with 
exponentials, logarithms and the trigonometrical functions; examples of such 
expressions are 

e*, logz, arc sin 

Such combinations of the elementary functions of analysis have in common 
a remarkable property, which will now be investigated. 

Take as an example the function e^. 

Write e‘=f{z). 

Then, if ^ be a fixed point and if / be any other point, we have 

^ —z ^ ^z * £ — z 




e-z (f~zf 
2 ! ^ 3 ! ^ 



and since the last series in brackets is uniformly convergent for all values of 
it follows (§ 3*7) that, as z—^z^ the quotient 


/(fWW 


tends to the limit e*, uniformly for all values of arg {z' — z\ 
This shews that the limit of 

f 

z —^ 


is in this case independ^t of the path hy which the point z' tends towards 
coincidence with z. 

It will be found that this property is shared d>y many of the well-known 
elementary functions; namely, that if f{z) be one of these functions and h be 


The reader will observe that this is not the sense in which the term function is defln®^ 
(S 8*1) in this work. Thus e.g. and | 2 | are function* of t{s:x+iy) in the sense of S 
but are not elementary fnnotions of the type under consideration. 
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any complex number, the limiting value of 

and is independent of the mode in which h tends to zero. 
fl| The reader will, however, easily prove that, if f(z)= x ^iy, where z-x-^ iy, 

^ then limis no« 

a 

I B'Xl. Occasional failure of the property. 

j For each of the elementary functions, however, there will be certain points 
j t at which this property will cease to hold good. Thus it does not hold for 
[j the function l/(^ — a) at the point r = a, since 

, 1 f 1 1 

hm T - —f - 

h-^oh [z^a+h z — a 

DI does not exist when z^a. Similarly it does not hold for the functions log z 
and at the point z = 0. 

These exceptional points are called singular points or singularities of the 
function f{z) under consideration; at other points /(z) is said to be analytic. 

The property does not hold good at any point for the function \z\. 

5‘12. Cauchy's* definition of an analytic function of a complex variable. 

The property considered in § 5*11 will be taken as the basis of the 
definition of an analytic function, which may be stated as follows. 

Let a two-dimensional region in the z-plane be given; and let u be a 
^ function of z defined uniquely at all points of the region. Let z, z + Sz be 
values of the variable z at two points, and u, u + Su the corresponding values 

Sw 

w. Then, if, at any point z within the area, ^ tends to a limit when So:—>0, 

independently (where Sz = Sa; + i5y)> u is said to be a function of z, 
which is monogenic or aiuilytic'\ at the point. If the function is analytic and 
one-valtted at all points of the region, we say that the function is analytic 
l^roughout the regionX. 

We shall frequently use the word ‘ function' alone to denote an analytic 
^ function, as the functions studied in this work will be almost exclusively 
analytic functions. 

u * See the memoir cited in § 5*2. 

^ t The words * regular ’ and * holomorphio ’ are sometimes used. A distinction has been made 
ty Borel between ‘ monogenic ’ and ‘ analytic ’ functions in the case of functions with an infinite 
, fiomber of singularities, flee 8 5’51. 
t See § 6-2 cor. 2, footnote. 


independent of the mode in which A—>0. 
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In the foregoing dehnition, the function u has been defined only within 
a certain region in the r-plane. As will be seen subsequently, however, the 
function u can generally be defined for other values of z not included in this 
region; and (as in the case of the elementary functions already discussed) 
may have singularities, for which the fundamental property no longer holds, 
at certain points outside the limits of the region. 

We shall now state the defimtion of analytic functionality in a more 
arithmetical form. 


L®t be analytic at z, and let e be an arbitrary positive number; 
then we can find numbers I and B, (B depending on e) such that 

z ^ z 

whenever | z' — z [ < 8. 

analytic at all points z of a region, I obviously depends on z; we 
consequently write 

Hence f(z) =/(,) + 

where v is a function of z and / such that |u|< e when |z'-z| < B. 

Example 1. Fiud the points at which the following functions are not analytic : 

0) (ii) cosec 2 ( 2 nir, n any integer). (iii) — U-^2,3), 

j z^ — bz + Q 

<iv) «* ( 2 =. 0 ). (v) {( 2 - 1 ) 2 }^ (« = 0, 1). 


Example 2. If 2 «x+»y, /( 2 )-=u+tv, where t*, v, z, y are real and / is an analytic 
function, shew that 


du do 3u 3v 
dx dy* dy dx' 


(Riemann.) 


6’13. An application of the modified Heine-Borel theorem. 

Let /(z) be analytic at all points of a continuum; and on any point z of 

the boundary of the continuum let numbers /. (z), S (8 dependin? on z) exist 
such that 

l/(«')-/(r)-(z'-z)/,(^)|<e|z'-z| 

whenever | z — z [ < S and z' is a point of the continuum or its boundary. 

[We write fi ( 2 ) instead of f ( 2 ) as the differential coefficient might not exist when 
2 ' approaches 2 from outside the boundary so that /i ( 2 ) is not necessarily a unique derivate.] 

The above inequality is obviously satisfied for all points z of the continuum 
as well as boundary points. 

Applying the two-dimensional form of the theorem of § 3-6, we see that 
the region formed by the continuum and its boundary can be divided into 
a finite number of parts (squares with sides parallel to the axes and their 
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mtenoi's, or portions of such squares) such that uistde or on the boundary of 
any part there is one point such that the inequality 

~/M - (2' - 2,)/, (2,) I < c I / - 2 ,1 
IS satisfied by all points 2 ' inside or on the boundary of that part. 


6*2. Cauchy’s theorem* on the integral of a function round a 

CONTOUR. 


A simple closed curve C in the plane of the variable 2 is often called 
a contour; if B, D be points taken in order in the counter-clockwi.se sense 
along the arc of the contour, and if f{z) be a one-valued continuousf 
function of 2 (not necessarily analytic) at all points on the arc, then the 
integral 



taken round the contour, starting from the point A and returning to A again, 
is called the integral of f(z) taken along the cmtour. Clearly the value of the 
integral taken along the contour is unaltered if some point in the contour 
other than A is taken as the starting-point. 


We shall now prove a result due to Cauchy, which may be stated as 
follows. If f(z) is a function of 2 , analytic at all points and inside a 
contour (7, then 

f ( 2 ) dz = 0. 

For divide up the interior of C by lines parallel to the real and imaginary 
axes in the manner of § 5*13 ; then the interior of <7 is divided into a number 
of regions whose boundaries are squares (7,, (7^, ... Cm and other regions 
whose boundaries Dj, A. * 1 *® portions of sides of squares and parts 

of C ; consider 

2 f f(z)dz+ 1 [ f{z)dz, 

n = lJ(Cn) » = W(I>«) 

each of the paths of integration being taken counter-clockwise; in the 
complete sum each side of each square appears twice as a path of integration, 
the integrals along it are taken in opposite directions and consequently 
cancelg; the only parts of the sum which survive are the integrals of f(z) 

• M^moire $ut let int£graUt dij'tniet pritet entre det limitet imnpinairet (1825). The proof 
here given is that doe to Goorsat, Trant. American Math. Soe. i. (1900), p. 14. 

t It is sufficient for /{z) to be continuous when variations of z along the arc only are 

oonsidered, 

* It is not necessarj that f[z) should be analytic on C (it is sufficient that it be continuous 

on and inside U), but if/(z) is not analytic on C, the theorem is much harder to prove. This 
proof merely assumes that /' (z) ezitU at all points on and inside C. Earlier proofs made more 
ibttended assumptions; thus Cauchy’s proof assumed the continuity of Kiemann’s 

proof made an equivalent assumption. Oouraat’s first proof assumed that /(z) was uniformly 
differentiable throughout C. 

S See S 4'6, eiample. 
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taken along a number of arcs which together make up C, each arc being 
taken in the same sense as in I / (z) dz ; these integrals therefore just make 

J (Cl 


up I f(z) dz. 
J (O 


Now consider I f{z)dz. With the notation of 5 5*12, 

J (Cn) 

f /{z)dz=l \f( 2 ,) + (z-z,)f(z,) + (z-z,)v]dz 

^ (Cpi) ^ (Cn) 

= [/(^i) “ -^i/' (^i)l [ dz +/' {Zi) f zdz + f (z- Zj) vdz. 

•' «?n) J (Cn) J (Cn) 


But 


[ d^ = [^](> =0, [ =0, 

Acn) J(Cn) r Jc„ 

by the examples of § 4*6, since the end points of €„ coincide. 

Now let /„ be the side of C„ and A„ the area of C„. 
Then, using § 4*62, 

j| f{z)dz\^\[ (z-z,)vdz\^ f l(z~z,)vdzl 

iJ(Cn) I U(Cn) I J(Cn) ' 


In like manner 


<6(„V'2.[ ldzl = elnV2.iln = 4eAnV2. 

^ Cn 

I f{z )I ^ [ \{z-Zx)vdz\ 

^ (On) ' •'W 

^^€{An'+ln'\n) V2, 

where An is the area of the complete square of which D„ is part, In is the 
side of this square and is the length of the part of (7 which lies inside this 
square. Hence, if \ be the whole length of C, while I is the side of a square 
which encloses all the squares Cn and /)„, 

\\ f(z)dz $ ^\j f{z)dz + 2 I [ f(_z)dz 
" J (O n-l 1 V (Cpi) n»l ! J (2)») 

(if y y \ 

<4eV2 2 A„+ 2 An'-^l t \nl 

U«=l n»l n=l ) 

< 4e V2 . + IX). 

Now 6 is arbitrarily small, and I, \ and f^^/(^)dz are tnd^endent of e. 

It therefore follows from this inequality that the only value which J f(z)dz 
can have is zero; and this is Cauchy's result. ^ 
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Ooro^/ary 1. If there are two {>aths and z^BZ from z^ to Z, and if /(«) is a 
function of s analytic at all points on these curves and throughout the domain enclosed by 

these two paths, then f(z) dz has the same value whether the path of integration is 

SqAZ or ZiiBZ, This follows from the fact that ZqAZBz,, is a contour, and so the integral 
taken round it {which is the difference of the integrals along z^AZ and z^BZ) is zero. 

Thus, if /(«) be an analytic function of z, the value of / f{z)dz is to a certain extent 

independent of the choice of the arc A B, and depends only on the terminal points A and B. 
It must be borne in mind that Mw iz only the caze iohen f{z) iz an analytic function in the 
sense of § 512. 

Corollary 2. Suppose that two simple closed curves Co and Ci are given, such that Cf, 
completely encloses Ci, as e.g. would be the case if Co and Cj were confocal ellipses. 

Suppose moreover thaty {z) is a function which is analytic* at all points on Co and Cj 
and throughout the ring-shaped region contained between C© and Cj. Then by drawing a 
network of intersecting lines in this ring-shaped space, we can shew, exactly as in the 
theorem just proved, that the integral 

jf{z)dz 

iz zero, where the integration is taken roxtnd the whole boundary of the ring-shaped space; 
this boutuiary consisting of tico curves Co and C„ the one described in the counter-clochi,dse 
direction and the other described in the clockwise direction. 

Corollary 3. In general, if any connected region be given in the 2 -pIane, bounded by 
any number of simple closed curves Co, C,, C*, and if f{z) be any function of ^ which 
is analytic and one-valued everywhere in this region, then 

jf{z)dz 

ie zero, where the integral is taken round the whole boundary of the region ; this boundary 
consisting of the curves Co, C„ each described in such a sense that the region is kept 
either always on the right or always on the left of a person walking in the sense in question 

round the boundary. 

An extension of Cauchy’s theorem [ f(z)dz = 0, to curves lying on a cone whose vertex 

is at the origin haa been made by Ravut (iVouv. AnnaUz dz Math (3) xvi. (1897), 
PP. 366-7). Morera, Rend, del Izt. Lombardo, xxll. (1889), p. 191, and Osgood, BM. 

Amer. Math. Soc. II. (1896), pp. 296-302, have shewn that the property j f{z)dz = <i 

may be taken aa the property defining an analytic function, the other properties being 
deducible from it. (See p. 110, example 16.) 

ExampU. A ring-shaped region is bounded by the two circles U1 = I and | ^ | = 2 in the 

r-plane, Verify that the value of where the inUgial ia taken round the boundary 

ef this I'egion, is zero. 

* The phrase • analytio throughout a region' implies one-valuedness (§ 612); that is to say 
that after * haa described a closed path surrounding Co. /(*) has returned to its initial value. A 
function such as logs considered in the region l<\z\^2 will be said to be ‘analytic at all 

points of the region.’ 
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For the boundary consists of the circumference 1^1 —1» described in the clockwise 
direction, together with the circumference \z\^2, described in the counter-cl<^wise 
direction. Thus, if for points on the first circumference we write 2 =e«» and for pomts on 
the second circumference we write then $ and <t> are real, and the integral becomes 


Jo €«• Jo 


6'21. The value of an anaXyiie function at a point, expressed as an integral 
taken round a contour enclosing the point 

Let C be a contour within and on which/(^) is an analytic function of z. 

Then, if a be any point within the contour, 

m. 

z — a 

is a function of z, which is analytic at all points within the contour C except 
the point z = a. 

Now, given e, we can find B such that 

l/U)-/(a)-(^-a)/' (a)\^€\z-a\ 

whenever | ^ - a j < 8; with the point a as centre describe a circle 7 of radius 
r<B,r being so small that 7 lies wholly inside C. 

Then in the space between 7 and C f(z)l{z — a) is analytic, and so, by 
I 5‘2 corollary 2 , we have 

f f{^)dz _ r f(z)dz 
j c z-d Jy z-a ' 

where j and j denote integrals taken counter-clockwise along the curves 

C and 7 respectively. 

But, since ] z - a | < S on 7, we have 

r f{z)dz ^ f f(a) + {z-a)f(a) + v(z-a) ^_ 

J y z — a J y z — a ' 

where (t; i < e; and so 

Now, if z be on 7, we may write 

re'*, 

where r is the radius of the circle 7, and consequently 


and 


also, by § 4*62. 


r ir^ ^ ^ 2u,-, 

JyZ-a Jo re'* Jo 

f dz = f ire**d0 = 0; 

■'r Jo 




< e. 27rr. 
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Thus 




< 2tT7'€, 


But the left-hand side is independent of e, and so it must be zero, since e 
is arbitrary; that is to say 


^ 2'mJc z — a 


This remarkable result expresses the value of a function f{z\ (which is 
atkifyiic on and inside (7) at any point a withhx a contour C, in terms of an 
integral which depends only on the value of f{z) at points on the contour 
itself. 

Corollury, If f{z) is an analytic one-valued function of z in a ring-shaped region 
hounded by two ciu’ves C and C\ and a is a point in the region, then 


{ mdz- Uf 


where C is the outer of the curves and the integrals are taken counter-clockwise. 


5'22. The derivcttes of an anaXyiic function f {z). 


The function y^(z), which is the limit of 

f{z + h) —/(g) 

h 


as h tends to zero, is called the derivate of/(z). We shall now shew that 
/' W is iUelf an analytic fnncHon of z, and consequently itself possesses a 

For if C be a contour surrounding the point a, and situated entirely 
within the region in which/(^) is analytic, we have 


f (a) - lim 

A-»l) 


f{a^h)-f{a) 




“ilTi 27rtic iz~a){z -a-h) 


f{^d± 


f{z) dz 


" -ay(z-a- h) ‘ 

Now. on a, f{z) is continuous and therefore bounded, and so is {z 
while we can take j h | less than the lower boun.l of ^ | s - a j. 
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Therefore 


m 


(z — a)* (^ — a — A) 
Then, if 2 be the length of C, 

h f f{z)dz 


is bounded; let its upper bound be K. 


ilr (z — 


$liin \hl(2'7r)-^Kl = 0, 


27 nJ c (z — ay (2 — a — A) I 

, , X 1 f f(^)dz 

and consequently / ^ J ^ ’ 

a formula which expresses the value of the derivate of a function at a point 
as an integral taken along a contour enclosing the point. 

From this formula we have, if the points a and o + A are inside C, 


/'(a + A)-/'(a) 1 

A 


f{z) dz 
A 


I (2 - a - Ay (2 - ay, 


27n /(^ 

~ 27 n J c*' (2 - a - Ay (2 - aj 


i 2 -a 


and it is easily seen that A^^ is a bounded function of 2 when IA | ^ 2 

Therefore, as A tends to zero, A“* {/' (a + A) — f* (a)) tends to a limit, 
namely 

A f 

Stti j c (2 — a)* * 

Since /'(a) has a unique differential coefficient, it is an analytic function 
of a; its derivate, which is represented by the expression just given, is 
denoted by/"(a), and is called the second derivate of /(a). 

Similarly it can be shewn that /"(a) is an analytic function of a, possessing 
a derivate equal to 

2.3 f f{z) dz . 

27 rt Jc{z — a)** 

this is denoted by /'" (a), and is called the third derivate of /(a). And in 
general an nth derivate (a) of /{a) exists, expressible by the integral 

n\ C /(z) dz 
27n J c {z — a)”'*’* ’ 

and having itself a derivate of the form 

(« + l)l f f{z)dz . 

27ri J c{z~ a)**+* ’ 

the reader will see that this can be proved by induction without difficulty. 
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A function which possesses a first derivate with respect to the complex 
variable z at all points of a closed two-dimensional region in the z-plane 
therefore possesses derivates of all orders at all points inside the region. 

5‘23. Cauchy's inequality for f (a). 

Let f{z) bo analytic on and inside a circle G with centre a and radius r. 
I^t M be the upper bound of/(«) on the circle. Then, by § 4 62, 

M 




cr 

M .n ! 


.n^i 


dz 




3^ 0^ 


Example, If f(js) is analytic, r = .r-Hy and + that 

VMog|/(r)| = 0; and V»|/Wl>0 

unless/(*)=o or/' (z)= 0 . 


(Trinity, 1910.) 


6‘3. Analytic functions represented by uniformly convergent series. 

Let 2 fn{e) be a series such that (i) it converges uniformly along a 

llssO 

contour 0, (ii) /„(^) is analytic throughout C and its interior. 


Then 2 /n(^) converges, and the sum of the series is an analytic 

n^O 

function throughout C and its interior. 

00 

For let a be any point inside Ci on C, let (^) = ^ 


Then 


J C ln=0 ) ^ ® 


CO 


12^- 




00 


V* § 4-7. But this last series, by § 5-21, is X /n(a); the series under 

consideration therefore converges at all points inside (7, let its sum inside 
^ (as well as on C) be called ^{z). Then the function is analytic if it 
W a unique differential coefScient at all points inside C. 

But if a and a + A be inside C, 


<l> (g + A) - (a) _ L /* _ 

h 2rn } c U — 


0 {z) dz 


c {z-a){z — a-h)' 
hence, as in 5 5*22, lim [(4>(a + A) - 0(g)} A"*] exists and is equal to 




* Since | * - a |-» is bonnded when a is fixed and z is on C, the uniformity of the convergence 
- o) follows from that of (rJ. 


N->0 
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f ^ dz ; and therefore is analytic inside C. Further, by 

27nJc(^-a)« j * 

transforming the last integral in the same way as we transformed the first 
one, we see that 4>' (a) = I /„' (a), so that I /„ (o) may be * differentiated 

n=0 n=0 

term by term.’ 

If a aeries of analytic functions converges only at points of a curve which is not closed 
nothing can be inferred as to the convergence of the derived series*. 

Thus 2 (— )’* converges uniformly for real values of x (§ 3'34). But the derived 

n=l « 

series 2 (- ^ converges non-uniformly near x=(2m+1) »r, (m any integer); and 

*=1 ^ 

the derived series of this, viz. S (— )’*“' cos nx, does not converge at alL 

ti=i 

Corollary. By g 3*7, the sum of a power series is analytic inside its circle of con¬ 
vergence. 

6 31. Analytic functiam represented by integrals. 

Let /(i, e) satisfy the following conditions when t lies on a certain path 
of integration (a, b) and z is any point of a region S: 

(i) / and ^ are continuous functions of t 

(ii) / is an analytic function of z. 

(iii) The continuity of ^ qua function of is uniform with respect to 

oz 

the variable t 

Then j* z)dt is an analytic function of z. For, by § 4*2, it has the 

j ■ . r* 9/*(<. 

unique denvate j — at. 

6*32. Analytic functions represented by infinite integrals. 

From § 4‘44 (II) corollary, it follows that I f (t, z) dt is an analytic 

J Ct 

function of z at all points of a region S if (i) the integral converges, (ii) f(t, 
is an analytic function of z when t is on the path of integration and z is on S, 

(iii) is a continuous function of both variables, (iv) ^ 

converges uniformly throughout S. 

For if these conditions are satisfied I f (^, z) dt has the unique derivate 

J a 




* ThU might have been anticipated as the main theorem of this section deals with uniformity 
of convergence over a two-^dimeruional region. 


93 


5 31 5*4] Taylor’s, Laurent’s and liouville’s theorems 

% 

A case of very great importance is afforded by the integral j'‘e-‘^ /(<) dt, 

where /(<) is continuous and |/«)| < Ke'‘ where K. r are indep“endent of « 
It IS obvious from the conditions stated that the integral is an analytic 
unc ion of t when R (z) > r, > r. [Condition (iv) is satisfied, by § 4-431 (f), 

since dt converges.] 


6*4. Taylor’s Theorem *. 

Consider a function /(z), which is analytic in the neighbourhood of a 
point z^a. Let (7 be a circle with a as centre in the ^-plane, which does 
not have any singular point of the function /(z) on or inside it; so that /(z) 
IS analytic at all points on and inside C. Let z = a + h be any point inside 
the circle C. Then, by § 5‘2l, we have 


/(a + A) = ^.f 

^\s - {z -ay ^(T'-a)"+*(z-a-A)| 

-/(.)+y-(a)+J[J/-W+ 


But when z is on C, the modulus of 


IS continuous, and so, 
§ 3'6l cor. (ii), will not exceed some finite number M. 

Therefore, by § 4-62, 


— 

’rrij c - 


f(z)dz.h^-^^ 


J c - a)"’*’* (z — a — A) 


M.2'TrR /Ul\«+’ 
^ 27 r (^7 


'vhere R is the radius of the circle (7, so that 27ri2 is the length of the path 
of integration in the last integral, and R = \z-a\ for points z on the cir¬ 
cumference of a 


The right-hand side of the last inequality tends to zero as n-> oo. We 
have therefore 

/(a + A) = f(a) + hf (a) + J /"(“) + -+ ^7 
which we can write 

/(«) = /(a) 4- (z - a) /' (a) + f" («) + ...+ /'"* (a) + .,.. 

This result is known as Taylor’s Theorem \ and the proof given is due to 
Cauchy. It follows that the radius of convergence of a power series is always 

* The formal expansion was first published by Dr 3rook Taylor (1715) in his Methodut 
^^tmentorum. 
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at least so large as only just to exclude from the interior of the circle of wi- 
vergence the nearest singularity of the function represented by the senes. And 
by I 5-3 corollary, it follows that the radius of convergence is net larger 
than the number just specified. Hence the radius of convergence is just such 
as to exclude from the interior of the circle that singularity of the function 

which is nearest to a. 

At this stage we may introduce some terms which will be frequently 
used. 

If /(a) = 0, the function f(z) is said to have a zero at the point z^a. 
If at such a point /' (a) is different from zero, the zero of /(a) is said to be 
simple ; if, however,/' {a)J'\a\ (a) are all zero, so that the Taylors 

expansion of f{z) at ^ = a begins with a term in {z - o)^ then the function 
f{z) is said to have a zero of the nth order at the point z = a. 

Example 1. Find the function / (i), which is analytic throughout the circle C and its 
interior, whose centre is at the origin and whose radius is unity, and has the value 

a — cos 6 . sin B 

— 2a cos ^ +1 * a* — 2a cos ^ +1 

(where a> 1 and 0 is the vectorial angle) at points on the circumference of C. 

[We have 

J 2iri]c 2"** 

n\ r^ir a-cos^+isin^ , v.. 

■■■= — 5—^-2-ri » (putting r = 

2niJo a*-2acos^ + l ’ ® 


71! fz* n ! f 

2 ff jo a — 2 »ri j, 


dz 




I t * 

\jdx^ a - «J ,8.0 


7t I 


a 


n + l * 




Therefore by Maclaurin’s Theorem*, 

or/( 2 )<a(a — 2 )"* for all points within the circle. 

This example raises the interesting question, Will it still be convenient to de 6 ne/( 2 ) 
as (a- 2 )~^ at points outside the circle? This will be discussed in § 5*51.] 

Example 2. Prove that the aiithmetic mean of all values of 2 a„ 2 *’, for points z on 

the circumference of the circle 12 ] = 1 , is a^\ if is analytic throughout the circle and 
its interior. 


[Let 2 so 


that Qy—^ —Then, writing and calling C the circle 

V • 


l2l = l, 


2 ir y 0 


f{z)d0 




_ J_ /■ /(2)^ _/<">(0)„, . 

27 ri j c 2*** n ! 


• The r68ult/(2)=/(0)+*/'(0)+^/" (0)+obtained by putting a=0 in Taylor's Theorem. 

is usually called JIfacIaurin’f Theorem-, it was discovered by Stirling (1717) and published by 
Maclaurin (1742) in his Fluxions. 
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Kvxtmpii-X Let /(;) = ;' ; then /v-' + A) an analytic function of A when \/i\<\z, 
for all values of r ; and ao + + this series converging 

when 1 A i < I z |. This ia the binomial theorem. 

4. Prove that if A is a positive cousUnt, and (I -2rA + A=)-i is e.xpanded in 

the form 

1 +hPi(z) + h-P^{z) + h^I\{z) + .(A), 

(where />,(«) is easily seen to be a polynomial of degree n in z\ then this series converges 
so long as r is in the interior of an ellipse whose foci are the j)oints ?= 1 and — 1 and 
whose semi-major axis is ^ (A-|-A~'). 

Let the series be first regarded as a function of A. It is a power series in A, and 
therefore converges so long as the point A lies within a circle in the A-plane. The centre 
of this circle is the point A = 0, and its circumference will be such as to pass through that 

oingularity of (1 — 2zh -t- A*) ~ ^ which is nearest to A = 0. 

But l-2M-(-A2 = {A-z + (r»-l)^}{A-j-(23- 1 )*}, 

so the singularities of (1 - 2 rA 4 -A*)“^ are the points /t^z — (z*-l)^ and A=r-f{ 22 _i)i_ 
[These singularities are branch points (see § 5-7).] 

Thus the series (A) converges so long as (A {is less than both 

I and \. 

Draw an ellipse in the r-plane passing through the point z and having its foci at + 1. 
Let a be its semi-major axis, and 0 the eccentric angle of z on it. 

Then 2 s a cos $ + l)i sinfl, 

which gives « ±C^* — 1)^ ={a ±(a*- 1)^} (cos 0 ± i sin tf), 

so U±(r»-1)* | = a±(a2-l)i. 

Thus the series (A) converges so long as A is less than the smaller of the numbers 

« + (o*- l)i and a-(a*- 1)^, i.e. so long as A is leas than a-(a* —1)4. But A=a —(a* - 1)4 
when a = ^(A + A-i). 

Therefore the series (A) converges so long as r is within an ellipse whose foci are 1 and 
~ 1. and w'hose semi-major axis is ^ (A+A”‘). 

6*41. Forms of tfie remainder in Taylor’s semes. 

l«et f{x) be a real function of a real variable; and let it have continuous 
differential coefficients of the first n orders when a^x^a + h. 

If 0< 1, we have 

d. fn-i 1 4”(1— 

Integrating this between the limits 0 and 1, we have 

n-l /iWi r\ (\ ^ 

/(a + h) =f(a) ^ /<”« (a) + /'« (a + th) dt. 


Let 




(n-l) 

and let jd he a positive integer such that p ^ n 


4 
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Then Rn = £ (1 - ■ (1 - (» + *• 

Let U, L be the upper and lower bounds of (1 - (a + th). 

Then 

i (1 - dt < J'(1 - ■ (1 -1)"-"/'"' (a + ih) dt<j^U(l-1)“-' dt. 

Since (1 — (a + tK) is a continuous function it passes through all 

values between JJ and L, and hence we can find 6 such that 0 < ^ ^ 1, and 

' (1 _ (a + th) dt (I - {a + Bh). 

0 

kn 

Therefore R. = + ^^>- 

Writing p — n, we get Hn — , 

til « 

the remaindet' ; and writing p = 1, we get 

which is Cauchy’s form for the remainder. 

Taking n«l in this result, wg get 

/(a+A) -/(o) = A/' {a + 0h) 

if /' Is continuous when a^x^a + h; this result is usually known as the First 
Mean Value Theorem (see also § 4T4). 

Darboux gave in 1876 {J&umal de Math. (3) ll. p. 291) a form for the remainder in 
Taylor's Series, which is applicable to complex variables and resembles the above form 
given by Lagrange for the case of real variables. 

6*6. The Process of Continuation. 

Near every point P, Zo, in the neighbourhood of which a function f{z) is 
analytic, we have seen that an expansion exists for the function as a senes 
of ascending positive integral powers of (z — Zo), the coefiScients in which 
involve the successive derivates of the function at Zg. 

Now let A be the singularity of /(z) which is nearest to P. Then the 
circle within which this expansion is valid has P for centre and P.A for 
radius. 

Suppose that we ai*e merely given the values of a function at all points of 
the circumference of a circle slightly smaller than the circle of convergence 
and concentric with it together with the condition that the function is to be 
analytic throughout the interior of the larger circle. Then the preceding 
theorems enable us to find its value at all points mthin the smaller circle 
and to determine the coefficients in the Taylor series proceeding in powers 
of z — Zg. The cjuestion arises, Is it possible to define the function at points 
outside the circle in such a way that the function is analytic throughout 
a larger domain than the interior of the circle? 


(a + Bh), which is Lagrange’s form for 
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In Other words, gii'en a power series which converges and represents a 
Junction only at points within a circle, to define by means of it the values 
of the function at points outside the circle. 

For this purpose choose any point P, within the circle, not on the line 
PA. We know the value of the function and all its derivates at P^, from 
the series, and so we can form the Taylor series (for the same function) 
with P, as origin, which will define a function analytic throughout some 
circle of centre P,. Now this circle will extend as far as the singularity* 
which is nearest to P,, which may or may not be A ; but in either case, this 
new circle will usuallyf lie partly outside the old circle of convergence, and 
for points in the region which is included in the new circle but not in the old 
o%rcle, the new series may be used to define the values of the function, although 
^ old series failed to do so. 

Similarly we can take any other point Pj, in the region for which the 
values of the function are now known, and form the Taylor series with P^ 
^ origin, which will in general enable us to define the function at other 
points, at which its values were not previously known; and so on. 

This process is called continuationl. By means of it, starting from a 
representation of a function by any one power series we can find any number 
of other power series, which between them define the value of the function 
at all points of a domain, any point of which can be reached from P without 
passing through a singularity of the function; and the aggregate§ of all 
the power series thus obtained constitutes the analytical expression of the 

function. 

It is important to know whether continuation by two different paths PBQ, PB'Q will 
give the same final power series ; it will be seen that this is the case, if the function 
have no singularity inside the closed cur\’e PBQB'P, in the following way: Let P^ be any 
point on PBQ, inside the circle C with centre P ; obtain the continuation of the function 
with P^ as origin, and let it converge inside a circle ; let Pi be any point inside b<»th 
circles and also inside the curve PBQB'P; let S, 5,, Si be the jwwer series with P, P^, 
^i as origins; thcn||.S|S*S|' over a certain domain which will conUin if Pi be taken 
sufficiently near P^ ; and hence Sy will be the continuation of Si; for if r, were the 
continuation of Si, we have 7*1 over a domain containing P^, and so (§ 373) 
corresponding coefficients in Sx and 7’, are the same. By carrying out such a process a 
sufficieut number of times, we deform the path PBQ into the path PB'Q if no singular 
point is inside PBQB'P. The reader will convince himself by drawing a figure that 
the process can be carried out in a finite number of steps. 

* Of the function defined by the new series. 

+ The word ‘usually’ must be taken as referring to the csBes which are likely to come 
under the reader’s notice while studying the less advanced parts of the subject. 

X Fxejich, prolongement; German, FvrUelzung. 

§ Such an aggregate of power series has been obtained for various functions by M. J. M. Hill, 
by purely algebraical processes, Proc. London Math. Soc. xxxv. (1903), pp. 388-416. 

II Since each is equal to S. 
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Example. The series 


represents the f\inction 


1 2 2 * 2 ^ 
a ^ a* ‘ * 


/(*) = 


1 


a^t 


only for points z within the circle j 2 | = | a |. 


But any number of other power series exist, of the type 

1 , 2-6 . (^-6)» (2-6)3 

a-6’^(a-6)2‘*'{a-6)»'^(o-6)«‘^”' ’ 

if hja is not real and positive these converge at points inside a circle which is partly 
inside and partly outside | 2 |=s|al; these series represent this same function at points 
out.*^ide this circle. 


5’501. Onfunctione to which the continuation-process cannot be applied. 

It is not always possible to carry out the process of continuation. Take as an example 
the function /( 2 ) defined by the power series 

/(2)= I+2«+2H ..+2»”+..m 

which clearly converges in the interior of a circle whose radius is unity and whose centre 
is at the origin. 

Now it is obvious that, os 2-^1-0, /( 2 )-*-+co ; the point +1 is therefore a 
singularity of/(x). 

But /(^)=^>+/(*^), 

and if 2 *-^l-0,/( 2 *)-**® and 8 o/( 2 )-^cc, and hence the points for which 2 -=l are 
singularities of /(z); the point 2 ** — 1 is therefore also a singularity of/(x). 

Similarly since 

/( 2 )= 2 >+ 2 *+/(**), 

we see that if z is such that 2 * * 1, then 2 is a singularity of/(x); and, in general, any root 
of any of the equations 

2*=1, 2^ = 1, 2««l, 2« = 1, 

is a singularity of /(x). But these points all lie on the circle in Aoy ^ 

of this ciiele, however small, there are an unlimited number of them. The attempt to 
qarry.out the process of continuation will therefore be frustrated by the existence of this 
unbiuken front of singularities, beyond which it is impossible to pass. 

In such a cose the function /(z) cannot be continued at all to points 2 situated outside 
the circle | 2 1«1; such a function is called a lacunary function^ and the circle is said to be 
a limiting circle for the function. 


6*61. The identity of two functions. 

The two series 

1 + z + 2 * + e* + ... 


and - 1 + (z - 2) - (j - 2)» + (^ - 2)> - (« - 2)* + ... 

do not both converge for any value of z, and are distinct expansions. 
Nevertheless, we generally say that they represent the same function^ on the 
strength of the fact that they can both be represented by the same rational 


expression ^ 
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This raises the question of the identity of two functions. When can two 
different expansions be said to represent the same function ? 

We might deBne a function (after Weierstrass), by means of the last 
article, as consisting of one power series together with all the other power 
series which can be derived from it by the process of continuation. Two 
different analytical expressions will then define the same function, if they 
represent power series derivable from each other by continuation. 

Since if a function is analytic (in the sense of Cauchy, § 5*12) at and near 
a point it can be expanded into a Taylor’s .series, and since a convergent 
power series has a unique differential coefficient (§ 5 3), it follows that the 
definition of Weierstrass is really equivalent to that of Cauchy. 

It is important to observe that the limit of a combinatim of analytic 
functions can represent different analytic functions in different parts of the 
plane. This can be seen by considering the series 

The sum of the first + 1 terms of this series is 




1 

rTz"' 


The series therefore converges for all values of z (zero excepted) not on the 
circle \z\ = l. But, as u oo , j | 0 or j 2 " j oo according as | z ! is less 

or greater than unity j hence we see that the sum to infinity of the series is 

z when 1^1 <1 and - when 1^1 >1. This series therefore represents one 

ion at points in the interior of the circle 1^1 = 1, and an entirely 
function at points outside the same circle. The reader will see from § 5 3 
that this result is connected with the non-uniformity of the convergence of 
the series near \ z\ = 1. 

It haa been shewn by Borel* that if a region C is taken and a set of poinU S auch that 
points of the set S are arbitrarily near every point of C, it may be possible to define 
a function which haa a unique differential coefficient (i.e. is monogenic) at all poinU 
of C which do not belong to but the function ia not analytic in C in the sense of 

Weieratraas. 

Such a function ia ^ j, 

« n « eip(-exp n*) 

z-(p+qi)ln ■ 




* Proc. Math. C<mgre$$, Cambridge (1912). i. pp- 137-138. Le(;on$ tur Us fonetiom mono- 
ginet (1917). The funclione are not monogenic etrictly in the senae of § 51 because, in the 
example quoted, in working out {/(* + h) “uat be supposed that i? (z + A) and /(z + h) 

are not both rational fraotione. 
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6'6. Laurent’s Theorem. 

A very important theorem was published in 1843 by Laurent* ; it relates 
to expansions of functions to which Taylor’s Theorem cannot be applied. 

Let G and C' be two concentric circles of centre a, of which C* is the inner; 
and let f(z) be a function which is analytic*!* at all points on G and C' and 
throughout the annulus between G and C'. Let a + A be any point in this 
ring-shaped space. Then we have (§ 5 21 corollary) 

If _/(£),,. 

^TTi j cz CL n. ZTnJc'Z — a — h 

where the integrals are supposed taken in the positive or counter-clockwise 
direction round the circles. 


This can be written 


c 
-I- 


(z-ay 


+ ... + 




+ 


/i"+ 


1 z — a 
h + ••• + 


(z — aY (^_a)n+i 


1 

r—a—A) 


dz 


An+I (^ _ a _ A) 

We find, as in the proof of Taylor’s Theorem, that 

f /( ^) dz . h”*' _ [ /{z)dz(2-a)’'*^ 

I n(z — a' 


dz. 


j c{z-aY-*-^(z-a-k) ■■■ Jc {z 
tend to zero as n ; and thus we have 


Jc (z-a- 


A)A 


w 


herej 


/(a + A) = ao -»-a,A-f-a;A^-f- 
If f{z)dz j , If 


This result is Laurents Theorem\ changing the notation, it can be 
expressed in the following form : If f{z) be analytic on the concentric circles 
C and G of centre a, and throughout the annulus between them, then aX any 
point z of the anmdus f{z) can be expanded in the form 

h^ b. 


/(^) = ao + ai {z-a) + a^(z^ay-\‘... + 


whei 


e 


(z-a) {z--ay 

1 r f{t)dt ,. If 

“■‘ = 2sJc(7^+- = ^ 


0 d' • • •> 


An important case of Laurent’s Theorem arises when there is only one 
singularity within the inner circle C\ namely at the centre a. In this case 
the circle G can be taken as small as we please, and so Laurent’s expansion 
is valid for all points in the interior of the circle G, except the centre a. 

* Comptes Rendit$, xvii. (1843). pp. 348-349. The theorem is contamed id a paper which was 
written by Weierstrass in 1841, but apparently not published before 1894, Werke, i. pp. 61-66. 

t See §5-2 corollary 2. footnote. 

* \\ e cannot write fl„ = /(") (,i)/n! as in Taylor’s Theorem since/(r) is not necessarily analytic 
inside C'. 
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Exumple 1. Prove that 


l(-^) ^ 

= ^o 


(j-) + (x) + (x)+... + ;**»/» (x)+ ... 


“ - •A (•*^) + p*^8 C-^) “ U‘) + ”-. 

Z i z 


where 




-± f*' 

2rr J 0 


C 08 (nfi - X sin 6) d$. 


[For the function of z under consideration is analytic in any domain which doe.s not 
include the point «=0 ; and ao by Laurent’s Theorem, 


e 


s \ i + ai^+ <23 <j^+ ...H— + "5 + ** -1 

z z 


where 




=-L /■ 

2fri j , 




► ♦ I 


and b. 


= - / 

2m J a 




dz, 


c 

and where C and C are any circles with the origin as centre. Taking C to be the circle of 
>*adius unity, and writing z^e*^, we have 

« s=_L. = / cos(n^-.rsin^)cW, 

" 27ri Jo '2irJo 

since jsia (nd - a: ain 0) d$ vanishes, as may be seen by writing 2ir-(#) for 0. Thus 

and 6„=( - )"a„, since the function expanded is unaltered if - 2 ”‘be written 
for 2 , so that 6„=( -)» (x), and the proof is complete.] 

Example 2. Shew that, in the annulus defined by | a | < 1 2 j < | 6 (, the function 

_l‘ 

\{z-a){b-z)! 

can be expanded in the form 

« /a" z'*\ 


where 


^ « 1.3...(2/-1) . 1.3...(2f + 2K-l) /ay 

<3-= 2 - 

1=0 


©'■ 


2^*^.I*, il + n )! 

The function is one-valued and analytic in the annulus (see § 57), for the branch-points 
0, a neutralise each other, and so, by Laurent’s Theorem, if C denote the circle | 2 |=r, 
where j a | < r < 161, the coefficient of r" in the required expansion in 

JL( I 

Putting 2 are^, this becomes 


1 f 

In j I 


2 , - l.:i...( 2 *-l)r‘e«« ; 1.3...(2(-l)a‘e-"'> 

6* ,?o FT! 


2ir ^ 0 " ' *=o 2*. ^ ! 

the series being absolutely convergent and uniformly convergent with regard to 0. 

The only terms which give integrals different from zero are those for which 
So the coefficient of 2 " is 

1 fiir . « l. 3 ...( 2 f-l) 1.3...(2/-l-2n-l) a* 

2^ Jo "^lio 2^7! 2*"**.(^-Hn) ! 6'*" 6-*' 

Similarly it can be shewn that the coefficient of — is a\ 
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Example 3. Shew that 

««-^»/»=ao + aiS + a2^*+.., + -^ + 

z z 

\ fiw 

where I *^*“*’*“**08 {(w —v)sin ^ —n^} 

1 r*' 

and 6;i=— | {(w —■u)8in d —nd} cW. 

atr y u 

6*61. The nature of the singularities of one-valued functions. 

Consider first a function f(z) which is analytic throughout a closed 
region S, except at a single point a inside the region. 

Let it be possible to define a function (t>{z) such that 

(i) <^(^) is analytic throughout S, 

(ii) when . # a, /(.) = <^ (.) + ^ + + ... + 

Then f (z) is said to have a * pole of order n at a*; and the terms 

B £ B 

—— + ,—+ ... + :—are called the principal part of f{z) near a. 

By the definition of a sing^ilarity (§ 5*12) a pole is a singularity. If n = 1, 

the singularity is called a simple pole. 

Any singularity of a one-valued function other than a pole is called an 
essential singularity. 

If the essential singularity, a, is isolated (i.e. if a region, of which a is an 
interior point, can be found containing no singularities other than a), then a 
Laurent expansion can be found, in ascending and descending powers of (z — a) 
valid when A > | ^ — a | > S, where A depends on the other singularities of the 
function, and S is arbitrarily small. Hence the * principal part * of a function 
near an isolated essential singularity consists of an infinite series. 

It should be noted that a pole is, by definition, an isolated singularity, so 
that all singularities which are not isolated (e.g. the limiting point of a 
sequence of poles) are essential singularities. 

There does not exist, in general, an expansion of a function valid near a non-iaolated 
singularity in the way that Laurent's expansion is valid near an isolated singularity. 

Corollary. If /(*) has a pole of order n at a, and ^( 2 ) = (x-a)*/(x) {*#<*)» 
^^a)= lim then ^(x) is analytic at a. 

Example 1. A function is not bounded near an Isolated essential singularity. 

[Prove that if the function were bounded near x^o, the coefficients of negative powers 
of X—» would all vanish.] 
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£^mpte 2. Find the singularities of the function - l). 

At x=0, the niimemtor is analytic, and the denominator has a simple zero. Hence 
the function has a simple polo at x = 0. 

Similarly there is a simple pole at each of the points 2»Tri« (»= ± 1, +2, +3, ...); the 
^nominator is analytic and does not vanish for other values of s. 

At i=a, the numerator has an isolated siugularity, so Laurent’s Theorem is applicable, 
mhI the coefficients in the Laurent expansion may be obtained fVom the quotient 

c c> 


1 + 


2 ! (x —a)* 




( 


, z^a 
el 1+— + 
a 


...)- 


1 


which gives an expansion involving all positive and negative powers of (x — a). So there is 
An essential singularity-at x = a. 

ExampU 3. Shew that the function dehned by the series 


„f, (x--l){x--(l+n-*)-} 


has simple poles at the points x=(l + 1, 2, 


n-1 : n=l, 2, 3, ...). 
(Math. Trip. 1899.) 


B’62. The ‘point at infinity' 

The behaviour of a function f{z) as ( ^ oo can be treated in a similar 
way to its behaviour as z tends to a finite limit. 

If we write z~\, so that large values of z are represented by small 

values of z' in the ^'-plane, there is a one-one correspondence between 
^ and s!, provided that neither is zero; and to niake the correspondence 
complete it is sometimes convenient to say that when s: is the origin, z is 
the 'point at infinity.* But the reader must be careful to observe that this 
IS not a definite point, and any proposition about it is really a proposition 
concerning the point z' = 0. 

Let/(^)= 4>(z'). Then fp{z) is not defined at z' ==0, but its behaviour 
near z' -0 is determined by its Taylor (or Laurent)* expansion in powers 
of and we define <5(0) as lim ip(z') if that limit exists. For instance 

z' ^0 

the function (f>(z) may have a zero of order m at the point z' = 0 ; in this 
Cftse the Taylor expansion of will be of the form 

Az*’* 4 - + ..., 

^nd so the expansion of/(z) valid for sufficiently large values of |^| will be 
cf the form 

J \^) — -m ,m+l - 


In this ca8e,/(«) is said to have a zero of order m at * infinity! 
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Again, the function <^(/) may have a pole of order m at the point ^ — 0, 
in this case 


•P ^ + ^=i + :^ + ■■■ + i + M + Nz' + Pz''+ 


and so, for sufficiently large values of \z\y f{z) can be expanded in the form 

N P 

/(^) = + ... 4-+ Jl/+ — ++ 


• • • • 


In this case,/( 2 ) is said to have a pole of order m at ‘ infinity* 

Similarly f(z) is said to have an essential singularity at infinity, if fp{^) 

has an essential singularity at the point z' — 0. Thus the function e^ has an 

1 

essential singularity at infinity, since the function e^ or 


1 


1 


has an essential singularity at z — 0. 

Example. Discuss the fuDction represented by the series 


2 


1 


(a>l). 


„=o n! H-a*"z2’ 

{ i 

The function represented by this series has singularities at 

(71= 1, 2, 3, since at each of these points the denominator of one of the terras in the 
series is zero. These singularities are on the imaginary axis, and have 2 = 0 as a limiting 
point; so no Taylor or Laurent expansion can be formed for the function valid throughout 
any region of which the origin is an interior point. 

For values of z, other than these singularities, the series converges absolutely, since the 
limit of the ratio of the (n + l)th term to the nth is lim (n +1)“* a“2=0. The function is 

an even function of z (i.e. is unchanged if the sign of 2 be changed), tends to zero as 
1 2 l-*-QC, and is analytic on and outside a circle C of radius greater than unity and centre 
at the origin. So, for points outside this circle, it can be expanded in the form 

where, by Laurent’s Theorem, 

I . ^ r it , * 1 a-*" , 

J C I»=i0 « ! o *" + 2* 

a'*‘**2**~* * « 


Now 


A 

2 


2 2 
f|s0 O|s0 


n \ 


n*o n! (a“>"+2*) 

This double series convei-ges absolutely when 1«| > 1, and if it be rearranged in powei« 
of 2 it converges uniformly. 

Since the coeflBcient of 2 "Ms 2 (-)* * ^ only term which furnishes a non- 


UsO 


n! 


zero integral is the term in 2 “^, we have 

zirt J c s»o n 1 


dz 


nl a*** 




2 
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Therefore, when | * | > 1, the function can be expanded in the form 

ill 

ga* ga* ga* 

~ 1* +7" 

The function has a zero of the second order at inhnity, since the expansion begins with 
^ term in 

6-63. Liouville’s Theorem*. 

Let /(z) be analytic /or all values of z and lei \f{z) 1 < K for all values 
of z, where K is a constant {so that \f{z) | is bounded as | ^ | —> oo ). Then 
/w is a constant. 

Let z, z' be any two points and let C be a contour such that z, z* are 
inside it. Then, by §5 21, 


/(o-/w=^. 




m)d^\ 


tftke C to be a circle whose centre is z and whose radius is p'^2\z' — z\; on 

0 write f ; since \^~z'\'^\p when ^ is on C it follows from § 4'62 

that 

1/(O -/(«) I = I ^ /p 


1 


■iw 


■' -z\.K 


de 


27r J 0 ip 
^2\z' — z \ Kp~'. 

Makep-+ 00 , keeping 2 ^ and/fixed; then it is obvious that/(/)-/(^) = 0; 
that is to say, f{z) is constant. 

As will be seen in the next article, and again frequently in the latter half of this 
volume (Chapters xx, xxi and xxii), Liouville’s theorem furnishes short and convenient 
proofs of some of the most important results in Analysis. 

6'64. Functions with no essential singularities. 

We shall now shew that the only one-valued functions which have no 
Angularities, except poles, at any point {including co ) are rational functions. 

For let f{z) be such a function; let its singularities in the finite part 
of the plane be at the points Ci, Cg, ... c*: and let the principal part (§ 5-61) 
of its expansion at the pole Cr be 


Or.I 




+ ... + 


®r,nr 


{Z - Cr)^ ‘ 


Z-Cr {Z- CrT 

Let the principal part of its expansion at the pole at infinity be 

cbiZ + Og/ + ... + OnZ" ; 

if there is not a pole at infinity, then all the coeflScients in this expansion 
will be zero. 

• ThU theorem, which is reaUy doe to Caoohy, Comptu Rendus, m. (1844), pp. 1877, 1378, 
giren this name by Borohardt, Journal fUr Math. i.ixxvm. (1880), pp. 277-310, who beard it 
h> Liouville'e leotores in 1847. 
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Now the function 


m- s 

f = 1 


j X X 

\z-c"{Z^Cry^ 


+ 


^r,nr 
{z - CrT'] 


— OiZ — 



has clearly no singularities at the points Cj, C 2 , ... Ck> ^l' inhnity, it is 
therefore analytic everywhere and is bounded as j ^ | , and so, by 

Liouville’s Theorem, is a constant; that is. 


/(z) =C + <i,z + a,z^+... + anZ" + 


a 


r*nr 


y + - + (z-Or)”'] 


where C is constant; / (z) is therefore a rational function, and the theorem is 
established. 


It is evident from Liouville’s theorem (combined with §3'61 corollary (ii)) 
that a function which is analytic everywhere (including oo) is merely a 
constant. Functions which are analytic everywhere except at co are of 
considerable importance; they are known as integral funxitions*. Examples 
of such functions are e*, sin z, c**. From § 5*4 it is apparent that there is no 
finite radius of convergence of a Taylor’s series which represents an integral 
function; and from the result of this section it is evident that all integral 
functions (except mere polynomials) have essential singularities at oo. 


6*7. Many-valued functions. 

In all the previous work, the functions under consideration have had a 
unique value (or limit) corresponding to each value (other than singularities) 

of z. 

But functions may be defined which have more than one value for each 
value of z ; thus if ^ = r (cos 0 + i sin 6), the function z^ has the two values 


^cos i 0 -H i sin I r* jcos ^ (^ + 2'jr) + 1 sin \(0-h 29r)|; 

and the function arc tan x (x real) has an unlimited number of values, viz. 
Arc tan x + nir, where — s ir < Arc tan a: < | tt and n is any integer; further 


examples of many-valued functions are logz, sin {z^). 

Either of the two functions which represents is, however, analyl'i® 
except at z = 0, and we can apply to them the theorems of this chapter; and 

the two functions are called ‘ branches of the many-valued function z . 
There will be certain points in general at which two or more branches 
coincide or at which one branch has an infinite limit; these points are called 

‘ branch-points.’ Thus z^ has a branch-point at 0; and, if we consider the 

change in as z describes a circle counter-clockwise round 0, we see that & 


* French, fonetion entiire ; Qerman, ganze Funktion. 
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increases by 27r. r remains unchanged, and either branch of the function passes 
over %nio the other branch. This will be found to be a general characteristic 
of branch-points. It is not the puupose of this book to give a full discussion 
of the properties of many-valued functions, as we shall always have to 
colder particular branches of functions in regions not containing branch¬ 
points, so that there will be comparatively little difficulty in seeing whether 
or not Cauchy's Theorem may be applied. 

Thus we cannot apply Cauchy’s Theorem to such a function aa when the path of 
integration ia a circle siurounding the origin ; but it is permissible to apply it to one of 

the branches of when thfe path of integration is like that shewn in § 6 24, for through¬ 
out the contour and its interior the function has a single definite value. 

Example. Prove that if the diiferent values of a*, corresponding to a given value of r, 

rapresented on an Argand diagram, the representative points will be the vertices of an 

^uiangular polygon inscribed in an equiangular spiral, the angle of the spiral being 
independent of a, 

(Math. Trip. 1899.) 

The idea of the different branches of a function helps us to understand such a paradox 
^ the following. 

Consider the function — 

for which ^ (1 + log x). 

cCx 


When X is negative and real, ^ is not real. But if x is negative and of the form 
2 ^^ (where p and q are po-sitive or negative integers), y is real 
If therefore we draw the real curve 

we have for n^ative values of x a set of conjugate points, one point con’esponding to each 
lational value of x with an odd denominator ; and then we might think of proceeding to 
form the tangent as the limit of the chord, just as if the curve were continuous; and 

when derived from the inclination of the tangent to the axis of x, would appear 

^ be real The question thus arises, Why does the ordinary process of differentiation 

give a non-real value for The explanation is, that these conjugate points do not all 

ax 

^lise from the same branch of the function y=x*. We have in fact 

*lo**+2ir»<x 

where k is any integer. To each value of k corresponds one branch of the function y. 
Now in order to get a real value of y when x is negative, we have to choose a suitable 
^lue for k : and this value of k varies as we go from one conjugate point to an adjacent one. 
^ the coiyugate paints do not represent values of y arising from the same branch of the 

Action y«x*, and consequently we cannot expect the value of ^ when evaluated 

for a definite branch to bo given by the tangent of the inclination to the axis of x of the 
*10 joining two arbitrarily close members of the series of conjugate points. 
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Miscellankous Examples. 


1. Obtain the expansion 

. , ^ {z-a „ fz-\-a\ , {z-aY (z->ra\ 

/(z)=/(a)+2|-2-/[—j+ 23.3!-^ \ 2 V 2 )^' } 

and determine the circumsbmees and range of its validity. 


2. Obtain, under suitable circuSnstances, the expansion 

_ . . ^ J 


[/(..t*)./ -v 

^ ^ y 


-l)( 2 -a) 


1] 


(Corey, Ann. of Math. (2), i. (1900), p- V7-) 


• • • • 

3, Shew that for the series 


oc 

2 


1 


=0 2 " + 


-II > 


the region of convergence consists of two distinct areas, namely outside and inside a circle 
of radius unity, and that in each of these the .series represents one function and represen s 

it completely. 

(Weierstrass, Berliner MonatsherickU, 1880, p. 731 ; Gee. Werkcy ll. (1895), p. 227.; 

4 . Shew that the function 


2 2*»* 
tl=0 


tends to infinity as z-^exp (2Trt>/m!) along the radius through the point; where m is any 
integer and p takes the values 0, 1, 2,... {m I- 1). 

Deduce that the function cannot be continued beyond the unit circle. 

(Lerch, Site. BOhm. Acad., 1885-6, pp- 571-582.) 

5. Shew that, if z--1 is not a positive real number, then 




1.3 . l.3...(2n-l) 


z« + ... + - 




2.4...2rt 


_(l-2*)'i I (*■‘^'(1-0 

2.4...(2n) ^ ^ Jo .X 

(Jacobi and Scheibner.) 


3.5...(2n + l) 


TAYLORS, LAURENTS AND LIOUVILLE’s THEOREMS 109 

6. Shew that, if j - 1 is not a positive real number, then 

. m(m + l)...(m+n),, , f‘ 

+-jo '"(1 

(Jacobi and Scheibner.) 

7. Shew that, if r and l-z are not negative real numbers, then 

[‘ r-n + ^ , . (”*+2)... (m + 2« - 2) „ .1 

A ^ " m + l r + ^ + 3^ + 

+ (l_j)-t (m + 2)(m + 4)...(m + 2n) j 

(m+l)(m + 3)...(m + 2n-l)yo ^ ^ 

(Jacobi and Scheibner.) 

®- If, m the expansion of (a + a,r + a,i>)"* hy the multinomial theorem, the remainder 
n terms be denoted by so that 

shew that + + + + 


(^) = (a + ai« + 


'/ui.d„r"”' + (2m-n + l)a,d„.i;-* , 
) (a + a,<+aa<*)"* + » 


9. If 


(ao+Oir + Os^*)”"*"* / (ao + a,(+a2r®)'"di 

J 0 


(Scheibner.) 


he expanded in ascending powers of z in the form 

AiZ + Ai^+ ..., 

shew that the remainder after n - 1 terms is 

(ao+aiz + Og^S)-™-* j (oo+ail+agt^)'^ {naoA^-(2m + n+1) a2A,^^t} 

(Scheibner*) 


10. Shew that the 


where 


senes 

n =0 ^ 

k{2) = + 


wjd where 0 (z) is'analytic near z=0, is convergent near the point z=0 ; and shew that if 
® sum of the series be denoted by /(z), then/(z) satisfies the differential equation 

(Pincherle, Berid. dei Zincei (5), v. (1896), p. 27.) 

• 11. Shew that the arithmetic mean of the squares of the moduli of all the values of 

aL m 

series on a circle |«| = r, situated within its circle of convergence, is eaual 

to ^ 

Ihe sum of the squares of the moduli of the separate terms. 

(Gutzraer, Mat/i. Amt. xxxii. (1888), pp. 096-600.) 

The resaltB of examples 6, 6 and 7 are special cases of formulae contained in Jacobi’s dis- 
"Nation (Berlin, 1826) published in his G«. IVerke, ni. (1884), pp. 1-44. Jacobi’s formulae 
**■* S^neralised by Scheibner, Leiptiger lierichtt, xi/V. (1893), pp. 432-443. 


the 
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12. Shew that the series 

converges when U|<1-, end that, when a>0, the function which it represents can also 
be represented when j 2 ) < 1 by the integral 

\nj 1 0 ^^9 'rf 


and that it has no singularities except at the point 2 - 1 . 

(Lerch, MonaUhefte filr Math, und Phyt. viii.) 

13. Shew that the series 

I Cr+s"') + | S {(i_2„_2„'20(2v+2v'n)t (1 - 2e - 2e'r-‘ t) (2e + 2e'2-‘ i)‘} ’ 

in which the summation extends over all integral values of v, v\ except the combination 
(v=0, v’=0\ converges absolutely for all values of 2 except purely imaginary values; unO 

that its sum is +1 or -1, according as the real part of 2 is positive or negative. 

(Weierstrass, Berlintr ManatthenchUf 1880, p. 73o.) 


14. Shew that sin |u +^ expanded in a series of the type 


« 

a(,+ai2+a52* + ... + ~ + 


in which the coefficients, both of z* and of 2 ”*, are 

— I sin (2u COB d) cos 
2ir y 0 

15. If 

shew that/( 2 ) is finite and continuous for all real values of z, but cannot be expanded as 
a Maclaurin’s aeries in ascending powers of 2 ; and explain this apparent anomaly. 

[For other cases of failure of Maclaurin’s theorem, see a posthumous memoir by 
BuU. des Set. Math. (2), iiv. (1890), pp. 145-599 ; Lerch, Journal fUr Math. CHI- (188«)» 
pp. 126-138; Pringsheim, Math. Ann. XLli. (1893), pp. 163-184 ; and Du Bois Reymona, 
Miinchen^ SUzungsberichtey vl (1876), p. 236.] 

16. If /(*) he a continuous one*valued function of 2 throughout a two-dimensional 
region, and if 

j^/(z)dz=0 

for all closed contours C lying inside the region, then /(z) is an analytic function of * 
throughout the interior of the region. 

[Let a be any point of the region aud lot 

F(z)=j /{z)dz. 

It follows from the data that F(x) has the unique dcrivate /(i). Hence 
analytic (§ 5-1) and so (§ 6*22) its derivato/( 2 ) is also analytic. This import^t conv 
of Cauchy's theorem is due to Morera, lUndiconti del A Izt. Lombardo {Milana\ X 
(1889), p. 191.] 


CHAPTER VI 


^ the theory of RESIDUES: APPLICATION TO THE EVALUATION OF 

DEFINITE INTEGRALS 

61 . Residues. 

If the function/(r) has a pole of order m &t z = a, then, by the definition 
®f a pole, an equation of the form 


where is analytic near and at a, is true near a. 

The coefficient a_, in this expansion is called the residite of the function 
relative to the pole a. 

Consider now the value of the integral / f{z)dz, where the path of 

^tegration is a circle* o, whose centre is the point a and whose radius p is so 
small that </>(^) is analytic inside and on the circle. 

We have J f(z)dz= 2 a_r| ^7Z^r + / 4 >{^)dz. 

Now j <j>{z)dz - 0 hy I 5*2; and (putting z-a=»pe^) we have, if r ^ 1, 


— ^-r+i 


ay 


0 P 


iw 

1 - = 0 - 

1 -'•Jo 


But, when r = 1, we have 


[ -^ = Tide = 2^1. 

J ^z^a Jo 


Hence finally j f (z) dz — 27 ria_i. 

(i Now let Cbe any contour, containing in the region interior to it a number 
poles a, 6, c, ... of a function /(z), with residues c-„ ... respec- 

^'^ely: and suppose that the function/(^) is analytic throughout Cand its 
*iiterior, except at these poles. 

* Surround the points a, 6, c, ... by circles a, ^,y, ... so small that their 
]( ^®8pective centres are the only singularities inside or on each circle; then the 
it function/(^) jg analytic in the closed region bounded by C, a, 7, .... 

* The exietence of each o oirole is implied in the definition of a pole aa an isolated 
■iDguUtlty. 
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Hence, by § 5*2 corollary 3. 


[ /( 2 )dz= f{z)dz + 



dz ... 


= 27na_i + %Trih-i + .... 

Thus we have the theorem of residues, namely that if f(z) be analytic 
throughout a contour C and its interior except at a number of poles inside the 

contour, then 

[ f {z) dz — 27riS R, 

J Q 

where XR denotes the sum of the residues of the function f{z) at those of its 
poles which are situated within the contour C. 

This is an extension of the theorem of § 5*21. 

Note. If a is a simpU pole of/(z) the residue of /(r) at that pole is lim {(r- <i)/(2)}- 


6-2. The evaluation of definite integrals. 

We shall now apply the result of § 61 to evaluating various classes 
of definite integrals; the methods to be employed in any particular case may 
usually be seen from the following typical examples. 

6-21. The evaluation of the integrals of certain periodic functions taken 
between the limits 0 and 27r. 

An integral of the type 

f R (cos 0, sin 6) dd, 

J 0 

where the integrand is a rational function of cos 0 and sin 0 finite on the 
range of integration, can be evaluated by writing e^^ = z; since 

cos^ ^(2 + sin e^~(z-z-^). 


the integral takes the form J S{e) dz, where S (^) is a rational function of z 

finite on the path of integration C, the circle of radius unity whose centre is 
the origin. 

Therefore, by 161, the integral is equal to 2rri times the sum of the residues 
of S {z) at those of its poles which are inside that circle. 

Example \. 

de -{ - _ _ 

The only pole of the integrand inside the circle is a simple pole at p ; and the residue 
there is » 1 

“pt(l -P2)(2-P) ~ ' 


6-2-6 *22] 
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Hence 


p-_ d$ 

jo 1 — cos 


2 fr 


\p cos $ + p^ \ ~p^' 


Sxampiei. U0<p<\, 

cos’* 3^ 


cos’*3^ _^_ 

lo r-2»cos2^+^* je \2 ^2‘ / (1(1-pc“ 


2^ cos 

= 2nlff, 

where 2Ji denotes the sura of t)ie residues of 


42 * (1 —p:^) (i^-p) 


at its poles inside f; these 


poles are 0, -pi, pi ; and the residues at them are - - » gp^l-p^) ’ 


end hence the integral is equal to 


ir{l-p+p*) 


1-p 


Example 3. If » be a positive integer, 


/ Sfr 2 C 

''e««ecos(nfl-ein^)rftf=^, e®“«8in (ntf-sin 6)cW = 0. 


Example. 4. I f a > 6 > 0, 

d6 2ffa 


/ Kir 

ra+ 


(a +6 cos 6)* (a* - f>*)i 




de 


n (2a + 6) 
{a + b cos^ 0)^ (a + b)^ 


6‘22. The evaluation of certain types of integrals taken between the limits 
“ 00 and +«. 

We shall now evaluate [ Q{x)dx, where Q{z) is a function such that 

«/ -»aD 

(0 it is analytic when the imaginary part of ^ is positive or zero (except at a 
finite number of poles), (ii) it has no poles on the real axis and (iii) as | z ]-► », 
^QW->0 uniformly for all values of arg^ such that O^arg^^Tr; provided 
that (iv) when ic is real, xQ(a:)->0, as x-^±<x>, in such a way* that 

0 

Jg Q(^)dx and f Q(s)dx both converge. 

— 00 

Given c, we can choose /), (independent of arg such that | (^) | < e/w 

whenever | r | > p, and 0 < arg a § w. 

Consider | Q(^)dz taken round a contour C consisting of the part of the 

teal axis joining the points ± p (where p > po) and a semicircle T, of radius p. 
having its centre at the origin, above the real axis. 

Then, by § 61, ( Q(z)dz = 2iriSR, where IR denotes the sum of the 

residues of Q(^) at its poles above the real axist- 

* The condition xQ (x) - 0 i* not in itself -officient to seoure the convergence of 
oonaiderQ log 

t Q (f) Ixas oo poles sbove the real axis outside the oou ur» 


CD 


Q{x)dx; 
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Therefore 


dz^ 


27n2iJ 


-i/«» 


dz 


In the last integral write z = /se", and then 


j Q («) rfz I = 1 Q (p«") pe^^idO 

< [ {eiTr)dB 
Jo 


= €i 


by § 4'62. 
Hence 


lim r Q (z) dz == 27ri2iZ. 
a-^w J -p 


But the meaning of ( Q(x)dx is lim [ Q(is)da:; and since 

j -« p,»-►* J -p 

lim rQ(ir)dx and lim Q(ic)dir both exist, this double limit is the 

.»0 p-^» J -p 

same as lim j Q(x)dx. 

J —p 

Hence we have proved that 

I Q (w) da: = 27ri2iJ. 

This theorem is particularly useful in the special case when Q (x) is a 
rational function. 

[Notb. Even if condition (iv) is not satisfied, we still have 

( {$(x) + $(-x)}<i:r«lim P Q{x)tix=2wi2R.] 

J 0 p-*>« J -P 

Example 1. The only pole of (**+1)-» in the upper half plane is a pole at with 


3 

reaidvie there — Therefor© 

Id 


/ 


dx 3 

— ■xv. 


.,(x*+l)» 8 

Example 2. If a > 0, 6 > 0, shew that. 

a^dx 


I 


-• (a + bx^)* 16a^^ 

Example 3. By integrating j e-*** dt round a parallelogram whose corners s*® 
-Ry Ry R+a%, -R+ai and making R-*>ao, shew that, if X>0, then 

j c-*^cos(2\ax)dxsxe-^' J e~^*dx = 2X-ie-^* J e~^dx. 

6’221. Certain infinite integrals involving sines and cosines. 

If Q (z) satisfies the conditions (i), (ii) and (iii) of § 6‘22, and m > 0, theo 
Q (z) also- satisfies those conditions. 
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6-221, 6-222] 


Hence ($(*)«'"“ +Q(-x)e-’”“) rfx is equal to where IB’ 

means the sum of the residues of Q (z) at its poles in the upper half plane; 
and 80 


(i) If Q (x) is an even function, i.e. if Q (— ^) = Q (x), 


f Q (x) cos (mx) dx = TnXR^ 
Jo 


(ii) If Q (x) is an odd function, 


f Q (x) sin (mx) dx — ttER'. 
Jo 


6'222. Jordan's lemma*. 


The results of § 6’221 are true if Q (s) be subject to the less stringent 
condition Q(r)—>0 uniformly when O^arg^^^r as jjj—>oo in place of the 
condition zQ(z)^0 uniformly. 

To prove this we require a theorem known as Jordans lemma, viz. 

unif&rmly with regard to arg 2 as j —>qo when O^argz^Tr, 
and if Q (z) is analytic when both 1 z | > c (a constant) and 0 ^ arg ^ $ tt, then 

lim (J e”’" Q («) = 0, 

^here V is a semicircle of radius p above the real axis with centre at the origin. 

Given e, choose so that | Q (^) I < when | ^ i > po and 0 ^ arg ^ $ tt ; 
then, ifp>p,. 

[ e”^*^Q(z)dz 
J r 

But = and so 


_ gwiitpcoitf+vsinffl Q (^pe^) pC'^ldO 



< {€lrr)pe-”^^^^de 

Jo 

= (2€/7r) f^'pe-”'^“''‘dd. 
Jo 


Now 8 in 0 ^ 2 ^/ 7 r. whenf 0-S 0 tt, and so 





< (2€/‘7r) I I 
J 0 

= (2r/ir).(rr/2"0[-e-”^"''] 




* Jordan, Court (VAnaly$e, ii. (1894), pp. 283, 286* 

t This inoquality app 6 ar 0 obvious whan we draw the graphs y^2x/iri it jnay be 

Proved by shewiog that (sin d)/d, deoreaeee as 9 iocreases from 0 to 
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Hence 


lim 


gtntr Q fig ^ 0. 


This result is Jordan’s lemma. 
Now 


je”*« Q (x) + Q (- x)} dx = 27TiSi2' - J e”*“ Q (2) 


and, making />—> 00 , we see at once that 

( Umxx Q _J_ g-mtr Q _ 27rlSi2', 

Jo 

which is the result corresponding to the result of § 6*221. 

Example 1. Shew that, if a>0, then 


/ 


COSX J *r „ 

^ 3 - 7 —5</x=5-e-® 
0 x®+a* Za 


Example 2. Shew that, if a > 0, 6 ^ 0, then 

* cos 2ax - cos 26x 
0 


/, 




dx=ir{b-a). 


(Take a contour consisting of a large semicircle of radius p, a small semicircle of 
radius 5, both having their centres at the origin, and the parts of the real axis joining their 
ends ; then make p-^ «-, 5-^0.) 

Example 3. Shew that, if 6 > 0, m ^ 0, then 


l 




0 + 

Example 4. Shew that, if i{’>0, a>0, then 


/, 


X sin ax , , 


— ka 


Example 5. Shew that, if m > 0, a > 0, then 


/** sinnur , «• we""**/ 2\ 

Jo X(x* + a*)* ~2a* 4<i* \ a/* 


(Take the contour of example 2.) 

Example 6. Shew tliat, if the real part of « be positive. 


[We have 


/■* dt 

Jo 7 


/: 


(« 




lim 1 




J9 t J 

« « j 

lim 1 



-*• 0 . ^-►CD i 

< j 


lim 1 

1 

&" 

1 


-► 0 , 1 

J ^ 


since e~* is analytic inside the quadrilateral whose comem are S, Szj pr, p. 
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/, 


Now r t AS wheu A{z)>0; aud 


since 


I e~‘cit™log z- /‘‘(I—e~‘) dt-*~logz. 


6 ’ 23 . Principal values o f integrals. 

It was assumed in §§ G-22, 6-221, 6-222 that tho function Q (s) had no poles on the real 
AxU; if the function has a finite number of simple poles on the real axis, we can obtain 
theorems corresponding to those already obtained, except that the integrals are all principal 
values (§ 4-5) and SP has to be replaced by SP + iSPo, where SPe means the sum of 
the residues at the poles on the real axis. To obtain this result we see that, instead of 
the former contour, we have to take as contour a circle of radius p and the portions of the 
real axis joining the points 

-p, rt —5i; ft + Sa, c —fia* 

ftod small semicircles above the real axis of radii fi,, ^ 2 ,... with centres a, 6, c,..., where 
®»c,... are the poles of Q ( 2 ) on the real axis ; and then we have to make Sj, S.^, ... -►O ; 
call these semicircles yi, yg,.... Then instead of the equation 


J'‘ Q ( 2 ) dz+j^^ (-') dz = '2iri2P, 

weget /> 0(2)rf2 + 2 lim [ Q{z)dz+f Qi2)dz=^-2iri2P. 

Let o' be the residue of Q{z) at a ; then writing r=« + fii on y^ we get 

I Q(z)dz=j° Qia+^i «'*) 

But Q{a+a,e^»)3ie'«-^a' uniformly as Si-*-0; and therefore^lira^ j^ Q(z)dz^ 
've thus get 

Pp Qiz)dz+I^Q{z)dz = 2ni2R + iri2Ho, 
and hence, using the arguments of § 6-22, we get 


— fl-ta ; 


P j Q(x)dx = 2ni {2P-{-^^Pi>)- 

The reader wiU see at once that the theorema of §S 6-221, 6-222 have precisely similar 

Scneralieations. 

The process employed above of inserting arcs of small circles so as to diminish the area 
the contour is called indenting the contour. 


0 * 24 . Evaluatimi of integrals of the form J ^ 


Q (x) dx. 


Let Q(a,) be a rational function of x such that it has no poles on the 
positive part of the real axis and both when x-rO and when 

®-»oo. 
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Consider 



Q (z) dz taken round the contour G shewn in the figure, 


consisting of the arcs of circles of radii 
p, S and the straight lines joining their 
end points; {— is to be interpreted 
as 

exp |(a- l)log (-^)1 

and 

log (- X) = log! ^ 1 + 1 arg (- z\ 
where — tt ^ arg (- x) € ■n-; 

with these conventions the integrand is 
one-valued and analytic on and within 
the contour save at the poles of Q (x). 

Hence, if Xr denote the sum of the 
residues of (— Q (z) at all its poles, 



f Q (z) dz = 27nXr. 

J c 


On the small circle write - z = and the integral along it becomes 
-[”*(- zYQ(z)id0, which tends to zero aa S-^0. 


On the large semicircle write - z = pe" and the integral along it becomes 
— r (- zY Q (z) id,0, which tends to zero as p~*<x >. 


On one of the lines we write - z = on the other - z = a:e-^ and 
(— zY~' becomes e* 


Hence 

lim f** e -Q (iz) - Q (®)) d® = ; 

(8-^, J 8 

^00 

and therefore Q (®) dx^ir cosec (air) 2r. 

JO 

Corollary. If Q (x) have a number of simple poles on the positive part 
of the real axis, it may be shewn by indenting the contour that 

r ^ 

P X®"* Q (a?) dx « TT cosec {air) Xr — tp cot (air) X/, 

Jo 

where Xr' is the sum of the residues of z*“* Q (z) at these poles. 


Examjile 1. 


U0<a<l, 

I --dx^ir coaecoTTf 

Jo 1+x 



,- dx—w cot av. 

\—x 
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I. 


0 /+«“ sin n-r 


SxampU 3. Show that, if - 1 <»< 3, then 

.o(l+J^)* 4co8^fr;' 

4. Shew that, if - 1 < ;> < 1 and - ^ < X < then 

x~Pdx n- sinjpX 


(Minding.) 


/, 


/. 


(Euler.) 


0 1+aa:‘oosX+j* 8 in/?fr aiuX ' 

O'i*. CaucAy*t integral. 

inaI:S'i“vlSroa“ which ace so.eti.es found ueefu. 

Ut ** * inside end on C 

PdM ^ ““P‘ e‘ e finite number 

mihoitv bl^® “”® interior* of C be a„ a„ ..., and let their degrees of 

degre^Tf muXhoH/b; ."t.•’ ‘®‘ 

Then, by the fundamentol theorem of residues, dk is equal to the sum 

of the residues at its poles inside C. 

Now-^ I^^W can have singularities only at the poles and zeros of <f>{z). Near one 
of the zeros, say a,, we have 

0 («) = .-I (j - a,)". +(* - ai)"'*' + - • • 

Therefore 0 ' ^Ar^{z~ a,y. -i + R (r, + 1 ) (r - a,)r. +..., 

/(*) =/(«.)+(^ -«»)/' (a,) +.... 

Thcefo« is analytic at «.. 

Thus the residue of -^^^j^ at the point z^a^is rjf{aA 

<p{z) 

Similarly the residue at z=bi is —ri/( 6 i); for near ftj, we have 

0 (*) = U(r- 6 i;-*i+i)(r- 6 i)-*i+i + ..., 

/W=/(»l) + (^-»l)/'(hl) + -, 

»« + analytic at i.. 

the Summations being extended over all the zeros and poles of ^ {z). 

6*31. Th« number o/roots of an equation contained uithin a contour. 

The result of the preceding paragraph can be at once applied to find how many roots of 
sn equation <fi(s)=0 lie within a contour C. 

Tor, on putting/(r) = l in the preceding result, we obtain the result that 

±.[ ^dz 

2iri ] c 

eqiuU to the excess of the number of zeros over the number of poles of ( 2 ) contained iu 
interior of (7, each pole and zero being reckoned according to iU degree of multiplicity. 

* ^ ( 2 ) mast not have any zeros or poles on C. 
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Example 1. Shew that a polynomial ( 2 ) of degree m has m roots. 

Let ^(a) —ao2’" + aiZ*”“*4'--- + <*mt (oo+O). 

4> (*) _ >noo2"*~* + ... + gCT^i 

002”*+...+am 

Consequently, for large values of ] 2 1, 

U) - 1 - 0 (l\ 

Thus, if C be a circle of radius p whose centre is at the origin, we have 

2trt- J 2»rt j e « 2tri j c V^V 2irt / c \^V 


But, as in § 6*22, 




as p-*-oo ; and hence as <p{z) has no poles in the interior of C, the total number of 
zeros of <b ( 2 ) is 

( In 


dz^m. 


Example 2. If at all points of a contour C the inequality 

1 OfcZ* 1>| ao + aiZ+...-f ajfc_i2*"‘+at^.,2*'*‘ + ... + a„z*« 

is satisfied, then the contour contains k roots of the equation 

•wi-l* ■ ■ + •••+ U|2 + flo = 0* 


a„2”*+a„_,2"*-‘ 


For write 


Then 


/(*) 


/(«) = a„2’'‘ + a„.i2«-‘ + ... + a|2 + ao. 


= at2*(l + C0» 

where 1 1 $ a < 1 on the contour, a being independent* of z. 

Therefore the number of roots of/(z) contained in C 

- * [ 

2-/ri j c f{ 2 ) 2irt j c\^ I + (/ dz ) 

But f — = 2»rt; and, since | we can expand (1 + fT)"* ^ ^be uniformly con 

J C » 

vergent series 

Therefore the number of roots contained in C is equal to k. 


Example 3. Find bow many roots of the equation 

2« + 62 + 10=0 

lie in each quadrant of the Argand diagram. 


(Clare, 1900.) 


l/| is a ooDtinuoas fanction of 2 on C, and so attains its upper bound (§ 3*62). Benoe its 
upper bound a must be less than 1. 
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6-4] 

6*4. Conntxion between the zeroe of a function and the zero$ of iU denvate. 

M^onald * has shewn that 17 /( 3 ) be a function of z analytic throughout the interior of 

a cloeed contour C, dejined by the equaHon \f{z)\ = M. where MUa constant, then the 

n«m^ of zeros of f(z) in this region exceeds the numbet' of zeros of the derived function 
j (x) <n the same re^on by unity. 

On C\etf{z) = Md^ ; then at points on C 

Hence, by § 6 31, the excess of the numW of zeros of f{z) over the number of zeros 
^'f/*(x) insidef C is 


JL (m^iz--^ f f ( 

2Tr^yc/'(^) 27riye\ 


dz^ 


dzj 


dz. 


Let s be the arc of C measured from a 6xed point a!id let ^fr be the angle the tangent to 
0 makes with Ox ; then 




--si? SI- 


d$ . 


Now log ^ is purely real and its initial value is the same as its final value ; and 

; hence the excess of the number of zeros of f(z) over the number of zeros of 

f (x) is the change in ^/2»r in describing the curve C \ and it is obvious J that if C is any 
ordinary curve, ^ increases by 2fr as the point of contact of the tangent describes the 
curve C \ this gives the required result. 

Example 1. Deduce from Macdonald’s result the theorem that a polynomial of degree 
u has n zeros. 


Example 2. Prove that, if a polynomial f(z) has real coefficients and if its zeros are all 
and different, then between two consecutive zeros of f{z) there is one zero and one only 
of/'(z). 

[Dr Pdlya has pointed out that this result is not necessarily true for functions other 
than polynomials, as may be seen by considering the function ( 3 * —4) exp ( 2 ^/ 3 ).] 


REFERENCES. 

M. C. Jordan, Cours d'Analyse, u. (Paris, 1894), Ch. vi. 
E. Goursat, Cours d*Analyse {Vbxih, 1911), (-h. xiv. 

E. Lindrlof, IjC Calcul des ttisidus (Paris, 1905), Ch. If. 


* Free. London Math. Soe. xxix. (1898), pp. 576, 677. 

t /'(r) does not vanish on C unleBS C has a node or other singular point; for, if /=0 + tV', 


hero 0 and ^ are real, since *^ = ^' /'(x )-0 »ny point, then 

1 ^, ^ ^ all vanish’ and these are sufficient conditions for a stogular point on 

* oy ox* dy 

t Fot a formal proof, sm Proc. London Math* Soe, (2), xv. (1916), pp. 227-242* 
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Miscellaneous Examples. 

1. A function <(> W is zero when z=0, end is real when r is real, and is analytic when 
^ 1 ^ 1 ; if/(x, y) is the coefficient of i in <#> (jr+tyX prove that if -1 < x < 1, 


/ 


S. X Bio e ^ e. Bin 6) de=r,<tz (x). 
0 1-2x008^ + ^'' 


(Trinity, 1898.) 


2, By integrating round a contour formed by the rectangle whose corners are 

0, R, R + i, i (the rectangle being indented at 0 and t) and making A—®, shew that 

(Legendre.) 


/ 


sin ax j 1 c“+1 1 

- dx=-. 


0 4«“-l 2a 

'K Rv inteeratioff loe (- «) V {z) rouna me conwur ui u *•*, «uo* c ^ v-/- 

Jtion suchTatrlcrfio L iV^O and as | r ^ shew that if §(z) has no poles 

on the positive part of the real axis, J “ Q (x) dx is equal to minus the sum of the 

residues of log (- r) § (z) at the poles of Q (r): where the imaginary part of log (- i) 1>“ 
between + w. 


4. Shew that, if a > 0, 6 > 0, 


/ 


dx 


e“«*^8in (a sin 6x)— !)• 

0 ^ 


5. Shew that 


a si 

j 0 I —2a o 


- 5 x<ir =2 log(l+a), (-l<a<l) 

cos2x + a* 4 

1 


= -ff log(l+a“‘)» («*>1) 

4 


(Cauchy.) 


6. Shew that 


/ 


oc 


8ind>iX sinAsX sindi.x sin ox , ^ a a 

° r.lr ... — cosojx... cosa«x-ax= 5 ^<j>i 9 «... 9«» 

0 X X X X 2 


if <#» 1 , <#> 2 ,.... <#>„, ai, 02 ,... On, be real and a be positive and 

(Stbrmer, i4c<o MoUh. six.) 

7. If a point z describes a circle C of centre a, and if/(«) be analytic through^^^ 
C and its interior except at a number of poles inside C, then the point 
describe a closed curve y in the u-plane. Shew that if to each element of y be attn 
a mass proportional to the corresponding element of C, the centre of gravity o y is 

iwint r, where r is the sum of the residues of ^ at its poles in the interior of C. 

(Amigues, Nouv. i4nn. de Math, (3), Xll. (1893), pp- 142 148) 

8. Shew that 

dx tf + 6) 


/ 


-.(.«* + 6*) (X* + a'f 2a36 (a + 6)* ‘ 


/. 


dx 


1.3...(2n-3) I 


(a + 6x»)" 2"6l 1 . 2 ...(n-l) a" * 


9. Shew that 
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10. If F. {.) _ V n \ 1 - ehew that the aeriaa 


Of thC^^idulry','’^^) r'tho : and that the 

Circles whose centres are at the origin one h included l>etween two 

‘ -iiua between „ and „ .ia e<,na. tL the nZZ :fTn^e^:"n‘rr.e‘s^;ht 

of tHee," l:;(^roTdrg:: ^ on ..agina.,) 

at leaat one root of the equat^/'(n)-0 withrn /'®o*’’oicnta, sheiv that there is 

of SB . . ^ o-'^'o«>'08e centre is the middle ,K,int 

Ot and whose radius is i^.5 cot-. rOr.^aa p /> . ra. 

(Grace, Proc. Camb. PAil. Soc. xi.) 


12. Shew that, if 0 <»«<i, 


^niyx 


1 


« Akywi 


1 - Stti' •* L -- 

1 « *=-«*■-a: 


fCo ‘d 

sin n-z z~x * circle of radius n + ^ ; and make n-*-xi.J 


13. Shew that, if ni>0, then 


(Kronecker, Journal filr Math, cv.) 


/, 


sin" mt 

' '7^ 




TTWl*”* f « / i\ 

2M^rT)T ‘ - T («-2)'-‘'ar 

Discuss the discontinuity of the integral at m= 0 . 

IfA+P+C +...=0 and a, A, c,... are positive, shew that 
A cos ax+B c os Ax4- ... + jr cos ix , 

- - ioga-Blogb~.,.~Ariogl 

(Wolstenholme.) 

15. By considering j^^dt taken round a rectangle indented at the origin, shew 


I. 


‘l>at,if*> 0 , 


I 

9 


/ a pXik 4 ri) 

^^‘dt=ni+ lira P 


i+ii 


p cc 


/■p - 


«s^ V using the contour of § 6*222 example 2, or its reflexion in the real 

^according as a* > 0 or x; < 0), that 

1 fp g*<* + *0 

«'^rdingas4?>0,x=0orx<0. 

[This integral is known as Cauchy’s discontinuous factor.] 

^6. Shewtbat,if0<a<2, A>0, r>0, then 

/« t 
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17. Let«>Oandlet 

■. • f round a rectangle whose comers are ±(A’+i)±<. wbaw 

By considenng j 

y is &n integer, and making ® 

(.-i 1-“+' fif!! 

'I'W- 

, . of e"*"", «“'*' respectively and integrating 

By expanding these integrands m PO**™ » 
term by-term, deduce from § 6 22 example 3 that 


dz. 




e-**rf.r. 


.ce 


Hence, by putting t = 1 shew that 

(This I'esult is due to Poisson, Joun^l * W'rr**. «• 

p. 420 ; see also Jacobi, Jourru^l fiir Math, xxxvi. (1848), p. 109 lO 

p. 188].) 


18. Shew that, if <>0, 


" ._..rt-!.«< = (-le’'“'‘|l+2 2 «-"'W<oo8 2nwa 

* ^ \ «ssf ' 




(Poisson, Mat. de VAcad. de. N«. vi (1827)^^ 

(1828), pp. 403-404 [(?«. ITeri., L I®®'). PP ’ 

Math. CXI. (1893), pp. 234-253 ; see also § 21 51.) 


CHAPTER VII 


THE EXPANSION OF FUNCTIONS IN INFINITE SERIES 


7T. A fo7'mula due to Darboiu:*. 

Let /(z) be analytic at all points of the straight line joining a to z, and 
let <^{t) be any polynomial of degree n in t. 

Then if 0 ^ ^ ^ 1, we have by differentiation 


j i (-r (z - ar 


m) 


(0/'”*' (a+ i a)) 


= - (^ - a) (0/' (a + f (r - a)) + (-)" <t> (0/ {a-i-t{z- a)). 

Noting that </»*"’(t) is constant = (0), and integrating between the 

limits 0 and 1 of t, we get 
4>*^>{0){/(z)-f{a)] 


2 (-)*"-> {z - tt)’” (1)/''"' (0)/<«» (a)| 

msl 

+ (-)" {z - a)"+’ r <f> (t)f (a + «(2 - a)) dt, 

Jo 


which is the formula in question. 

Taylor’s series may be obtained as a special case of this by writing 
(0 — — 1)" and making n —♦ » . 

Example. By substituting 27i for n in the formula of Darboux, and taking- 1 'f”, 
obtain the expansion (supposed convergent) 

/(.)-/(«)= i 

QSI ^ • 

ftud find the expre^sioD for the retoainder after u terms in this series. 

7 - 2 . The Bei^oullian numbers and the Bemoullian pol^/nornials. 

The function ^^cot^ 2 ^ is analytic when \z\<27r, and, since it is an even 

function of it can be expanded into a Maclaurin series, thus 

^ 

I^ cot ^2: = 1 - 2 ! " 4! ~ 6! - • ■ ■ ’ 


then Bn is called the nth Bernoidlxan 



number f. 


1 _ 1 
42 ’ 


80 


It is found thatj 



* Journal de Math. (3), ir. (1876). p. 271. 

t These numbers were introduced by Jakob Bernoulli in his Ars Conjeetandi, p. 97 (published 
posthumously. 1713). 

t The first sixty-two Bemoullian numbers were computed by A.iiims, Hrit. Ass. Itrpnrtf, 1877; 
Ibe first nine signifioaut figures of the first 250 Bernoullion numbers were subsequently published 
ty Glaisher, Trans. Camb. Phil. Soc. xn. (1879). pp. 384-391. 
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These numbers can be expressed as definite integrals as follows 
We have, by example 2 (p. 122) of Chapter VI, 


c 
• 0 


sin px da: 1 ^ ^ • 

— 1 2p 2 ^ 


~~ 2p^ 2p 


(2p)^_^ (2p)- 






Since 


a;"sin^j)a:-t-^n7r^ 


e**- 1 


dx 


converges uniformly (by de la Vall6e Poussin’s test) near p = 0 we may, by 
§ 444 corollary, differentiate both sides of this equation any number of 
times and then put p = 0; doing so and writing 2t for x, we obtain 


Bn^4fn f 

Jo 


dt 


A proof of this result, depending on contour integration, is given by Carda, J^oruztike/te 
fur Math, und Pkyt. v. (1894), pp. 321-4. 


Example. Shew that 


B, 


2n 


(2** 




dx 
0 sinb X 


0. 


e^-\ 


Now consider the function t , which may be expanded into a 

Maclaurin series in powers of t valid when | < | < 27r. 

The Bemoullian polynomial* of order n is defined to be the coefficient of 

fn 

—j in this expansion. It is denoted by <^n (z), so that 

I ^)jn 

V-l“.ri n! * 

This polynomial possesses several important properties. Writing 
for z in the preceding equation and subtracting, we find that 

te«= i + 

n ! 

On equating coefficients of V* on both sides of this equation we obtain 

n^"-' = + 1) - (z), 

which is a difference-equation satisfied by the function 4>n{z). 


* The name was given by Baabo, Jourmil fiir Math. XLii. (1651), p, 348. For a full di.'tcaasioo 
of their properties, see Norluod, Acta Math. XLtii. (1920)t pp. 121-196. 


the expansion of FONOTIONS in mPiNITE SERIES 


7 * 21 ] 

- 11, INFINITE SERIES 12/ 

- ibtr'w.;r”“”“•~ b. .b„i..d 


and 


Hence 


2t 2i 2 2^ 2! 4! • 


5 4>n{z)t^ 

n! ~ 




'+2r+^ + - 


1-1+^* 
2 ^ 2 ! 




41 




From this, by equating coefficients of t- (§ 3-73), we have 

= -" - I + „C.5.- „C, A.»-< + - ... 

the last term being that in z or and on > • 

bh,. i. .h. 

n t IS an integer, it may be seen from the diBerence-equation that 

<^W/’‘ = l”-‘ + 2--' + ...+(r-i)»-i 

The M^Uurin series for the expression on the right was given by Bernoulli. 
Example. Shew that, when n> 1 , 

721 . The Euler-Maclaurin expansion. 

In the formula of Darboux (S 7’1) write 6 (t\ for A.fo u 

nth Bemoullian polynomial. ^ ^ 

Differentiating the equation 

n-i times, we have = «t”- 

(< +1) - = n (n - 1) ,.. 

Putting t = 0 in this, we have (1) = (o). 

Now, from the Maclaurin series for (z), we have if * > 0 

(0) = 0, (0) = (_)S-l£^_ 

Substituting these values of ( 1 ) and ii„w-*ifoi in no.K 

we obtain the E^er-MaolauHn Zn forha •, ^ ^ 

It ‘® riven by Barnes, Proc. London Math. Soe 121 .i, non-, 

it fJ Euler (1732), bat was not'publiihed at the" timr 

8 12*881 ft ’ ‘i"" Stirling who repUed (April 16. 1738) that it incladed his own 

) a8 a particular case, and also that the more general theorem had h* (see 

*“ “ hfs claims rZrt Z 

Maclaurin in 17«. rreariVs on Fluxione. p. 672 For iufoLatL “S Z 

een Euler aod Stirling, we are iude'bted to Mr 0. Tweedie.'"“ oorrespoudence 
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(z - a) f (a) =/(«) -/(a) “ 1/' ' (“)! 


+ X ^ — 


2m 


{/<™' (z) (a)) 


7A = 1 


(2771)! 

_ (z - P , (0/""+“ (a + (2 - a) «1 dt. 

(2n)! 

In certain cases the last term tends to zero as >i->oc, and we can thus 
obtain an infinite series for/(^)—/(a)- 

If we write a, for ^ - a and F(a:) for/' (j:), the last formula becomes 


f F(ir) da;~^ti) lF(a) + F(a + w)) 


+ 


(2m)! 


m® I 
tn+i n 


+ 


6 ) 


(2n) 


r (a + wO 

! Jo 


Writing a + w, a + 2co, ... a + (r- l)o) for a in this result and adding up, 
we get 

1 

h F(a) + F(a + a>)-h F(a + 2o}) + ... + ^F(a + rot) 


/: 


where 


n-l /■_V« R ^ T> 

m-i (2m)l 

.,.en+i rl (»*-l 1 

{m®0 J 

This last formula is of the utmost importance in connexion with the 
numerical evaluation of definite integrals. It is valid if F(a:) is analytic at 
all points of the straight line joining a to a + rot. 

Example If/(2) be an odd function of shew that 






Example 2. Shew, by integrating by parts, that the remainder after n terms of the 


expansion of ^ « cot ^ z may be written in the form 

2 2 


(2n) ! sin 


j9» + l , 

^-I ‘#»2n (0 COS (Zf) at. 

in? Jo 


fMath. Trip. 1904.) 


7*3. Bilrmann’s theorem 

We shall next consider several theorems which have for their object the 
expansion of one function in powers of another function. 

• Mimoiret de rinstifut, n. (1799), p. 13. See also Dixon, Proe. London Math. Soc. xxxir* 
(1902), pp. 151-163. 
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Let be a function of z which is analytic in a closed region S of which 
ft is an interior point; and let 


0(g) = 6. 


Suppose also that 0 (u) 0. Then Taylor’s theorem furnishes the 

expansion 

0 {z) - 6 = 0'(tt)(^ - o) + {z - ay -h 

and if it is legitimate to revert this series we obtain 






which expresses z as an analytic function of the variable 10(^)—6), for 
suflBcientiy small values of |z —a|. If then f{z) be analytic near z = a, it 
follows that f{z) is an analytic function of (0 {z) — 6) when \z — a\ is sufficiently 
small, and so there will be an expansion of the form 


/( 0 ) =/(a) + a,\4,(z)-b] + ^^ \4, (z) - 6|“ + W - 6)- + .... 

The actual coefficients in the expansion are given by the following 
theorem, which is generally known as Biinnanns theorem. 

Let \lr (z) be a function of z defined by the equation 




z — a 


<f>{z)^b* 


then 


an analytic function f{z) can^ in a certain domain of values of z, be 
expanded in the form 


whei 




Az) =/(a) +j‘ ^ [/' («) It(«)!”•] 4- n„. 

P _ 1 f* r [ 0 (g) - fe ] f (t) 0' ( z) dt dz 

’ 27rz jj (0 - 0 (0 - 0 (^) * 


and y is a contour in the t-plane, enclosing the points a and z and sxtch that, if 
( be any point inside it, the equation 0 (^) = 0 {^) has no roots on or inside the 
contour except* a simple root i = ?. 

To prove this, we have 

^ ^ ^ { f it) (K) dtdt 

( 0(0-fc ; 

2'irijaJy 0(0“^ Lm°0 (0(0-6] 


+ 


10 ( 0-61 




(0 (0 - 6)»-10 (0 - 0 ( 0 ) 




* It is assamed that such a contour can be chosen if | z - a ) be sufficiently small; see § 7'31. 
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But, by § 4'3, 

1 r r r<^ (f)-6r/'(o <#>'(?) _ (^ w - f 

27ri)a 2^i{m+l) (<^(0 

_ f /' (0 (tyr^^ dt ^ ^ 

27n(m + l) (t-a)’"+* (m + l)\ V nrv 

Therefore, writing m — 1 for m, 

/(,) ./(•) + 2 ; ^ [/. 1^, (.„.] 

X J_ fN' 

27rf Ja Jy [*#>(0 “ M <#>(0-<#>(?) 

If the last integral tends to zero as ?i—»oo, we may write the right-hand 
side of this equation as an infinite series. 


Example 1. Prove that 


where 


2 = a+ S 

it=i 




n ! 


g„=(2na)»-(2««) 

X » V » 

To obtain this expansion, write 
in the above expression of Biirmann’s theorem ; we thus have 


n^S ^ 


•» 


® 1 'I 

n=in! /.-« 


But, putting zssa+ty 

=* (n - 1 ) I X the coefficient of r* “ ^ in the expansion of «“*'<** * 

= (n — 1) 1X the coefficient of«""* in 2 -—- ” 

r«0 ^ • 

The highest value of r which gives a term in the summation is r^n — 1. Arranging 
therefore the summation in descending indices r, beginning with r=n- 1, we have 

={•)'*-' |(2mz)"-»- " ~ (2na)-» +.. .| 

which gives the required result. 

Example 2. Obtain the expansion 

*a=:aiu*a+|. |3in*« + |^ . ^8iu«*+.... 
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the w ^ perpendicuJar to 

on the same side of the line p as the point a is, shew that 

log?=loga + 2 2 

mat 2m + I V + a/ 

7’31. Teijceira's extended fumi of Biinnanns theorem. 

In the last section we have not investigated closely the conditions of 
convergence of BUrmann’s series, for the reason that a much more genera] 
form of the theorem will next be stated; this generalisation bears the same 
relation to the theorem just given that Laurents theorem beam to Taylor's 
theorem; viz., in the last paragraph we were concerned only with the 
expansion of a function in positive powers of another function, whereas we 
shall now discuss the expansion of a function in positive and negative powers 
of the second function. 

The general statement of the theorem is due to Teixeira*, whose exposi¬ 
tion we shall follow in this section. 

Suppose (i) that f(z) is a function of z analytic in a ring-shaped region A, 
hounded by an outer curve C and an inner curve c; (ii) that $ (z) is a function 
analytic on and inside C, and has only one zero a within this contour, the zero 
being a simple one; (iii) that a: is a given point within A ; (iv) that for all 
points z of 0 we have 

and for all points ^ of c we have 

The equation Q{z) — d {x) = 0 

has, in this case, a single root z^x in the inteiior of C, as is seen from the 


equation f 


^ {z) dz 


iTTl j, 


’ [/, 
-if 

27nj I 


0'(z) 


c e{z) 

e'(z) dz 
0{z) 


dz + 


e(x)j 


6'{‘) 

[H‘)\ 


dz + 




of which the left-hand and right-hand members represent respectively the 
number of roots of the equation considered (§ 6*31) and the number of the 
roots of the equation 0{z)=^O contained within C. 

Cauchy’s theorem therefore gives 

f{z) ^ (z)dz f{z)0’{z )dz-] 


/(->= L [/ 


c 0{z)~0{x) A e{z)-0{x)y 

• Journal fUr Math, cxxii. (1900). pp. 97-123. See also Bateman, TrauB, Ainer. Math. So,-. 
xxviii. (1926), pp. 34fr-366. 

t The expansioD is justified by §4*7» since uniformly \Tlien z is on C\ 
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The integrals in this formula can be expanded, as in Laurent’s theorem, 
in powers of 6 (x), by the formulae 


We thus have the formula 






Bn 


where 


/(,). Ml- + , 


Integrating by parts, we get, if n^O, 

/.{«wi"/w 

This gives a development of /(a?) in positive and negative powers of 
^(x), valid for all points x within the ring-shaped space A. 

If the zeros and poles of /(z) and 0(z) inside C are known, An and Bn can 
be evaluated by § 5 22 or by § 6 T. 

Example Shew that, if [ x | < 1, then 

1 / 2x \ . 1 / 2x 1.3 / 2x W 

**""2 Vi+W'^ 2.4 Vl+x^j '^2.4.6 

Shew that, when ] x | > 1, the second member representa x“*. 

Example 2. If denote the sum of all combinations of the numbers 

2*, 4*, 6*,...(2n-2)«, 

taken m at a time, shew that 

1 = 4-+ i Lzllli - 

z smz^ „=« (2n + 2;! \2n + 3 2n + l^***^ 3 p***^'/ 

the expansion being valid for all values of z represented by points within the oval whose 
equation is | sin 2 1 = I and which contains the point 2==0. (Teizeira.) 

7 ' 32 . Lagrange 8 theorem. 

Suppose now that the function f{z) of § 7-31 is analytic at all points in 
the interior of C, and let 6 (x) = (x — a) (x). Then 0i (x) is analytic and 
not zero on or inside C and the contour c can be dispensed with; therefore 
the formulae which give An and Bn now become, by § 5*22 and § 6*1, 

r{z)dz 1 d"- |/'(a)| 

27nn lc{z- a)” (^)j” " «! ^ 

A ^ JL. = f(a) 

27riJc 0i{z) z-a 
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The theorem of the last section accordingly takes the following form, if 
we write 61, (r) = l/<^ (r) : 

Lei f{e) and ^(r) he functions of z analytic on and inside a contour C 
«*rroundi,’n^ a point a, and lei t be suck that the inequality 

\t^(z)\<\z-a\ 

is satisfied at all points z on the perimeter of C; then the equation 

regarded as an equation in f, has one root in the interior of G; and further 
function of f analytic on and inside 0 can he expanded as a power series 
m i by the formula 

m =/(«)+J, [/'(“) i<^ 

This result was published by Lagrange* in 1770. 

Example \. Within the contour surrounding a defined by the inequality | « (z — a) | > | a |, 
where I a ( <^ | a 1, the equation 


t 


has one root the expansion of which is given by Lagrange’s theorem in the form 

« (-)n-i(2n-2)J 
^ n! («-!)! a**-* 

Now, from the elementary theory of quadratic equations, we know that the equation 


z 


ha» two roots, namely + 1 »"<* o'"- 

rtpramu the former^ of that Wy-an example of the need for care in the discussion of 
these series. 

ExampU 2. If y be that one of the roots of the equation 

yo=X + «y« 

which tends to 1 when x-^0, shew that 

y"=l+7W+-^yp-'^“+- 3 I ^ 

n(n + 5) (n + 6)(n + 7)^(j_ n (n+6) (n+7) (n + 8)(w + 9) ^ ^ 

+ 4 -! 5 ! 

80 long as 1XI < 

Example 3. If ar be that one of the roots of the equation 

x=l+y^ 

which tends to 1 when y-»‘0, shew that 

, 2a-l ,.(3a -l)(3a-2 ) 

logjr=y+—^ r+" 2.3 

the expansion being valid so long as 

|y Id («-!)•"'«“• I- 


(McClintock.) 


• Utm. de CAcad. dt Berlin, xxiv.; Oeuvree, a. p. 26, 
t The latter ia outside the given contour. 
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7’4. The expansion of a class of functions in rational fractions*. 

Consider a function whose only sin^larities in the finite part 

of the plane are simple poles a,, Qa, Ua, .... where | Oi | $ | Oa | $ | a,| ^ : let 
fcj, 62 , 63 , ... be the residues at these poles, and let it be possible to choose a 
sequence of circles (the radius of Cm being ii^) with centre at 0 , not 
passing through any poles, such that \f{z) \ is bounded on Gm^ (The function 
cosec z may be cited as an example of the class of functions considered, and 
we take Rm = (w + i) tt.) Suppose further that Rm—>^ as m—¥^ and that 
the upper boundf of 1/(2) | on Cm is itself bounded asj m^oo ; so that, for all 
points on the circle C,n. \ f{z) \ < M, where M is independent of m. 

Then, if x be not a pole of f{z), since the only poles of the integrand are 
the poles of f{z) and the point 2 = a;, we have, by § 6T, 


27ri 


Cm 


dz^f{x) + X 


hr 


z — x 


Uf-^X 


where the summation extends over all poles in the interior of 


But 


27rt J ^ 


=±.f 

2*7^ j 


f(z) dz 




Cm 


— f 


/(2) 


br 


2771 J z (z — x) 

f{z:) dz 

if we suppose the function f{z) to be analytic at the origin. 


dz 


= /(0) + S~ + . . 


-■f 

m J ( 


00 


^ f /(^) jg 0(i?m~*), and so tends to zero as m tends 


Now as m 
to infinity. 

Therefore, making m —>00 , we have 


i.e. 


0 =/(*) -/(O) + i 6„ -i) _ Um \ , 

n-1 VOn-iT On/ 27 rt j ^ “ a^) 


which is an expansion of f{x) in rational fractions of x\ and the summation 
extends over all the poles of f{x). 

l«n!<l'^r» + il this series converges uniformly throughout the region given by 
|.r|^a, where a is any constant (except near the points 0 ^). For if be the radius 
of the circle which encloses the points | h ••• I <hi |i the modulus of the remainder of the 
terms of the series after the hrst n is 


X 
2frt 




f{2)dt 


Ma 




by § 4'62; and, given <, we can choose n iruUpeTident of s such that 

* Mittag'LefSer, Aeta Soc. Scient. Fennie<u, xi. (1880), pp. 273-293. See also Aeta Math. xv. 
(1804). pp. 1-79. 

t Which is a fanotion of m. 

t Of coarse need not (and frequently must not) tend to infinity oontlnnoasly; e.g. in the 
example taken R«=(»n + i) r, where m assumes only integer values. 
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7 - 4 ] 

The convergence is obviously still uniform even if i««I < I «« + 1 1 provided the terms of 
the senes are grouj)ed so as to combine the terms corresponding to poles of equal moduli. 

If, instead of the condition j/( 2 )! < wo have the condition [ z~^'f\z) \ < M, where M is 
independent of m when z is on C„, and /) is a positive integer, then we sljould have to 


W 


expand writing 


1 1 ^ . 

- = - + -3+ ••• + 




2-a- ? 


JUid should obtain a similar but somewhat more complicated expansion. 


^xamjo/e 1. Prove that 


cosec z 


z ' \z-nrr nirj 


the summation extending to all positive and negative values of 

To obtain this result, let cosec z--=/{z). The singularities of this function are at the 

z 

points x = ;ifr, where n is any positive or negative integer. 

The residue of/(r) at the singularity nir is therefore ( — )'*, and the reader will easily 
see that \f{z) | is bounded on the circle 1 2 l = (n + i) "■ ^ n-*~x.. 

Applying now the general theorem 
where c, is the residue at the singularity a„, we have 


But 




x-sinx ^ 

/■(0)= hiB —=— 

' ^ ' g^o 2 sin 2 




Therefore cosec c=- + 2 (—)" |"^ _ J» 

which is the required result. 

Example 2. If 0 < o < 1, shew that 

^ 1 * 2x cos 2nai T — 4nff ain 2na.n 


-+ 2 
1 Z ns| 


j* + 4n*»r* 


Example 3. Prove that 

I 1 


1 


1 


2»rj«-(co8hx-cos.v)'^2;ri'‘ 

3 1 


(3Tr)< + ijr< 


+ . . . . 


The general term of the series on the right is 

{-yr 


(gnr- c-rw) ((rff)* + i.r*} ’ 

which is the residue at each of the four singularities r, -r, n, - n of the function 


ns 
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The singularities of this latter function which are not of the type r, - r, n, n ore 
at the five points , . , . ^ 


27r 

2 

ir:r** 


At r=0 the residue is 

at each of the four points residue is 


2n’ 


Therefore 
4- (-irr 


{2irx* (cos X - cosh x)}”^ 


(rTr)4 + irJ?* 7ra-» (cosh x - cos x) 

S /c (e« -e—) sin ’ 


wzdz 


2iri 
1 


where <7 is the circle whose radius is n + \, {n an integer), and whose centre is the origin. 

But, at points on C, this integrand is 0(1 * I"®); the limit of the integral round C is there¬ 
fore zero. 

From the last equation the required result is now obvious. 

/I 3.6 ^ 

SxampU 4. Prove that secx« 47 r 

Example 6. Prove that cosech ar=^-2x^^^j^^ + ■ 

_ _ / 1 3 6 

Example 6. Prove that sech x=4»r “*■ "') * 

Example 7. Prove that coth x»i-»-2x + 9 ^ 7 ^+-) • 

Example^. Prove that 2 % ^ (m*+ 0 »| (n* + W) = 

7 ’ 6 . The expansion of a class of functioT^ a^ infinii^ '^ro^ucis. 

The theorem of the last article can be applied to tbe ex^n^ion of a certain 
class of functions as infinite products. 

For let f{z) be a function which bae siw^e Zfeips sA the points* 
a., a,, a, .where lim |a„| is infinite; and (et/(») he aijafytio for all values 

r(z) 

Then /' (z) is analytic for all values of z (§ and SO ^ 

sin^larities only at the points ©i, dt, a*. 

Consequently, by Taylor’s theorem. 

f{z)=^(z- Or) /' (ttr) + ■ 

f*{z)=f'{a^^ + {z — ar')f (ar)'P*”' 

* These being the only zeros of/(r); and a..4=0. 


and 
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It follows immediately that at each of the points the function 

1 . J\^) 

has a simple pole, with residue + 1. 

If then we can find a sequence of circles C,n of the nature described in 

(t^ 

§ 7'4, such that ^ - is bounded on as w—it follows, from the 

J (^) 

expansion given in § 7*4, that 


rw_/^o), i 

f{z) f(0) nZx 


+ i' 


Since this series converges uniformly when the terms are suitably grouped 
(§ 7*4), we may integrate term-by-term (§ 4*7). Doing so, and taking the 
exponential of each side, we get 

/•(O) ^ » f / e\ 

/(.) = n l(i 

where c is independent of z. 

Putting 5 = 0, we see that/(0) = c, and thus the general result becomes 


/'(o). « 

/(^)=/(0)e-^<«> n * 




This furnishes the expansion, in the form of an infinite product, of any 
ftinctiony( 5 ) which fulfils the conditions stated. 

Example 1. Consider the function which has simple zeros at the points 

rir, where r is any positive or negative integer. 

In this case we have /(O)— 

and BO the theorem gives immediately 

for it is easily seen 
fulfilled. 

Example 2. Prove that 

{'*©■) h(.-©=)'l I' 


f U) 

that the condition concerning the behaviour of as | z |-.-® is 


Sir + X, 

cosh k - cos X 
1 - cos X 


(Trinity, 1899.) 


7'6. The factor theorevi of Weierstraes*. 

The theorem of § 7'5 is very similar to a more general theorem in which 
the character of the function / (z), as 151-> oo . is not so narrowly restricted. 


Berliner Abh. (1876). pp. H-M; Math. Werke, ii. (1896), pp. 77-124 
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Let f{z) be a function of ^ with no essential singularities (except at ‘the 
point infinity ’); and let the zeros and poles of /(^) be at a^y Os,. , where 
0 <laiklas|$ia 3 |.... Let the zero* * * § at a„ be of (integer) order m„. 


If the number of zeros and poles is unlimited, it is necessary that 
as for, if not, the points a,* would have a limit pointf. 

which would be an essential singularity of f 

We proceed to shew first of all that it is possible to find polynomials 

(z) such that 


n 

nsl 


fl 

f / ^ \ ^ 1 

mn" 

J 


► 

L 

IV On/ 1 



converges for all+ finite values of z. 

Let K be any constant, and let \z\< K\ then, since ]a„l->oo. we can 
find N such that, when n> N,\an\> 2^- 

The first N factors of the product do not affect its convergence^; consider 
any value of n greater than N, and let 



Then 


^-iTTlVUn' m = Ji:n 


.On/ 


! 

z 

kn « 

z 

< 

1 

On 

2 

m—0 i 

On 


m 


<2|(^an‘*)*-|, 


since | za„ ^ 1 < 5 


Hence 


1 _ ±) e<-.W 

aJ 


mn 


^ e«M (*), 


where 


Mt. (^) I ^ 2 17 n„(^a„-*)*" |. 

Now win and an are given, but kn is at our disposal; since Kan~' < i. we 
choose kn to be the smallest number such that 2 ] m„ (^a„-^)*=*! < b„, where 

2 bn is any convergent series§ of positive terms. 

»sl 


OD 


Hence 


n 

n=N+l 


,lv Un/ ) J n^N+\ 


where l^^n(^)l< ^nl and therefore, since 6„ is independent of z, the product 
converges absolutely and uniformly when 1 ^ | < K, except near the points On* 


* We here regard a pole as being a zero of negative order, 

t From the two-dimensional analogue of § 2*21. 

X Provided that z is not at one of the points for which is negative. 

§ E.g. we might take 
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Now let n 

n=“l 

Then, if f{z) -=r F{z) = (?, (z), Gi {z) is an integral function (§ 5 f:*4-) of z 
and has no zeros. 



It follows that ^ ^9 analytic for all finite values of z\ and 

so, by Taylors theorem, this function can be expressed as a series S 

rt=i 

converging everywhere; integrating, it follows that 


G, {z) = (-'J, 

where G{z)=i 2 and c is a constant; this series converges everywhere, 

and so G (z) is an integral function. 

Therefore, finally, 

nsi 

where G{z) is some integral function such that 6^(0) = 0. 

[Note. The presence of the arbitrary element O {«) which occurs in this formula for 
/(*) is due to the lack of conditions as to the behaviour o{/{t) as } ^ |-»-eo.] 

Corollary. If m^Bl, it is sufficient to take = by § 2'36. 



77. The expansion of a class of periodic functions in a series of 

cotangents. 

Let f{z) be a periodic function of z, analytic except at a certain number 
of simple poles; for convenience, let tt be the period of fi^z) so that 
f {z) ^f (^z + tt). 

Let z=sa: + iy and let f(^z)-*l uniformly with respect to a: as + x , 
when 0 ^ a; ^ TT ; similarly let f (z)—* I' uniformly as y —» — oo. 

Let the poles of f{z) in the strip 0 < a: ^ tt be at a,, o^,... a„; and let the 

residues at them be Ci, c*, ... c„. 

Further, let ABCD be a rectangle whose comers are* -ip, w-ip, 
’r + ip' and ip in order. 

Consider 2 ^- jf (0 

taken round this rectangle; the residue of the integrand at is c, cot (a^ - ^), 
and the residue at z is f{z). 

Also the integrals along DA and CB cancel on account of the periodicity 
of the integrand; and as , the integrand on AB tends uniformly to Vi, 

while as p'->x the integrand on CD tends uniformly to -li\ therefore 

\a' ^l)=.f{z)-¥ t Cr cot (Or -4 

* u any of the poles are on *=». shift the rectangle slightly to the right; p, p' are to be 
taken so large that ai, ag, ... are inside the rectangle. 
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That is to say, we have the expansion 

f (^) = I 0 + ^ 

Example 1. 

cot(x-aj)cot(j: —a 2 )...cot(jr-aH)= S^cot cot (o,.—a„) cot (a: —a,.) + (-)^ > 


or 

according as n is even or odd; 


= 2 cot(a^-ai)...*...oot(a,.-a„)cot(x-a,.), 
r=i 

the • means that the factor cot (a,—a,) is omitted. 


Example 2. Prove that 

sin fx- &i) sin (x- 6^)... sin {x - K) ^ sin (ai-6|)... ain (ai-6„) 
sin (x-Oi)3in (x—aj)... sin (x—a») sin (oi-os)... sin {a^-a^) 

Bin ( 0 ,- 6 .) sin ( 0,- 0 , 

Sin (oj - aj)... SID (Oj - a.) 

+ . 

+ cos (ill + — 61 — 62 6,|). 


7*8. BoreVs th€orem'\. 

Let/( 2 :)= 2 On^” be analytic when |^|^r, so that, by § 5’23, |anr"| < M, 

naO 

where M is independent of n. 


* a 

Hence, if 4>(z)= 2 , <#> («) is an integral function, and 

«=o ^ ' 


<#,(,)!< Z = ilfel 


and similarly | (z) | < 

Now consider /, (^)= I this integral is an analytic function 

Jo 

of z when \z\<r, by § 5*32. 

Also, if we integrate by parts. 


/i(s) =* <l> (xe)J +z j e”* (zt) dt 


n 

X z”* 




flO 

n+i 




Jo 


But limand, when \z\<r, lim e”*^= 0. 
Therefore f^{z)^ 2 am^™ + -Kn» 

msO 


t Le(otu «ur Ui $irie* divergentee (1901), p. 94. See also the memoirs there cited. 
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where 




^ 7.-1 I n+j 


Consequently, when \z 


< r. 


M [\ — \z\ >0, ae n--»oo. 


/W; 


a/ui 90 


msO 


/(z)-[ e-^thiziyclt, 
J 0 


where <f>(z)= 2 <f>(z) is called BoreVs function associated with 2 OnZ^. 

» = 0 W! -_n 


n^O 


If S— S a* and <h(t)= S and if we can eetabliah the relation 5— / e"*A (?) dt, 

>1=0 n=0 n I Jo 

the series 5 is said (§ 8*41) to be ^trunmable (5)’; so that the theorem just proved 

shews that a Tayloris series representing an analytic function is eummable (B). 

7’81. BortV* and analytic continuation. 

We next obtain Borel’s result that his integral represents an analytic function in 
a more extended region than the interior of the circle U | = r. 


-I. 


^-*4>{t)dt, 




This extended region is obtained as follows; take the singularities ayb,c,... of/(«) and 
through each of them draw a line perpendicular to the lino joining that singularity to the 
origin. The lines so drawn will divide the plane into regions of which one is a polygon 
with the origin inside it. 

Then BoreVs integral represents an analytic function (which, by § 6-5 and § 7-8, is 
obviously that defined by /(«) and its continuations) throughout the interior of this 
Tx^lygon. The reader will observe that this is the first actual formula obtained for the 
analytic continuation of a function, except the trivial one of § O S, example. 

For, take any point P with affix f inside tlie polygon; then the circle on OP as 
diameter has no singularity on or inside it*; and consequently we can draw a slightly 

• The reader will see this from the figure; for if there were such a singularity the correspond¬ 
ing side of the polygon would pass between 0 and P; i.e. P would be outside the polygon. 
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larger concentric circle* C with no singularity on or inside it. Then, by § 5-4, 

tut 2 converges uniformly (§ 3*34) on G since fiz) is bounded and 1 2 1 > 3 

n=0 ^ ^ 

where 3 is independent of i ; therefore, by § 4’7, 


0 , 


and so, when t is real, 1 4^ (CO 1 < -P (C) where F (C) is bounded in any closed region lying 
wholly ingide the polygon and is independent of t ; and X is the greatest value of the 
real part of (jz on 0. 

If we draw the cii-cle traced out by the point z/C, we see that the real part of C/^ 
greatest when z is at the extremity of the diameter through Ci and so the value of X is 

ici.{Ki+«r‘<i- 

We can get a similar inequality for 0' (CO and hence, by § 6’32, 
analytic at C and is obviously a one-valued function of C- 



This is the result stated above. 


7 82. Expansions in series of inverse factorials. 

A mode of development of functions, which, after being used by Nicolet 
and Stirling^ in the eighteenth century, was systematically investigated by 
Schlbmilch§ in 1863, is that of expansion in a series of inverse factorials. 


To obtain such an expansion of a function anal)ftic when \z\>r, we let 


m 


f{z) = r ze-‘^<^ («) * 

J 0 


the function be /(z) = 2 a„z“", and use the formula 

nsO 

where 2 ant"/(n!); this result may be obtained in the same way as 

that of § 7’8. Modify this by writing e"* = 1 — f, ^ (f) = F(^)\ then 


/(z) = f\ (1 ^ (y-F (?) d^. 

Jo 


Now if t^u + iv and if t be confined to the strip — 7 r<t>< 7 r, fisa one¬ 
valued function of f and F(() is an analytic function of f; and f is restricted 
so that —TT < arg(l — f) < tt. Also the interior of the circle |f I = 1 corresponds 

* The diflereoce of the radii of the oirolea being, asj, d. 

t Af^ffi dz I’Acad. de$ Set. (Paris, 1717); see Tweedie, Proe. £dtn. AfatA. Soc. zxxvi. {1910)' 

^ J^ethodui Dtyirrenitafu (Londou, 1730). 

§ Compendium der Mheren Analj/tie. More recent investigations are due to Kloyver, NieU*® 
and Pincherle. See Comptee Sendut, cxxxiu. (1901), cxxxiv. (1902), Annalee de vtcoU nor*^ 
•up. (8), XIX., XXII., xxm., Eendieonti dei Lineei, (5), xi. (1902). and Palermo Rendieonti, xxxl^' 
(1912). Properties of functions defined by series of inverse factorials have been studied i® ** 

important memoir by Norland, Aeta Matjf. xxxvxl (1914), pp. 327-387. 
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to the interior of the curve traced out by the point t — — log f 2 cos ^ ^ 

(writing f = exp (t ($ + tt)) ); and inside this curve 

I «I - iJ (<) « [{iJ (<)!• + ’r-ji - R (<)-»0, 

asi2(e)->x. 

It follows that, when [ i’(f) | < je'"'|, where if, is in¬ 

dependent of i; and so F{i) < i/, | (1 - f)"^ |. 

Now suppose that 0$f<l; then, by § 5-23, | (f)| < i/i .n!p‘", where 

if* is the upper bound of !/’(^)| on a circle with centre f and radius 


Taking 


n 


n +1 


(1 — f) and observing that* (1 +n”^)"< e we find that 


(f) I < M 




f+ 


n 


f 


n + 1 

< ifjtf (?i -h I)*". n ! (1 - ?) 


. n i 


t, 


(1 - f); 


«+1 


—n 


Remembering that, by § 4’5, f means lim f , we have, by repeated 

JO <-»+0 j 0 

integrations by parts, 

/W= lim (1 - F'(0d( 

t-^40 L Jo •'0 

= ^lim [-(1 -+ ^[-(1 -(?)];■■ 


6. 


~ rn + (Tttkj+T) +1) (^+2)... (^+n) 

- (1(f)^' ' 


where 


+ Rn> 


bn =* lino 


( 0 ), 


Jo 


— A- 

if the real part of« + n- r- n>0, i.e. if R (z) > r ; further 

\R„\^ -^- 1 ^ lim f‘"| (1 - (f) I df 

I (x +1) (^ + 2} ... (x -f- a) I <-»o J 0 

M,e(n + 2y.nl __ 

^|(ir+l)(^4-2)...(x + n)|.-R(^-r) 

if,e(» + 2X.nJ_ 

^ (r + 1 + a) (r -f- 2 -f- S) ... (r + n + 5). 5 ' 

where B^R{z-r). 

• (!+*->)* increases with ir; for 

••y. nutting y-i=l+;r.^.-clog(l + :r->) = Iog(l+z-M-j4^> 


That is to 


0 . 



144 


THE PROCESSES OF ANALYSIS 


[chap. VII 


Now 


n 

n 


m 


) 




r + S 

1 + ]e ” 


tends to a limit (§ 2-71) as , and so | if (n + tends 

1 llm> \ — = log(n + l), 

m=l J 1 ^ 

by § 4-43 (II), and (n + 2)^(n + when 8 > 0; therefore R„-*0 as 

n-K» , and so, when R {z) > r, we have the convergent expansion 


8, 


+ • • • 4* 


(^ + l)(2; + 2)...(^ + n) 


/(^) - to + ^ ^ j j ^ 2) 

Example 1. Obtain the same expansion by using the results 




(« + l)(« + 2)...{« + n + l) 


f «’*(! 

n ! j 0 

f dt ['/(()(1-ur^-^du. 

J c J c yo 


Example 2. Obtain the expansion 


where 


. ®i__ 

\ ~^ z ) 2 2 ( 2 + 1 ) 2(2 + 1)(2 + 2 ) 


and discuss the r^ion in which it converges. 


(Schlomilch.) 


REFERENCES. 
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T. J. I’a. Bromwich* Theory of Infinite Seritt (1908), Chs. viii, X, xi. 
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Miscellaneous Examples. 

1 . If y- 4 :-i^(y) = 0, where ^ is a given function of its argument, obtain the 
expansion 

/(y)=/(x )+± { 4 > (x)r (,-4^) 

where / denotes any analytic function of its argument, and discuss the range of it* 
validity. (Levi-Civita, Rend, dei Lince^ (6), xvi. (1907), p- 3-) 

2 . Obtain (trom the formula of Darboux or otherwise) the expansion 

find the remainder after n terms, and discuss the convergence of the series. 

* The expaneioDB considered by Bromwich are obtained by elementary methods, i.e. witboat 
the use of Canohy's theorem. 
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3. Shew that 

/(x+A)-/(x)= ^^ ‘ ;;; ^ ^ t/"* -j- - r/"” i^)) 

where 

^ ‘ ^* i=;rV: ^ ‘ 1 ‘ 

aud shew that (x) is the coefficient of n ! C in the expansion of {(I - ^.r) (1 + < - ?x)} ' ^ in 
ascending powers of t. 

4. By taking 

in the formula of Darboux, shew that 


where 

S. Shew that 


1 -r 



/(i- 


11 - 

Ai« 


m'. 


+ ( 

-)'‘A 

u . 

u 


8 


M 


n+“‘2-r“^r!+'- 


/(.)-/(<>)= 2 ( -).— ~ ^~ (/"=■"- » (°) +./'^"-■> (^)> 

>11=1 • 


+ 


(^«)^' n ^ I (a+((j-a)}d(, 

2rt ! y fl 


where 


2 . r (f"*' ( M 
^^^“n+1 Lrf«**‘ V^+l/Ju-o* 


Prove that. 

/(^) -/(ri)=Ci (rj - 2,)/' (2*) + (^8 (^i) “ ^3 (* 2 ) 

in the aeries plus signs and minus signs occur in pairs, and the last term before the 
integral'is that involving also C„ is the coefficient of 2 '* in the expansion of 

(Trinity, 1899.) 


(4 ~ 1 ) in ascending powers of 2 . 


7- If Xi and xa are integers, and 4> { 2 ) is a function which is analytic and bounded for 
all values of 2 such that Xj ( 2 )^X 2 , shew (by integrating 

4> (■?) 




round indented rectangles whose comers are X], X 2 , X 2 ± « i, Xj ± cc t") that 

U’l) + 0 (x, +1) + <#. (xi + 2) +... + 4> (•*'2 - I) + 

4, (X .+iv)-<t> (^i +*» ~ <l> (-gi - iy) 


Hence, by applying the theorem 


e'i^v - 1 





146 


THE PROCESSES OF ANALYSIS 


[chap. VII 


where ... are Bernoulli’s numbers, shew that 

(1 )+<(. (2)+...+</> c+4<(. (») +j" <t,(^)dz+I 

(where C is a constant not involving n), provided that the last series converges. 

(This imiiortant formula is due to Plana, Mem. dMa R. Aecad. di Torino^ xxv. (1820), 
lip. 40:1-418; a proof by means of contour integration was published by Kronwker, 
Journal fur Math, cv. (1889), pp. 345-348. For a detailed history, see Lindelof, Le Calcul 
de$ Residus. Some applications of the formula are given in Chapter xii.) 

8 . Obtain the expansion 

for one root of the equation x = and shew that it converges so long as | x 1 < 1 . 

9. If denote the sum of all combinations of the numbers 

12, 3*, 6 *. ...(2n-l)2, 

taken m at a time, shew that 

"V “ iirz+ „!o(2n + 2T! l2n + 3 + ‘ ^ '^>(-+'1 sj 

(Teixeira.) 

10 . If the function f{z) is analytic in the interior of that one of the ovals whose 
equation is | sin z |=C (where C< 1 ), which includes the origin, shew that /(x) can, for all 
points z within this oval, be expanded in the form 

/W“/(0) ^- — -2^1- 


+ 2 ■ ■ ■■ //. ■ 1 . ' i j I 9111 

nsO 


( 2 n + l)! 

where is the sum of all combinations of the numbers 

2*, 4* 6*, ... (2n-2)», 

taken m at a time, and denotes the sum of all combinations of the numbers 

1 », 3», 6 »,...( 2 n-l)*, . 

taken m at a time. (Teixeira.) 

11 Shew that the two series 

^ 2z* 2z‘ 

2z + ^ + -^ + ..., 

2 z 2 / 2z\>.2.4/2zV 

l-z*“l.3*\l-z»j ■'■3.5»Vl-2V 

represent the avme function in a certain region of the z plane, and can be ti'anaformed 
into each other by Biirmann’s theorem. 

(Kapteyn, Ateuw Archie/^ (2), ni. (1897), p. 225.) 

12 . If a function /(z) is periodic, of period 2fr, and is analytic at all points in 
infinite strip of the plane, included between the two branches of the curve | 3 inz|** 
(where C> 1), shew that at all points in the strip it can be expanded in an infinite senes 

of the form 

/(z)s=do+.i, sin z+... +A„ 3 in*z+. 

+cosz(Bi +Rgsin z+... + R* 8 in*“* z + ...); 

and find the coefficients and 


and 
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13. If ^ and / are coimocted by the equation 

(p{j:) + \/{x)=0, 

of which one root is a, shew that 


1 


P(T\ P ^ ' fP’j. ^ 

rw-r-y-,// 

X"‘ 


,, , \4>' m (pn \ 

V«10'' m" {PF')‘ I 

f" (<^*r ipF')" 


1 ! : J ! 3 ! (^'8 


*4* • • • j 


the general term being (-)’" - m ! “^**^*P**®^ ^ determinant in which 

the elements of the hrst row are 4>\ (<#>’)',(/"* F) and each row is the 

differential coefficient of the preceding one with respect to a; and Ft /, F't ... denote 

F{a)J{a),F‘ia) . 

(Wroneki, Philosophie de la TechnUt Section ii. p. 381. For proofs of the theorem 
866 Cayley, Q^iarterly Journal, xii. (1873), Transon, A^ouv, Ann, de Math. xiii. (1874,), and 
C. Lagrange, Briix. Mim. Courvnn^Sy 4®, xlvii. (1886), no. 2.) 

14. If the function lF(a, 6, x) be defined by the series 

a - b - (a —6) (a -26; . 

W(at 6, -in- 


which converges so long as 


|x < 


I 


FI’ 


^ ir(a, 6, .r)=il+(a-6) ir{«-6, 6, .r); 
da: 


shew that 

And shew that if 
then 

Examples of this function are 


y= »r (a, 6, x). 

If (6, a, y). 

?r(l, 0. j-) = e*-l, 
}F{0, 1, a.-) = log(l+J), 

, (l+x)"-! 


(Jezck.) 


15. Prove that 




1 


(- )'■ .v” 


oe 


1 ‘ j_<v n 

-■*—„t„ «♦! 

dQ 1 


2 

nsiO 


whei 


■e 


G. 


2ai 

Oo 

4a, 

Sa, 

Ga, 

5a, 

(2n-2)a„.i. 


na„ 

(n- l)< 2 «_i 


0 

2ao 

4a, 


0 

0 

3ao 


• • • 


0 

0 

0 


(n-l)a« 


.a 


And obtain a simitar expression for 


(Mangcot, Ann. de I Ecole norm. $up. (3), xiv.) 


16. Show that 


1 


i drX^ 

rso 


^ _ i ' 

r^oT+l (^di 
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where 5, is the sum of the rth powers of the reciprocals of the roots of the equation 


n 


2 

r=0 


(Gambioli, Bologna Memorie, 1892.) 

17. If /n(«) denote the nth derivate of /(z), and if /-nW denote that one of the nth 
integrals of/( 2 ) which has an n-ple zero at z=0, shew that if the senes 

2 


ns —« 


is convergent it represents a function of z + x ; and if the domain of convergence includes 
the origin in the x-plane, the series is equal to 


oo 


2 /_«(2 + Jf)^n(0). 
ns®0 

Obtain Taylor’s series from this result, by putting ^(z) = 1. 

18. Shew that, if x be not an integer, 

2x + »i+n 


(Guichard.) 


V 

2 


V 

2 


0 


as v-**oD provided that all terms for which m = n are omitted from the summation. 

’ (Math. Trip. 1895.) 

19. Sum the series 

I ( _ \ _ ,l\ 

n=% V(-)"^-«-» «/ ’ 

where the value n = 0 is omitted, and/), q are positive integers to be increased without 

{Math. Trip. 1896.) 

20. If 8i,ew that 


FU) = €* 




and that the function thus defined satisfies the relations 


Further, if 

shew that 
when 

21. Shew that 


-x) = 2Binxjr. 

2* 2^ fZ^ dt 

(z) = z + ^j+ — ^+,..= — j ^log(l -() J , 


1-e 


-iwix 


< 1 . 


(Trinity, 1898.) 


[»©!■ * [■ ^ fc-.)!' ’ (-•'»)■] . 

^n" (I-2e-»(rCoa(x + i3,) + e-*«i'}^ {1 - 2e-“ffCos(x-Sp)+e-*«v}* 

_ _ 


2*"(l-cos.r)*'» 


where 

and 




.20-1 


n 


ITy ^B = itC 06 


2i7-l 


0 < X < 2fr. 


(Mildner.) 
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S2. If ] A' I < 1 aud a is Dot a positive integer, shew that 

* sf* _ 2Tru:“ -r f J°~‘ , 

■<=1 n-ar t—x ’ 

There C* is a contour in the ^-plane enclosing the points 0, x. 

(Lerch, CasopUy xxi. (1892), pp. 66-68.) 

*8. If («), 4^ (j), ... are any polynomials in z, and if F{z) bo any integrablo 
hwotion, and if ^ (z\ ... l»e polynomials defined by the equations 

(‘ (X) h), 

J a * —X 

/ ‘ F (X) in W ~ dx=<tr, u\ 

J* F(x) i,, (X) (#„ (X)(X) (z), 

f^F(x)dx yfriiz) , V'a (*) (^) 

j, i-X “ 0 ,(i)‘^<^>,( 3 ) 0 V!(O <#>l(?) 08 («)<#> 3 («) 


that 


+ . __i___ 

ih. («) (^) 4*1 (^) 4>2 (^) • • • 4 >" (^) 


J /?’{x) (#>1 (x) (^2 C^) • •• 4 >m (-p) “ 


84, A system of functions y>o (*). Pi p 2 (^)* ••• defined by the equations 

Po(3)=l. P,*i(3)“U'+«-‘2 + ^)P«*(^)» 

Where a, and 6, are given functions of n, which tend respectively to the limiU 0 and -1 
W W-^-eo, 

Shew that the region of convergence of a series of the form 2e„p„(r), where cj, ... 
W® ihdepepdent of «, is a Cassini’s oval with the foci + 1, - 1. 

Shew tb»t every fqpotion/(»), which is aoalytio on and inside the oval, can, for points 
inaide the ovalf be expanded in a series 

/(^)«2(c„ + OPf.(2). 

whew ^ . 

17.- /(“"+')«• *’ J *■ 

the integrals being taken round the boundary of the region, and the functions y„ (r) being 
defined by the equations 

(Pincherle, lUnd. dei Lincei^ (4), v. (1889), p. 8.) 

86. Ut (7 be a contour enclosing the point «, and let (^) and f{z) be analytic when 
f &l op OF inside C. Let | /1 be so small that 

|;<^(z)l<l2-o| 

*wb«) is on the periphery of C. 

By expanding i-t<t>'iz) , 

in ascending powers of <, shew that it is equal to 

(»)}”]■ 

11^ 1 

Hence, by using §§ 6-3, 0-31, obtein Lagrange’s theorem. 




CHAPTER Vill 

asymptotic expansions and summable series 


8*1. Simple example of an asymptotic expansion. 


CoDsider the function f{x) = r' dt, where i is real and positive 

j X 

and the path of integration is the real axis. 

By repeated integrations by parts, we obtain 

1 1 2 ! (-•Y-Un-IY. . .r^-^dt 




tn+x 


In connexion with the function f(x), we therefore consider the expression 


and we shall write 


n 



m=0 


X 0^ 



Then we have || —as m—^cc. The series Eum i^ there¬ 
fore divergent for all values of x. In spite of this, however, the series can 
be used for the calculation of f{x) ; this can be seen in the following way. 

Take any fixed value for the number n, and calculate the value of Sn- 
We have 

/■* «*“* dt 

fix) - (X) ^ (-)«+> (« + 1) ’ j ^ ■ 

and therefore, since $ 1, 

\f(x)-Sn{x)\ = in + l)\ <(n + iy. = 

For values of x which are sufficiently large, the right-hand member of this 
equation is very small. Thus, if we take x ^ 2n, we have 

ly(ir) — Sn {x) \ < 2 n+i^a ' 


which for large values of n is very small. It follows therefore that the value 
of the function fix) can he calculated with great accuracy for large values of x, 
by taking the sum of a suitable number of terms of the series %Um> 

Taking even fairly small values of x and n 

Na( 10)«0-09152, and 0</(10) -(10)< 000012. 
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V 


8 - 1-8 * 21 ] 

The series is on this account said to be an asymptotic expansion of the 

function f{x). The precise definition of an asymptotic expansion will now 
be given. 


8'2. Definition of a« asymptotic expansion. 

A divergent series 

^'• + 7 + 7- + ••• + 7- + • 


• I 


in which the sum of the first (n + 1) terms is {z\ is said to be an asymptotic 
expansion of a function f{z) for a given range of values of arg 2 , if the 
expression Rn{z)~z'' l/(^) —-S'n(^)l satisfies the condition 


lim Rn{2) =0 (n fixed), 

I 2 I * 

even though lim I R^ {z)\ = 30 {z fixed). 

When this is the case, we can make 


i ■?” l/(^) - ‘S'„(J)] 1 < f. 

where c is arbitrarily small, by taking \ z \ sufficiently large. 

We denote the fact that the series is the asymptotic expansion of f{z) by 
writing 

f{z)^ i 

u^O 

The definition which has just been given is due to Poincare*. Special 
asymptotic expansions had, however, been discovered and used in the 
eighteenth century by Stirling. Maclaurin and Euler. Asymptotic expan¬ 
sions are of great importance in the theory of Linear Differential Equations, 
and in Dynamical Astronomy: some applications will be given in subsequent 
chapters of the present work. 

The example discussed in § 8-1 clearly satisfies the definition just 
given : for, when x is positive, | x** {/{x) - (j)) | < n! a:'* 0 as or 00 . 

For the sake of .simplicity, in this chapter we shall for the mo-st part consider 
aHj-nqitotic expansions only in connexion with real positive values of tlie argmnont. 
The theory for comple.x values of the argument may bo discussed by an oxteiision of the 
analysis. 


8‘21. Aiiol/ter example of an asymptotic expan,%ion. 

As a second example, consider the function /(.f), represented by the series 

i- '®* 2- 

where j- > 0 and 0 <c< 1. 





Acta Mathematica, vin. (1886), pp. 295-344. 
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The ratio of the Hh term of this series to the (;& -1 )th is less than c, and consequently 
the series converges for all positive values of x. We shall confine our attention to positive 
values of x. We have, when x > 


1 \ k k^ 

*—-« + ••• • 


x+k X X* X® x< X* 

If, therefore, it were allowable* to expand each fraction in this way, and to 
reaiTange the series for/(x) in descending powers of x, we should obtain the formal series 


where 


4j4.d*4. 4.-" + 


1=1 


n=l 


But this procedure is not legitimate, and in fact 2 A^x^ diverges We can, however, 
shew that it is an asymptotic expansion of/(x). 


For let 


Then 


* /c* kc^ k^^ 


c* 


■j, •-(-.) 


x+k' 


so that 


l/(x)- 5 ..(x)l= l{-i) 


c* 


<x-»“* 2 

Jt:=l 


Now 2 k‘*<^ converges for any given value of n and is equal to C«, say; and hence 
k»\ 

l/(x)-5n(x)l<C„X-«-*. 


/(X)- 2 /l„x-". 

n—1 


Consequently 

Example. If /(x) = j e**-**rfr,' where x is positive and the path of integration i 
real axis, prove that 


the 


„ , 1 1.1.3 1.3.6 . 


[In fact, it was shewn by Stokas in 1857 that 

j ^ ~ ± i c-> s/.r - ^ ^ +... j J 

the upi)er or lower sign is to be taken according as •^tr<argx<^ir or Jjr<arg.r 


}ir.l 


8*3. Multiplication of asymptotic expansions. 

We shall now shew that two asymptotic expansions, valid for a common 
range of values of arg^, can be multiplied together in the same way as 
ordinary series, the result being a new asymptotic expansion. 

For let fU)-~ 2 <^(0- t 

»=o »»=o 


• It is not allotvable, since Jk>z for all terms of the series after some definite term. 
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and let 5„(^) and Tn{z) be the sums of their first (n + 1) terms; so that, 
n being fixed, 

f{z) - Sn {z) = O <l> (z) - T,, (z) = 0 {Z-”). 

Then, if + + ... + *t is obvious that* 

Sn{z)Tn{z)^ i + 

But /(z) <f> (ir) = (.sr„ (i) + 0 (^-"‘)! [T„ (z) + o (a-")] 

= s„U)r„(^) + otz-'‘) 

= i C^z-'" + 0 (z-'‘). 

This result being true for any fixed value of n, we see that 


8‘31. Integration of asyniptottc e^vpans 2 ons. 

We shall now shew that it is permissible to integrate an asymptotic 
expansion term by term, the resulting series being the asymptotic expansion 
of the integral of the function represented by the original series. 

00 

For let 2 A^ar"'. and let S„(x)= S A^x-". 




Then, given any positive number e, we can find such that 

|/(x)-5,.(.r)i<e!x-l-» when .r>^„ 

®nd therefore 


j” /(*) dx - j" (X) dx I < i/(*) - -S’., (r) ' dx 


But 


and therefore 


A, 


J 'S',,(a?)rfo.-= — + 

f® I c 

I Jz, On-Dx'--'- 


On the other hand, it is not in general pcrmiasiblet to differentiate an asymptotic 
©tpansion; this may be seen by considering c ■'sin (s'). 

8-32. Uniqueness of «« asymptotic expansion. 

A question naturally suggests itself, as to whether a given series can be 

• See 8 2-n ; ,ve uee o (r-) to denote any fnnolion ^(r) each that r" ^ (0 -0 a» U , - x 
+ For a theorem concerninFt 

functions, see Ritt, null. American Math. Soc. x*iv. (1918). pp. 225-227. 
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the asymptotic expansion of several distinct functions. The answer to this 
is in the afiBnnative. To shew this, we first observe that there are functions 
L (x) which are represented asymptotically by a series all of whose terms are 
zero, i.e. functions such that lim (a?) == 0 for every fixed value of n. The 

function er^ is such a function when x is positive. The asymptotic expansion* 
of a function J {x) is therefore also the asymptotic expansion of 

J(x)-\-L {x). 

On the other hand, a function cannot be represented by more than one distinct 
asymptotic expansion over the whole of a given range of values of z ; for, if 

/{ 2 )~ i f(z)^ i 

fn=0 msO 

then lim z^(A(i -\—^ + -— -^^ = 0, 

which can only be if = ^\ — ^u •••• 

Important examples of asymptotic expansions will be discussed later, in connexion 
with the Gamma-function (Chapter xil) and Bessel functions (Chapter xvn). 

8*4. Methods of ‘ svmnvivg * series. 

We have seen that it is possible to obtain a development of the form 

f{x)= 2 A^ar^Rn{x), 

msO 

where R^ix)^ oo as n—► co , and the series 2 AynX~^ does not converge. 

msO 

We now consider what meaning, if any, can be attached to the ‘ sum * of 
a non-convergent series. That is to say, given the numbers a,, ch, a,, ..., 
we wish to formulate definite rules by which we can obtain from them a 

00 CO 

number 8 such that S- 2 On if 2 converges, and such that S exists 

nsQ »=0 

when this series does not converge. 


8*41. BoreVs^ method of summation. 
We have seen (§ 7’81) that 


I* CO 

2 Ort^" =1 ^ {t£) dt, 

n=0 J 0 

where ^ , the equation certainly being true inside the circle 

n = 0 ^ * 

CO - . 

of convergence of 2 If the integral exists at points z outside this 

HbO 

circle, we define the ‘Borel sum* of 2 a^z^ to mean the integral. 

nsO 


* It has been shewn that when the coefiBoients in the expansion satisfy certain ineqnalities. 
there is only one analytic function with that asymptotic expansion. See Phil. Tranz. 213. a. 
(1911), pp. 279-318. 

t Borel, Ltr,ont *ur U$ S€ri<$ DivergenUz (1901), pp. 97-116. 
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QD 


Thus, whenever (^) < 1, the ‘ Borel sum ’ of the series 2 is 

n*0 


J 0 


If the ‘ Borel sum ’ exists we say that the series is ‘summable (By 
8*42. Eulers* method of summation. 

A method, practically due to Euler, is suggested by the theorem of § 3*71 ; 


A 


the ‘sum* of 2 On may be defined as lim 2 a„x’‘, when this limit exists. 

usO 0 n«0 

Thus the ‘ sum ’ of the series 1 — 1 + 1 — ! + . •• would be 

lim (1-ar + ar*-...)= (l+a:)-* = J. 

8'43. Oesdro’sf 'method of summation. 

Let 5 „ = a, + a, + ... + a„; then i/ S - lim i + s, + ... + O exists, we 
say that % a„ is ‘ sumynable (Cl),* and that its sum (Cl) is S. It is 

«t A1 


n« 1 


necessary to establish the ' cor 
when this series is convergent. 

ce> » 

To obtain the required result, let 2 Om^e, 2 s^ — nSm then we have 

^ CTtsl m = \ 

to prove that —> s. 

4 ^ I 

< € for all values of p, and 


n+p 

2 a 

msn-rl 


Given e, we can choose n such that 
80 |s-5„|<e. 

Then, if v > n, we have 

^r = a, + as^l-i) + ... + an(l-^^) + ”"+>(^ --j + ...+a„^l — 

Since 1, l-v-\ l-2i/-*, ... is a positive decreasing sequence, it follows 
from Abel’s inequality (§ 2'301) that 


+ ... + a. (l 


I /-1 


(' - 3 • 


Therefore 


joi + 02(1 + 


U — 1 


P 




• Imtit. Calc. Diff. (1755). See Borel. \oc. cit. Introduction. 
+ Bulletin det Science* Math. (2), »iv. (1890), p. 114. 

X See the end of § 8*4. 
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00 , we see that, if S be any one of the limit points (§ 2-21) 


n 


S- t a 


m 


m=l 


< 6- 


Therefore, since [ s — ^ e, we have 

\S-s\^26. 

This inequality being true for every positive value of e we infer, ' 

that S = s; that is to say S. has the unique limit s; this is the theorem which 

had to be proved. 

Example 1. Frame a deanition of ‘uniform aummability (C 1) of a aeries of variable 
terms.’ 

Example % If 6„, t..,,. 3 ^ 0 when a < v, and if, when n is/xe<i, 


if S then lim | 2 a„6„_„j'=5. 

8'431. CegtXro's general method of summation. 

A series 2 an is said to be ‘summablc (Cr)’ if lim 2 exists, where 

n —0 


U follows from S 8 43 eaa.nple 2 that the ‘condition of conaiatency' ; in 

fact it can be proved* that if a aeries ia aummable (Cr) it is also su.nmable (6r) when 
r > /; the condition of consistency ia the particular case of this result when r = 0. 

8-44. The method of summation of Rieezf. 

A more extended method of ‘summing* a series than the preceding is by means of 


lim 2 
n 




in which X, ia any real function of « which tends to infinity with n. A series for which 
this limit exists is said to be ‘suraniable {Rr) with sum-function X^.’ 


8*6. Hardy’sJ convergence theorem. 

Let i a„ 6e a senes which is sHm?rta6Ze (0 1). Then if 

a^=0(l{n), 

the seHes t «« converges. 

n-sl 


* Bromwich^ Infinite SerUif § 122, 
t Comptei Rendus, cxLix. (1910), pp- 18-21. 

- Proc. Lmdon Math. Soc. (2), viii. (1910), pp. 302-304. For the proof here given, we are 
indebted to Mr Littlewood. 
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Let = ttx + a, + ... + a„ ; then since 2 a„ is summable (0 1), we have 

nss 1 

+ S 2 + ... + Sn = n [5 + 0 (1)], 

oc 

where ® is the sum (C1) of 2 a„. 

n^l 

Let 5,«-s = C. (m = 1, 2, ... n). 

and let + is + = <r„. 

With this notation, it is sufficient to shew that, if | a„ | < Kn'~', where K 
is independent of n, and if <Tn »= «• o (1). then fn —► 0 as n oo . 

Suppose first that a,, a,, ... are real. Then, if does not tend to zero, 
there is some positive number h such that there are an unlimited number of 
the numbers which satisfy either (i) tn>h or (ii) <„ < — A. We shall shew 
that either of these hypotheses implies a contradiction. Take the former*, 
and choose n so that tn > h. 

Then, when r = 0, 1, 2, .... 

I On+r I < Kjn. 



Now plot the points whose coordinates are (r, tn+r) in a Cartesian 
diagram. Since «n+r+» - «f.+r = a»+r+i, the slope of the line PrPr+^ is less 

than $ = arc tan {Kjn). 

Therefore the points Po, Pi. A. ••• Jie above the line y^h-xioxiS. 
Let P* be the last of the points Po. Pi.--- which lie on the left of x = hcote, 

so that k cot 6, 

Draw rectangles as shewn in the figure. The area of these rectangles 
exceeds the area of the triangle bounded by y ^ A - a: tan ^ and the axes ; 
that is to say 

<Tn+h ~~ ®’n-l ~ "I* ^n+j + • • • + ^n+fe 

>\h* cot ^ — i h*K~^n. 

* The reader will see that the latter hypothesis involves a contradiction by using arguments 
of a precisely similar character to those which will be employed in dealing with the former 
hypothesis. 
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But 1 1 ^ i i ^ ' 

= (,i + Ar).o(l) + (n-l)-»(l) 

= 7l.o(l), 

0 

since k « hnK-\ and h. K are independent of n. 

Therefore, for a set of values of n tending to mfuiity, 

^h^K-hi <71,0(1), 

.vhich is impossible since is not o (1) as n -» » . ^ 

This is the contradiction obtained on the hypothesis that hm tn>h> 0; 
therefore Ito t, ^ 0. Similarly, by taking the corresponding ^e in which 
^ _ /i, we arrive at the result ^ > 0. Therefore smce lim t„ ^ hm 

we have = IHE ‘» = 


and so 


tu 0. 


That is to say s„ -► s, and so t a„ is convergent and its mm is s. 

tt 9 1 

If a„ be complex, we consider R (a„) and I (a„) separately, and find 
that I R{an) and 2 /(«,.) converge by the theorem just proved, and so 


2 an converges. 

" 'The reader will see in Chapter ix that this result is of great importance 
in the modern theory of Fourier series. 

Corollary. If (f) be a fur^ciion of k mck that I ^ n„ (() « unifomUy eammaUe (Cl) 
throughout a domain of value, of f, and if \ «„(f) I < K''-\ «tbere K i. independ^t of (. 
i a„ (^) converges uniformly throughout the doinain. 

"“Fur retaining the notation of the preceding section, if r.(«) does not tend to 
uniformly »e can find a positive number h independent of n and ( such that an infimto 
^uence it values of n can be found for which i, (fO > A or 1 (f,) < - h for some pent {, 
Tthe domain* ■, the value of depends on the value of n under consideration. 

We then find, aa in the original theorem, 

iA'A-^nOi.oO) 

for a aet of values of n tending to inhnity. The contradiction implied in the inequality 
shewst that h does not exist, and so uniformly. 

* It is assumed that a,({) is real; the extension to complex variables cau be made as in the 
former theorem If no such number h existed, ({) would tend to zero nniformly. 

t It is essential to observe that the constants involved in the mequality do not depend on ^ 
For if. say, K depended on iT-* would really be a function of » and might be o (1) ^ua tunoU 
of n. and the inequality would not imply a contiadiction. 
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Miscellaneous Examples. 



Shew that 



\+t^ 



1:4.1! 


when X is real and positive. 


2. Disouss the representation of the function 

/(X)= 1° ^4,(1) e^dt 

(where x is supposed real and positive, and «/> is a function subject to certain general con¬ 
ditions) hy means of the series 

i^iO) <t>- (0) <t>" (0) 


Shew that in certoin cases (e.g. the series is absolutely convergent, and 

represents f{x) for large positive values of x; but that in certain other cases the series is 

the asymptotic expansion off{x). 


3. Shew that 


/■* . , 1 a -1 


(a-l)(a-2) 




for large positive values of s. 


(Legendre, Exercices de Calc. Int. (1811), p. 340.) 

4. Shew that if, when x>0, 

/(*)=/" |log« + ><>8 


du 


then 


1 


Bx . B, 


B. 




Shew also that f{x) can be expanded into an absolutely convergent series of the form 

V * \ . (Schlerailch.) 

6. Shew that if the series 1 + 0 + 0 - 1+0+1+0-t-0-1+ ..., in which two zeros 
PJ'ecede each -1 and one zero precedes each +1, be ‘summed’ by Ceskro’s method, 
its sum is f. (Euler, Borel.) 

6. Shew that the series 1 - 2! +4! - ... cannot be summed by Borel’s method, but the 
series 1+0-21+0 + 41 + ... can be so summed. 


• This paper contains many references to recent developments of the subject. 

+ A bibliography of the literature of summable series will be found on p. 372 of this 
memoir. 


CHAPTER IX 

FOURIER SERIES AND TRIGONOMETRICAL SERIES 


91. Definition of Fourier series*. 


Series of the type 

^ (dj cos X + 6) sin a:) + (oj cos 2x + 62 sin 2x) + ... 

= ia„ + S (a„ cos nx + bn sin )ix), 

«=i 


where 6„ are independent of a:, are of great importance in many investi¬ 
gations. They are called trigonometrical series. 

If there is a function f{i) such that j f{t) dt exists as a Riemann integral 
or as an improper integral which converges absolutely, and such that 


TTOn •= 



f{t) COS ntdt, 



sin 


then the trigonometrical series is called a Fourier senes. 

Trigonometrical series first appeared in analysis in connexion with the investigations 
of Daniel Bernoulli on vibrating strings ; d’Alembert had previously solved the equation of 

motion y = a*^ in the form = i (/(..+«()+/(x-oO). where y=/(x) ie the initial shape 

of the string starting from rest; and Bernoulli shewed that a formal solution is 

» . . nirx nnat 

sin-j-cos 

the fixed ends of the string being {0, 0) and (f, 0); and he asserted that this was the most 
general solution of the problem. This appeared to d’Alembert and Euler to be impossible, 
i*ince such a series, having period 2f. could not possibly represent such a function ast 
a') when ^=0. A controversy arose between these mathematicians, t-f which an 
account is given in Hobson’s Functions of a Real Variable. 

Fourier, in his Theorie de la Ckaleur, investigated a number of trigonometrical series 
and shewed that, in a large number of particular cases, a Fourier series actually converged 
to the sum fix). Poisson attempted a general proof of this theorem, Journal de V^cole 
poluteckniqw!, xii. (1823), pp. 404-509. Two prewfe were given by Cauchy. Mem. de 
ruad R dee Sd. vl. (1823, published 1826), pp. 603-612 (Oeuvree, (1), ll. pp. 12-19) 
awl Exevdcee de Math. n. (1827), pp. 341-376 {Ocuvree, (2), vil. pp. .393-430); these proofs, 
which are based on the theory of contour integration, are concerned with rather particular 
classes of functions and one is invalid. The second proof has been investigated by 
Harnack, Math. Ann. xxxii. (1888), pp. 175-202. 

• Throughout this chapter (except in § 911) it i. eupposed that aU the numbers involved are 
t This function gives a simple form to the initial shape of the string. 
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In 1829, Dirichlet guv© the first rigorous proof* that, for a general class of functions, 
the Fourier series, defincil as above, does converge to the sum /(x). A modification of this 
proof was given later hy Bonnett. 

The result of Dirichlet is that* if/(0 is defined and bounded in the range ( - rr, «■) and 
if/(0 has onl^ a finite number of maxima and minima and a finite numl>er of dis¬ 
continuities in this range and, further, if/(() is defined by the equation 

/(i + 2tr)=/{0 

outside the range ( — w, rr), then, provided that 


fra„ 




f(t) con nidtt 7rf>t 


= si 


sin iU dt, 


the series |ao + 2 (a* cosru: + 6„ sin «jr) converges to the sum ^ {/(:r + 0)+/(j;-0)}. 


n=l 


Later, Riemann and Cantor developed the theory of trigonometrical series generally, 
while still more recently Hurwitz, Fej^r and others have investigated properties of Fourier 
series when the series does not necessarily converge. Thus Fej^r has proved the re¬ 
markable theorem that a Fourier series (even if not convergent) is ‘summable (C.1)* 
at all points at which /(x±0) exist, and its sum (Cl) is i {/(-^-^0)+/(A•-0)}, 


provided that j f(t) dt is an absolutely convergent integral. One of the investigations 

of the convergence of Fourier scries which we shall give later (§ 9'42) is based on this result. 

For a fuller account of investigations subsequent to Riemann, the reader is referred to 
Hobson’s Functions of a Real VariaJbls^ and to de la Vallee Poussin’s Cours dCAnalyse 
inJiniUsimale. 


9‘11. Nature of the region within which a trigonometrical series converges. 

Consider the series 

1 ^ 

2 (a„cos7M-h6„sinnx), 

where s may be complex. If we write series becomes 

^00+ i ||(o«-»&.)f'‘ + |(a« + i6„)C‘"|. 

This Laurent series will converge, if it converges at all, in a region in which a ^ | Cl 
where a, b are positive constants. 

But, if + If and so w© get, as the region of convergence of the trigono¬ 

metrical series, the strip in the t plat^e defined by the inequality 

loga^-y $ log6. 

The case which is of the greatest importauce in practice is that in which a = 6 = l, and 
the strip consists pf a single line, namely the real axia 

Example 1. Lei 

/(«) = sin r -1 sin 2a -f ^ sin 3z - i sin 4x +..., 

where 

* Journal jUr Hath. iv. (1829), pp. 157-169. 

t AJ€moires dea Savants itrangera ot the Belgian Academy, xziii. (1846-165U). Bonnet em¬ 
ploye the second mean value theorem directly, while Dirichlet’s original proof makes use of 
arguments precisely similar to those by which that theorem is proved. See § 9*48. 

t The conditions postulated for /(<) are known as DirichUt'a conditions; as will be seen in 
§§ 9'2, 9*42, they are unnecessarily stringent. 
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3 




Writing this in the form 

/W = - («“-i ^ f (e-f-1 e-2i.+i 

we notice that the first series converges* only if y ^ 0, and the second only if y $ 0. 
Writing .r in place of z (x being real), we see that by Abel’s theorem (§ 3-71), 

/(x) = lisin X - i r2 ein 2x + ^ r® sin 3x -.. 

This is the limit of one of the values of 

- log (1 +r«i*) +^i log (1 + r«-i*), 

and as r-*-1 (if -ttKxKit), this tends to ^x + in-, where k is some integer. 

^—n~-convolves uniformly (§ 3'35 example 1) and is therefore con¬ 

tinuous in the range —w + fi^x^jr —d, where d is any positive constant. 

Since ^x is continuous, k has the same value wherever x lies in the range j and putting 
x = 0, we see that ife = 0. 

Therefore, when - tt < x < «-, /(x) = ^x. 

But, when tr < x < 3jr, 

/(x) =/(x - 2«-) = i (x - 2*r) « J.v - TT, 
and generally, if (2n -1) «• < x < C2« + 1) tt, 

/(x)-^x-nir. 

We have thus arrived at an example in which/(.r) is not repi-esented by a single 
analytical expression. 

It must be observed that this phenomenon can only occur when the strip in which the 
Fourier wries converges is a single line. For if the strip is not of zero breadth, the 
a88<^iated Laurent series converges in an annulus of non-zeio breadth and represents an 
analytic function of ( in that annulus; and, since C is an analytic function of z, the Fourier 
senes represents an analytic function of z ; such a series is given by 

r sin X - sin 2x-b Jr® sin 3x -..., 

where 0 < r < 1; its sum is am tan , the arc tan always mpresenting an angle 

between ±Jjr. 

Example 2. When - jr ^ x ^ w, 

(_)•»-! cos ?ix 


OB 

1 


n 


^ t 

-4^- 


The series converges only when »• is real; by § 3-34 the convergence is then absolute 
and uniform. 

Since ii=sinx;-isinir+j8in3r-... (-e-+«a> 0 ), 
and this series converges uniformly, we may integrate term-by-term from 0 to x; IS 4-7), 


^nd consequently 




2 

IISl 


(-.)t*-i(l -cosnx) 


n’ 


(-ir4-d«x<ir-a). 


* The series do converge if y sO, see § 2‘31 example 2. 
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That is to say, when -fr + 5^x^n--A 


i (-)" ‘C 08 XJ - 

4 n=l 


where U is a constant, at present undetermined. 

But since the series on the right converges uniformly throughout the range - „ < ^ 

Its sum IS a continuous function of x in this extended range; and so. proceeding to "the 
limit when ar-*- ±ir, we see that tlie last equation is stiU true when x= + w. 

To determine C, integi*ate each sjide of the equation (§ 4-7) between the limits - ^ ,r - 
and we get ’ 


2»re-2 7r3«0. 
b 


Consequently — jr®-^x*= 2 ^_g^ ^coswu: 

12 4 n« 


(-rr^x^Tr). 


Example 3. By writing tt — 2x for x in example 2, shew that 


fisi t = i {»•’II “ (-»r<x$fl-). 


9*12. Values of the coefficients in ternis of the sum of a trigonometrical 
series. 

Let the trigonometrical series 2 (c„ cos na; + sin/w?) be uniformly 

1 

convergent in the range (— tt, tt) and let its sum be f{x). Using the obvious 
results 

f' j f—^ 

cos mx cos nxdx •< / , 

l=7r (771=71^0), 

f’' - . j f=0 (m^fen), i” 

i-n l=7r (7n = 7tlfeO). }.„ 

we find, on multiplying the equation ico+ 2 (c„cos?uf +rf„sinnx) =/(x) 

n»l 

by* cos nx or by sin nx and integrating term-by-term f (§ 4*7), 

TTCn ~j fix) cos nxdx, nrdn = J fix) sin nxdx. 

Corollary. A trigonometrical series uniformly convergent in the range (- «*, tt) is a 
Fourier series. 

Note. Lebesgue has given a proof (S&ies trigonomdtn'queg, p. 124) of a theorem 

go 

communicated to him by Fatou that the trigonometrical scries S sin nxfiog n, whicli con- 

Ma2 

verges for all real values of x (§ 2'31 example 1), is not u Fourier series. 

9*2. On Dirichlet's conditions and Fourier s theorem. 

A theorem, of the type described in §9T, concerning the expansibility of 
ft function of a real variable into a trigonometrical series is usually described 


* Multiplying by these factors does not destroy the uniformity of the convergence, 
t These were given by Enler (with limits 0 and ir), Nova Acta Acad. Petrop. xt. (1793). 
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as Fourier's theorem. On account of the length and difficulty of a formal 
proof of the theorem (even when the function to be expanded is subjected to 
unnecessarily stringent conditions), we defer the proof until §§ 9*42,9'43. It is, 
however, convenient to state here certain mfficient conditions under which 
a function can be expanded into a trigonometrical series. 

Let f (0 he defined arbitrarily when — tt < ^ < tt and defined* for all other 
real values of t by means of the equation 

/(« + 27r)=/(0, 

so that fif) is a periodic function with period 27 r. 


Let f (t) be such that j f (0 dt exists; and if this is an improper integral, 

J ^ n 

let it be absolutely convergent. 

Let a„, bn he defined by the equations^ 


7 ra 


n~J f(t)co3ntdt, 7rbn=J f(t)sinntdt (n— 0, 1, 2, ...). 


Then, if x be an interior point of any interval (a, b) in which f{t) has 
limited total fluctuation, the series 


^0^+ 2 (a„cos«d; + 6„sinTjo:) 

nsi 

is convergent, and its suml is J {f(x + 0)+f{x~ 0)). If f (t) is continuous 
at t = x, this sum reduces to /(*)• 

This theorem will be assumed in §§ 9-21-9 32; these sections deal with theorems con¬ 
cerning Fourier series which are of some importance in practical applications. It should 
be stated here that every function which Applied Mathematicians need to expand into 
Fourier series satisfies the conditions just imposed on /(t), so that the analysis given later 
in this chapter establishes the validity of all the expansions into Fourier series which are 
required in physical investigatiouH. 

The reader will observe that in the theorem just stated,/(O is subject to less stringent 
conditions than those contemplated by Diricblet, and this decrease of stringency is of 

considerable practical importance. Thus, so simple a scries as 2 (-)**“* (cosnx)/n is the 

n-l 

expansion of the function^ log|2cos^x|; and this function does not satisfy Diricblet*s 
condition of boundedness at +«•. 

It is convenient to describe the series Jao+ 2 (on cos nx-h 6n sin tu:) as 

n»l 

the Fourier series associated with f{t). This description must, however, be 


* This dehnitioD frequently results in f{t) not being expressible by a single analytical ex¬ 
pression for all real values of t. Cf. % 911 example 1. 

\ The numbers are called the Fourier cmatantt of /({), and the symbols a„, will be 

used in this sense throughout §§ 9‘2>9*5, It may be shewn that the convergence and absolute 
oouvergence of the integrals defining the Fourier constants are consequences of the convergence 


and absolute convergence of 



/«) dt. 


Cf. §§ 2*32, 4-5. 


t The limits f{x±0) exist, by § 3-64 example 3. 

§ Cf. example 6 at the end of the chapter (p. 190). 
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taken as implying nothing concerning the convergence of the series in 
question. 

9’21. The representation of a function by Fourier series for j'anges other 
than (— TT, tt). 

Consider a function f(x) with an (absolutely) convergent integral, and 
with limited total fluctuation in the range a 


Write 


j: = ^(a + 6)-^(a-6)7r V, f{x) = F(a/). 


Then it is known (§ 9*2) that 

^ [Jf* (a/ + 0) + ^ {x* - 0)1 = ^ ao + S (an cos nxf + sin nx'), 

and so 


n-1 


i {/(X + 0) +/(x - 0)} 


00 


1 C' 

“ 2 ^ * 

^ n = l 


On cos 


n7r(2j*—a —6) , . titt( 2a? — a — 6)^ 

1 + Ofi sxn 1 * I 


b-a .. b 

where by an obvious transformation 

> nrr (2x — a — 6) 


— a 


^(b-a)a„ = J^f(^) 
l(b-a)bn^ff(^) 


cos 


b — a 
. mr(2x — a — b) 


sin 


6 — a 


dx, 


dx. 


9*22. The cosine series and the sine series. 

Let fix) be defined in the range (0, /) and let it have an (absolutely) 
convergent integral and also let it have limited total fluctuation in that range. 
Define f(x) in the range (0, — 0 by the equation 

/(- x) ^f(x). 

Then 

I [f(^ + 0) + f(x - 0)1 = 2®" |“nCOS -J- + bn SlU -j~V , 

where, by § 9’21, 

lan=J^ ^f (t) cos ^dt = 2 J^/(0 cos ^ dt, 


lb 


„ = J / (t) sin ^ dt - 0, 


I 


so that when — l^x^l, 

^(/(a? + 0) +/(:r-0)] = ^ao +J^a„cos^; 

this is called the cosine series. 

If, however, we define / (x) in the range (0, — 1) by the equation 

/(- ®) = -/(-«). 
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we get, when — I 

ll/(x + 0)+/(s-0)l= i 6„sin^, 

^ n^l V 

where /6„ = 2 J /(t)6m^^dt; 

this is called the sine-series. 


Thus the series 


mrw 


^ao+ 2 a„cos ^ 


00 


X bn sin 


n^l 


ft -1 


nirx 

~r 


lla„=f/(t) 


nnt 

cos-^ ac, 




where 

* Jo f' “ JQ 

have the same sum when but their sums are numerically equal and 

opposite in sign when — 

The cosine eeries was given by Clairaut, Hist. <U VAcad. R. (Ui Set. 1754 [published, 
1759], in a memoir dated July 9, 1757; the sine series was obtained between 1762 and 
1765 by Lagrange, Oeuvres, i. p. 553. 

Example 1. Expand ^(n- —.r)sin z in a cosine series in the range 
f\Ve have, by the formula just obtained, 


OD 


^(ir-X*)8tnX=»j^+ S 

fl*l 

where x)smscosnxdx. 

But, integrating by parts, if n 4 ^ L 
2 (fr - x) sin X cos nxdx 


. 


(tt— x) {sin (» +1) X - sin (a -1) x} dx 


/, 

T/- \ rco 3 (« + l)x cos(n —l)x)l» /■» fco 8 (n + l)x cos(n—llxl , 

I-tth “io -I 


(n + l)(n-l)- 
Whereas if n*** 1, we get j 2 {ir —x)ainxco.sxdx=^. 

Therefore the required series is 

5 + icosX-r-5-5 cos 2 x-^i^C 08 3X-r^ cos4x -.... 

24 1.3 2.4 3.0 

It will be observed that it is only for values of x between 0 and n that the sum of this 
series is proved to be ^ (fr x) sin x ,* thus for instance when x has a value between 0 and 
~ tr, the sum of the series is not i («r ~x) sin x, but — ^ (yr+x) sinx; when x has a value 
Itetwccn yr and 2yr, the sum of the series happens to be again ^ (yr — x) sin x, but this is a 
mere coincidence arising from the special function considered, and does not follow lix>m 
the general theorem.} 

Example 2. Expand |yrx(yr-»x) in a sine series, valid when 0 ^x^yr. 

rm. sin 3x sin 5x, , 

[The senes is sin xH— 33 -“ + —^ 5 —+ ••••] 


6» 
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Example 3. Shew that, when 0 ^ x $ n-, 

1 


96 


/ o \ / ^ I n A • OOS cos 

n (n--2x)(ir*+2trj:-2x=») = C08x+—, +.... 


3* 


5 < 


[Denoting the left-hand side by/(r), we have, on integrating by parts and observing 
that/' (0)=./' (,r) = 0, 

I / (x) cos rur cfcr = -[/(x) si nnx I --f /' (x) sin nxctr 
Jo Jo^^o 


(x) cos nx 




ein Tu: 




(x) cos nx dx 


(x)cosnx| = -cosnff).] 


Example 4. Shew that for values of x between 0 and tr, e" can be expanded in the 
cosine series 

cos X cos 3a' 

+ 


3 3x \ 


\ / 1 . cos 2x , cos 4x , \ 2a , ^ / 

«=*+4 ■'‘a“+16'^’'7 tr '*■*^(^+1 

and draw graphs of the function e** and of the sum of the series. 

Example 5. Shew that for values of x between 0 and n-, the function ^ (rr - 2x) can 
be expanded in the cosine series 

. cos 3x . cos 6x . 
cosx-l-—— + ..., 

and draw graphs of the function ^ (fr - 2x) and of the sum of the series. 

9 3. The nature of the coefficients in a Fourier series*. 

Suppose that (as in the numerical examples which have been discussed) 
•the interval (— tt, tt) can be divided into a finite number of ranges 
(-TT, A:,), (Ati, Atb) ... (A:„, tt) such that throughout each range f{x) and all its 
differential coefiBcients are continuous with limited total fluctuation and that 
they have limits on the right and on the left (§ 3 2) at the end points of these 

ranges. 

Then 


TTtt 


m 




cos mtdt + 


/•*, 

/./<’> 


cos mtdt -f 


... + [ 7(0 

J k. 


cosmtdt. 


Integrating by parts we get 


f{t) sin mfj ’ + sin + ... + ^m-»/(f) sin 

— m~^f ‘ /'(t)8iDmtdt — ni~^f f' (i) sin mtdtm~^ f /'(t)sinmtdt, 


80 that 


- 4^ _ 

^ m m 


* The analysis of this seotion and of §9*31 is contained in Stokes’great memoir, Canib. Phil. 
Trane, viii. {1849), pp. 638-693 [Math. Papers, i. pp. 236-813]. 
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where 


•rrA,n- S sinm^r{/(^r-0)-/(A*r + 0)|, 

»=i 


and bm is a Fourier constant of f'(x). 


Similarly 

where 


1 "m , ^v% 
Om = - + - 


irBjn-- S cos (/(^I -O)-/(X^r +0)1 — cos WITT (/(tt-0) 

r=l 

and ttjn' is a Fourier constant of /'(x). 

Similarly, we get 

m m * ”* m m ’ 

where am', are the Fourier constants of f" (a:) and 

7rAm'=^ i sinmA;,(/'(A^-0)-/'(^V + 0)l, 

r=l 


^/(- 7 r + 0)j, 


TrBm -- ^ COS rnky [ f' {kr - 0) 

r=l 


Therefore 


Bm Om' 


m 7n^ m’ ' 


/'(^r + 0)l 

cos m-JT {/'(tt — 0) —f'( 
. bm" 

0»n —-1-T-T . 


- TT + 0)). 


Now as m—>«, we see that 

and, since the integrands involved in am" and hm" are bounded, it is evident 
that 

a„"=0(l), h^' = 0{\). 

Hence if Am — ^> Bm = 0, the Fourier series for f{x) converges absolutely 
and uniformly, by § 3*34. 

The necessary and sufficient conditions that Am^ Bm~0 for all values of 
m are that 

f{kr - 0) =f(kr + 0), /(tT - 0) -/(- TT + 0), 

that is to say bhat*/(x) should be continuous for all values of x. 

9'31. Differentiation of Fourier series. 

The result of differentiating 


1 ^ 

^ tto + 2 (Oto cos mx + hm sin mx) 




term by term is 


2 {m6mCOsm« —Tna^sinnuc}. 
msl 


Of course f{z) ia also subject to the cooditiona stated at the beginoing of the sectioD 
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With the notation of § 9*3, this is the same iis 


1 / * 
m - 1 


6,,/sin mx), 


provided that ^,„ = 5,„ = 0and /'(^)d^. = 0; 

these conditions are satisfied if/(i) is continuous for all values of x. 

Consequently sufficient conditions for the legitimacy of differentiating 
a Fourier series term by term are that /(x) should be continuous for all 
va ues of a: and / (a:) should have only a finite number of points of discon¬ 
tinuity in the range (— tt, tt), both functions having limited total fluctuation 
throughout the range. 

932. Determination of points of discontinaity. 

The expressions for a„, and which have been found in § 9-3 can frequently be applied 

m practical examples to determine the points at which the sura of a given Fourier series 

may be discontinuous. Thus, let it be required to determine the places at which the sum 
of the series 


is discontinuou.s. 


sin.r-1-i^ sin 3.r-|- J sin 5j:+ ... 


Assuming that the series is a Fourier series and not any trigonometrical series and 

observing that a„«=0, 6„, = (2m)“‘ (1 -cos7M»r), we get on considering the formula found in 

§ 9 - 3 , 

Arn = 0, = a,„'=6„' = 0. 

Hence if X-,, ... are the places at which the analytic character of the sura is broken, 

we have 


0 = ff/I„ = [3in {/Ci-,-0)-/(^,+0)}+8in»ni2 1/C^z-O) -/(/-j + O)} + ...]. 

Since this is true for all values of m, the numbers i-,, ... mvist be multiples of n ; but 

there is only one even multiple of n in the range ^n<x^7r, namely zero. So = 0, 
and ^ 2 , ^ 3 ,... do not exist. Substituting /{•i = 0 in the equation = cos mn, we have 
n (^-^COS niTr)= -[cos mn {/{rr -0)-/( - it +0)} + f ( ~ 0)-/( + 0)). 

Since this is true for all value.s of m, we have 

^,r=/(-f0) -/(-O), in=/(ir-0)-/ ( -n+0). 

This shews that, if the series is a Fourier series,/(x) has discontinuities at the points 
(a any integer), and since a,„' = 6„' = 0, we should expect*/(x) to be constant in the 
open range (- tt, 0) and to he another constant in the open range (0, «■). 

9'4, Fej^r’s theorem. 

We now begin the discussion of the theory of Fourier series by proving 
the following theorem, due to Fej^rf, concerning the summability of the 
Fourier series associated with an arbitrary function, /{t): 

Let f{t) he a function of the real variable t, defined arbitrarily when 
— TT $ i < TT, and defined by the equation 

fit + 27r) =/(0 

• Id point of fact (-ir<x<0); 

/(x) = iir (0<x<ir). 

t Math. J»/i. Lvin. (1904), pp. 51-69. 
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/or all other real values oft; and let j’ y(t)dt exist and (if it is an improper 

integral) let it be absolutely convergent 

Then the Fourier series associated with the function f {t) is sumniable* (Cl) 
at all points x at which the two limits f(x ± 0) exist 

And its sum (Cl) is 

i(/(:r + 0)+/(^-0)(. 

Let a„, bn, (n = 0, 1, 2, ...) denote the Fourier constants (§9-2) of/(<) 
and let 

77% 

^Oo-Ao, an cos + bn sin nx = An (aj), -^n (a^) = W* 

Then we have to prove that 


lim - (^0 + 'S, {x) + iSr,(x) + ... + Sm-i Wl = i (/(^ + 0) +/(a= - 0)), 

provided that the limits on the right exist. 

If we substitute for the Fourier constants their values in the form of 
integrals (§ 9*2), it is easy to verify thatf 

Ao+”2^«Sn(ir) = mAo + (m-l)il,(ar) + (ni-2) ^(a:) + ... + W 


= 1 r l^m + (m-l)cos(a:-0 + ('»-2)cos2(a:-0+-" 

+ cos(m — \) (x — t)] f (t) dt 

8in*i(^-0 ^ ^ 
sin^K^-O 

the last step following from the periodicity of the integrand. 

If now we bisect the path of integration and write a; T 2^ in place of t in 
the two parts of the path, we get 

i /£; s. w. i . w "+i/r^r/A' - "1 "■ 


U 


sin®^ 

Consequently it is sufficient to prove that, as m—»co , then 
i'sin>me - 1 f*’stn--m0 


sin®^ 


f{x^2e)de^h-rrf{x-¥(y), 


* See § 8-43. 

t It 18 obvious that, if we write X for in the second line, then 
m + (m - 1) (X + X-») + (m - 2) (X*+X-») +... + (X—i + Xi—) 

= (l-X)-» {Xl-" + X»-'"+... + X-> + l-X-X*-...-X’'*i 
= (l-X)"»{X*-"-2X+X«*+*l = (X^-X *”)*/(X*-X *) . 
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Now, if we integrate the equation 
lsin*m^ , 

2^ - 1)cos2^ + ... + cos 2(m- 1) 0, 

we find that 

[^^sin* m0 , 

/ . — ^7r?». 

f.v sin>fl ^ 


0 


and 80 we have to prove that 


— I — . -- A <i>(a)a^—>0 as wi—>oo, 
mjo sm*a ' * 

where stands in turn for each of the two functions 

/(a; + 2^)-/(a:+0), /(x - 2$)-/(a> - 0). 

Now, given an arbitrar}" positive number e, we can choose 8 so that* 

|4>W|<€ 

whenever 0 < ^ ^ 15. This choice of 8 is obviously independent of m. 
Then 

1 fi^sin^m^. . 1 




if 

Wij, 


sin 


-I 

mJo 


mjn sin*^ 
€ f^sin^mS 


-I 

TTiJo Sin* a in sin 




€ f^sin^m0 


-f 

mj^ 


0 sin* 0 
= J7re + 




msin 




Now the convergence of j \f{t)\dt entails the convergence of 

I*' I <^ (^) I d0, 

and so, given e (and therefore 8), we can make 

A7remsin*iS> f ]4>(0)\d0, 

Jo 

by taking m suflBciently large. 

Hence, by taking m sufficiently large, we can make 

1 ei^ 

mJo 810*61 

where e is an arbitrary positive number; that is to say, from the definition of 

a limit, 

sm*0 

and so Fej^r’s theorem is established. 

* On the assamptioD that/(xi:0) exist. 


ire. 
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CwoUary 1. Let U and L be the upper and lower bounds oif{t) in any interval (a, h) 
whose length does not exceed 2jr, and let 


/ 




\f{t)\dt=,rA. 

Then, where 17 is any positive number, we have 


nat 


^ j .1-1, ^ i *+11 1 




80 that 


Similarly 


^ 2mn \JJz+v) 

^ [ n=l ) 

i |do+"2*‘S„(^)l >X-{|i| + M}/{ni8in47}. 

771 I Hal J 


Corollary 2. Let/(0 be continuous in the interval a^t^h. Since continuity implies 
uniformity of continuity (§ 3-61), the choice of h corresponding to any value of in (a, 6) 
is independent of x, and the upper bound of \f{x±0) I, i.e. of \f{x) |, is also independent 

of Xy so that 

J*" I 0 (tf) I d6= 1^*' |/(:r±2tf) -f{x±0) 1 d6 




and the upper bound of the last expression is independent of x. 
Hence the choice of m, which makes 


sin *$ ' 


<«'f. 


is independent of x, arid consequently ^-|i4o+ 2^«S'„(x)j- tends to the limit f(x), as 
uniformly throughout the interval a^x^b. 

9'41. The Riemann-Lebesgue lemmas. 

In order to be able to apply Hardy’s theorem (§ S S) to deduce the con¬ 
vergence of Fourier series from Fej^r’s theorem, we need the two following 


lemmas: 


(I) Let ^^ylr{0)dO exist and {if it is an improper integral) let xt 


he 


absolutely convergent. Then, as X—>co, 

■0 (^) sin (X0) is o(l). 


/: 


(II) Ify further, ^ {6) has limited total fluctuation in the range (a, h) then, 
as X—»co, 


J yjr (0) sin (\0) d0 is 0(1/X). 
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Of these results (I) was stated by W. R Hamilton* and by Riemaant in the case of 
unded functions. The truth of (I I) seems to have been well known before its importance 
was realised; it is a generalisation of a result established by Dirkseuf and Stokes 
(see § 9'3) in the case of functions with a continuous differential coeflBcient. 

The reader should observe that the analysis of this section remains valid when the 
sines are replaced throughout by cosines. 

(I) It is convenient§ to establish this lemma 6rst in the case in which 
■^(^) is bounded in the range (a, i). In this case, let K be the upper bound 
of and let e be an arbitrary positive number. Divide the range (o, b) 

Rito n parts by the points ir,, ... a'n-i, and form the sums Sn, Sn associated 
With the function yjr ($) after the manner of § 41. Take n so large that 
'^n — f; this is possible since ($) is integrable. 

In the interval Xr) wTite 

i/r (^) = yjTr (Xf-i) + w,. {$X 
so that \o>riO)\ % Ur-Lr. 

where Uj. and Lr are the upper and lower bounds of in the interval 

or,). 

It is then clear that 

|f ■^(^)sin(X^)d^ 

Ja 

%yfrr(Xr~l)l SlTi {\0) d6 S f &>,. (^) Sin (\^) 

r*l J *r-i r=lJxr-i 

^ i sin(X^)rf^|+ S f \o>,(e)\de 

r»l I r*Wa:r-i 

$ nK . (2/X) + {Sn “ Sn) 

< {2nKIX) + e. 

By taking X sufficiently large (n remaining fixed after e has been chosen), 
^he last expression may be made less than 2e, so that 

iini I ^|/•{ 0 ) 3 itx{\ 0 ) d0— 0, 

Ja 

and this is the result stated. 

When ylr{0) is unbounded, if it has an absolutely convergent integral, by 
§ 4*5, we may enclose the points at which it is unbounded in a finitel| number 


Trans. Dublin Acad. zix. (1843), p. 267. 

t Ges. Math. Werkr, p. 241. For Lebc.'sgue’s investigatii-n see his Sdries trigono}nrthqurs 
(1906), Ch. III. 

t Journal/Ur Math. iv. (1829), p. 172. 

§ For this proof we arc indebted to Mr Hardy; it seems to be neater tliau the proofs given by 
other writerH, e g. de la Vallee roussin, Coitr* d'Analyse In/niiUsiniuU, ii, (1912), pp. 140-141. 

II The /initencss of the number of intervals ie assumed in the de6ni(ioD of an improper 
‘nlogral, § 4 5. 
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of intervals 3 |, ... Sp such that 


i [ I^IrWI 

r=\J 6r 


d$ < €. 


If K denote the upper bound of |■^/^(^)| for values of & outside these 
intervals, and if 71, y^,... 7^^, denote the portions of the interval (a, 6) which 
do not belong to 81, Sg, ... 8p we may prove as before that 

(d) ^\n (\ 6 ) dd =21 ■>/r (^) sin (\^) + % I (^) sin (\^) 

|r=lJyr r=lJ 6 r 


•=lJyr 
P + 1 


P+l f PC 

2 yjr (0) sin (\0) d$ + 2 |i/r(^)8m(\^)| 

r=lJyr T = lJ tr 


< (2nK/X)-\- 26. 

Now the choice of e fixes n and K, so that the last expression may be 
made leas than Se by taking \ sufficiently large. That is to say that, even 
if yjr (d) be unbounded, 

lim f yjr (d) sin (\d) dd - 0, 

J a 

provided that yjr (d) has an (improper) integral which is absolutely convergent. 
The first lemma is therefore completely proved. 

(II) When ylr (d) has limited total fluctuation in the range (a, b), by §3'64 
example 2, we may write 

^ W = X» (^) ~ X* 

where Xi W> W positive increasing bounded functions. 

Then, by the second mean-value theorem (§4*14) a number f exists such 
that a $ f ^ 6 and 

j (0) sin {\d) dd =jxiWj sin(\^)c?^ 

^ 2x. (b)/\. 

If we treat x^W ^ similar manner, it follows that 

j yjr (d) sin (X^) dfl j ^ U I I / ^ 

^2 (xi(6) + x*Wl/^ 

= 0(1/X), 

and the second lemma is established. 

Corollary. If /{/) be auch that ^ /(() exists and is an absolutely convergeut 

integral, the Fourier constants a», 6, of f{t) are o(l) as n-^oo ; and if, fiirther,/(<) has 
limited total fluctuation in the range (- «•, w), the Fourier constants are 0 (1/n). 

[Of course these results are not sufficient to ensure the convergence of the Fourier 
series associated with f{i) ; for a series, in which the terms are of the order of magnitude 
of the terms in the harmonic series (§ 2*3), is not necessarily convergent.] 



FOURIER SERIES 


175 


9 - 42 ] 

9’42. The proof of Fourier’s theorem. 

We shall now prove the theorem enunciated in § 9'2, namely: 

Let f{t) he a function defined ar6t^ran7y when - tt $ ^ < tt, arid defined by 
the equation /{t + 2Tr) ==/(0 for all other real values of t; and let J" f{t) dt 

exist and {if it an improper integral) let it be absolutely convergent. 

Let On, bn be defined by the equations 

’TOn = j*_ f{t) COS ntdt, 7r6„ = J f{t) sin ntdt 

Then, if x be an interior point of any inten^al {a, b) ivitkin which f{t) has 
limited total fiuctuoiion, the series 

00 

i Oo + S (a„ cos nx + sin jw;) 

nsl 

is convergent and its sum is J [f{x + 0) +f{x - 0)). 

It is convenient to give two proofs, one applicable to functions for which 
it is permissible to take the interval (a, 6) to be the interval (—+ -rr-i-x), 

the other applicable to functions for which it is not permissible. 

(I) When the interval (a, h) may be taken to be (- tt + a:, tt 4- x), it follows 
from § 9*41 (II) that a„ cos nx + 6„ sin nx is 0 (1/n) as n—>oo . Now by Fej^r's 
theorem (§9'4) the series under consideration is summable (Cl) and its sum 
(Cl) is* i (/(•c + 0)+/(a: —0)). Therefore, by Hardys convergence theorem 
(§ 8*5), the senes under consideration is convergent and its sum (bv S 8 48^ 
is if/(x + 0)+/(a7-0)). ^ 

(Li) Even if it is not permissible to take the interval (o, h) to be the 
whole interval (—tt + x, tt + x), it is possible, by hypothesis, to choose a 
positive number h, less than tt. such that/(0 has limited total fluctuation in 
the interval (x- S, x + 5). We now define an auxiliaiy function g{t), which 
is equal to f{t) when x - 5 $ i $ a; + S, and which is equal to zero throughout 
the rest of the interval (- tt + a:, tt + x); and (i + 2^) is to be equal to a (t) 
for all real values of t. 

Then g{t) satisfies the conditions postulated for the functions under 
consideration in (I), namely that it has an integral which is absolutely 
convergent and it has limited total fluctuation in the interval {-tt + x, w + x); 
and so, if denote the Fourier constants of g(t). the arguments used 

in (I) prove that the Fourier series associated with g(t), namely 

oe 

S (an*“co9^i^ + 6„‘*>8in7w;), 

is convergent and has the sum J (ir (s; + 0) + (x - 0)), and this is equal to 

i {/(‘^ + 0) +/(x - 0)J. 

• The limit»/{3r±0) exiet, by g 8*64 example 8. 
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Now let Sm{^) and denote the sums of the first m + 1 tetms of 

the Fourier series associated with f{t) and g {t) respectively. Then it is 
easily seen that 

1 /■’" 

= — I [J + cos(x —r) + cos2(a: —<) + ... + cos m {x ~ t)] f {t)dt 

_ 1 sin(m + i)(a:-0.v.^ 


sin i (^ — 0 

=^ r /(*) dt 

smi(ar —t) ^ ^ 

_ 1 i**sin(2m + l)^ 




sin 0 


/{x + 2e)de-\- - 

TT 


1 /■i’"sin(2m + l)^ 


sin 0 


/(x-2e)dd, 


by steps analogous to those given in § 9*4. 
In like manner 

1 /■i'sin(27W 


TT Jo Sind TT Jo Sin tf 


and so, using the definition of g (t), we have 

1 fi 


Sm (ar) - 


(x)~^f sin (2m+1)^ 
‘ttJ is 


A%±P de 

sm u 


+ 


TrJis Sind 


Since cosec ^ is a continuous function in the range (^5, ^tt), it follows that 
f{x ± 2d) cosec d are integrable functions with absolutely convergent integrals; 
and so, by the Rieinann-Lebesgue lemma of §9-41 (I), both the integrals on the 
right in the last equation tend to zero cw m—> ao . 

That is to say lim [Sm {^) — 'S^m*** (^)) == 0. 




Hence, since lim 5m'” (^) = i {/(^ + 0) +/(^ — 0)), 


m-^co 


it follows also that 


lim 5m (a:) = i l/(a; + 0)+/(a; - 0)). 




We have therefore proved that the Fourier series associated with /(<). 
namely J Uo + 2 (a„ cos nx + 6,j sin nx), is convergent and its sum is 

if/(^ + 0)+/(a:-0)). 

9 43. 2'he Dirichlet-Bonnet proof of Fourier's theorem. 

It is of some interest to prove directly thg theorem of § 9’42, without 
making use of the theory of summability; accordingly we now give a proof 
which is on the same general lines as the proofs due to Dirichlet and Bonnet. 
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As usual we denote the sum of the 6i-st m + 1 terms of the Fourier series 
hy and then, by the analysis of § 9’42, we have 

"-<*> ■; i /: - 2„ «. 

Again, on integnxting the equation 


sin (2m+ 1)^ 

-*1 + 2cos2^+ 2cos4^ + ... + 2cos2w $, 


we have 
so that 


Jo Sin $ * ’ 


i l/(^+0) +/(:r -0)1 = A pj gL ” + 1 ) ^ [y ^ 20) -f(cc + 0)1 de 

1 /'*'sin(2m + 1) ^ . 

+i„ —inr?— - 2^) -/(* - 0)1 d0. 

In order to prove that 

lim {x) = i [f{x + 0) - 0)], 


it is therefore sufficient to prove that 


/’**sin (2m + 1)^ , , ^ 

hm / — • ^ ^ 4>{d)de^0, 

m—fleJo Sin a ’ 


where 0 {$) stands in turn for each of the functions 

/(® + 2(9)-/(a. + OX f{x-^e)-f{x~0). 

Now, by §3-64 example 4. ed>(0)coBec 0 is a function with limited total 

fluctuation in an interval of which 5 = 0 is an end-poinf: and so we mav 
write 

5 if> (0) cosec 0 = xA0)-X‘W. 

where Xi (0), X« W are bounded positive increasing functions of 0 such that 

X.(+0) = X>(+ 0) = 0. 

Hence, given an arbitrary positive number e, we can choose a positive 
number 8 such that ^ 

0$Xi(^)<e. 0Sx.W<e 

whenever 0^6 ^^8. 

We now obtain inequalities satisfied by the three integrals on the right 
of the obvious equation ° 




I 


**8in (2m + 1)^ 




\\ 


(0)d0-j 


i^sin (2m + 1) 

e 
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The modulus of the first integral can be made less than e by taking 
7n sufficiently large; this follows from § 9*41 (i) since ^ (B) cosec B has an 
integral which converges absolutely in the interval (JS, Jtt). 

Next, from the second mean-value theorem, it follows that there is a 
number f between 0 and 5 such that 


sin (2m + 1) ^ 

. B 


X^iB)dB 


if 


B 




{«+i)i gin u 


du 




Since j is convergent, it follows that ^ du 

bound* B which is independent of /9, and it is then clear that 

sin (2m + 1) ^ 


has an upper 


Xi (^) dB 


^ 2Bxi (iS) < 2B€. 


.'0 ^ 

On treating the third integral in a similar manner, we see that we can 

nrkQ.if d 

V sin ( 2m 4- 1)^ 

0 sin B 


f. 


4, (B) dB 


<(45 + 1)€ 


by taking ni sufficiently large; and so we have proved that 

lim f *' ^ ^ (6) de = 0. 

Sin^ ^ 


But it^has been seen that this is a sufficient condition for the limit of Sm (^) 
to be i (/(^ + 0)-|-/(<r — 0)); and we have therefore established the con¬ 
vergence of a Fourier series in the circumstances enunciated in § 9*42. 

Note. The reader should observe that in either proof of the convergence of a Fourier 
series the second mean-value theorem is required; but to prove the summability of the 
series, the Jirst mean-value theorem is adequate. It should also be observed that, while 
restrictions are laid upon /{() throughout the range (— n-, w) in establishing the summability 
at any point x', the only additional restriction necessary to ensure convergence is a re¬ 
striction on the behaviour of the function in the immediate neighbourhood of the point x. 
The fact that the convergence depends only on the behaviour of the function in the 
immediate neighbourhood of x (provided that the function has an int^ral which is 
absolutely convergent) was noticed by Riemann and has been emphasised by Lebesgue, 
Series TrigonomdtriqueSy p. 60. 

It is obvious that the conditiont that x should be an interior point of an interval 
in which /(<) has limited total fluctuation is merely a sufficient condition for the con¬ 
vergence of fhe Fourier series; and it may bo replaced by any condition which makes 


lim 

m-»cD 


/. 


sin (2m-t-l) B 
} sin $ 


4>{B)dB^0. 


* The reader wiU find it interesting to prove that j —^ du = 

+ Dae to Jordan. CompUs Bendus, xcu. (1881), p. 228. 


Jr. 
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Jordan’s condition is, however, a natural moditication of the Dirichlet coudition that 
the function/(<) should have only a finite number of raaiima and minima, and it does 
cot increase the difficulty of the proof. 

Another condition with the same effect is due to Dini, Sopra le Serie di Fourier 
(Pisa, 1880), namely that, if 

/o * should converge absolutely for some positive value of a. 

[If the condition is satisfied, given « we can find d so that 


/: 


♦ (d)|rfd<e, 


Mid then 


sin (2m + l)d 4* (tf) rfd < tn-f ; 

J 0 ^ 


the proof that | ^ ^ ^ ^ isrge values of m follows 

from the Riemann-Lebesgue lemma.] 

A more stringent condition than Dini’s is due to Lipschite, Journal filr Math,. LXiii. 
(1864), p. 296 j namely i ^ (^) | < where C and k are positive and indejiendent of 6. 

For other conditions due to Lebesgue and to de la Vallee Poussin, see the latter’s 
Cour« d!Analyte Infinitisimale,, ll. (1912), pp. 149-150. It should be notice<i that Jordan’s 
condition differs in character from Dini’s condition ; the latter is a condition that the 
series may converge at a pointy the former that the series may converge throughout an 
interval. 


9*41 The uniformity of the convergence of Fourier eerie*. 

Let f(f) satisfy the conditions enunciated in § 9'42, and further let it be continuoxi* 
(in addition to having limited total fluctuation) in an interval (a, h). Then the Fourier 
^rie* aeeociated with f[f) converge* uniformly to the eum f{x) at all points x for which 

8, where 6 is any positive number. 

Let A(i) be an auxiliary function defined to be equal iof{t) when a < r < 6 and equal 
to zero for other values of t in the range (-«•, «•), and let on, denote the Fourier 
constants of h {<). Also let (.r) denote the sum of the first wi +1 terms of the Fourier 
aeries associated with h (r). 

Then, by § 9*4 corollary 2, it follows that ^ 0 ^+ 2 (a„ co3?ijr+3„sin njr) is uniformly 

ll«*l 

summable throughout the interval (a + d, 6- S); and since 

I an cos nx+^ sin tlt | $ (««=* + » 

which is independent of x and which, by § 9'41 (n), is 0(l/)(), it follows from § 8‘5 
corollary that 

2 (o„cosn.r+/3„8ia7ix) 

nsi 

converges uniformly to the sura h{x\ which is equal to/(j,). 

Now, as in § 9’42, 


”')i(b-x) Mnd •' sm d •''' '' 
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As in § 9*41 we choose an arbitrary positive number t and then enclose the points at 

which/(O is unbounded in a set of intervals ^ 2 ,... such that S j |/{0 

r=l J ir 

If A be the upper bound of \f{t) \ outside these intervals, we then have, as in § 9‘41, 

(X) - 5“ (X) 1 < + 2.) coaec «. 

where the choice of n depends only on a and 6 and the form of the function fit). Hence, 
by a choice of m independent of x we can make 


arbitrarily small; so that ‘S'm(j.*)-<S^’(x) tends uniformly to zero. Since {x)[x) 
uniformly, it is then obvious that *S„,(x)-*“/(x) uniformly; and this is the result to bo 
pn)ved. 

Note. It must be observed that no general statement can be made about uniformity 
or absoluteness of convergence of Fourier series. Thus the series of § 9’11 example 1 
converges uniformly except near x=(2n + l)»r but converges absolutely only when x^nn-, 
whereas the series of § 911 example 2 converges uniformly and absolutely for all real 
values of x. 

Example 1. If tp (3) satisfies suitable conditions in the range (0, «•), shew that 

lim f ” ^ (tf) rffl = lim / *' "" 

8in^ ' w-.yo 8in^ 

+ lini /■*'?!? (2’" +1)« 

lo 


J 0 

{<t>{+0) + 4>(n-0)]. 

Example 2. Prove that, if a >0, 

lim 

[Shew that 

Jo sin ^ m-^oo/o sintf 


sin ^ 


A (»r — ^) dff 


e-o9d6=s^Tr coth jarr. 


(Math. Trip. 1894.) 


/*» sin(2n+1)^ 

m-^x. J 0 sm^ 


de 




sin(2n+l)^ e-a9dd 


sin 6 


1 —e“«»’ 


and use example l.J 

Example 3. Discuss the uniformity of the convergence «>f Fourier series by means of 
the Dirichlet-Bonnet integrals, without making use of the theory of summability. 

9'5. The Harwitz^Liapounoff* theoi'em concerning Fourier coristanta. 

Let /(x) he hounded in the interval (—tt, tt) and let j f{x)dx exist, so 

* Math. Ann. cvii. (1903), p. 429. Liapounoff discovered the theorem in 1896 and published 
it in th*< Proceeding* of the Math. Soe. oj the Univ. of Kharkoi\ St-e Compte* Rendu*, exxvi. 
(1898), p. 1024. 



FOURIER SERIES 


181 


9 - 5 ] _ 

that the Founer constants a„, of /(.r) exist. Then the senes 


40 


11^1 

1 rir 

M convei'oent and its sum is* — I (/(a:))*c^j*. 

It will first be shewn that, with the notation of §9*4. 

f r ( 1 * 

■{/(j:)-S 5n(.T) rf;r = 0. 

Divide the interval (-tt. rr) into 4r parts, each of length ft ; let the upiier and lower 
bounds of /(.v) in the interval {( 2 />-1) 5-w, { 2 /) + 3)d-Tr} be Up, and let the upper 
bound of \f{x) \ iu the interval ( - «*, rr) be A'. Then, by § 9 4 corollary 1, 


1 m-“l 

/{ X )-- 2 SA^) 


< Up-Lp-¥iK/[mBin^^6} 

< 2A[l+l/{m BinHM 

when X lies between 2p6 and (2^ + 2)d. 

Consequently, by the first mean-value theorem, 

/'. ^ < 2^ {' + ' m sin» is} ' 

Since/(j;) eatisliee the Rie.nann condition of integi-ability (§ 412), it follows that both 

and >>« arbitrarily small by giving r a 

sufficiently large value. " When r (and therefore also a) has been given such a value, we 
may choose m, sq large that r/{m,sinSJ8) is arbitrarily small. That is to say, we can 
make the expression on the right of the last inequality arbitrarily small by giving m any 
value greater than a determinate value m,. Hence the expression on the left of the 

inequality tends to zero as 

But evidently 

m — n 


A,Ax)\ dx 


■i 

- dx 


=-"% 1 -^ i5» ^ 

+ 2 I |/(^■)- ^ vd„(a,-) . 2 An{x)\d 

j_«l r» = 0 n «0 ; 


* This integral exists by § 4-12 example 1. A proof of the theorem has been given by de la 
Valine Poussin, in which the sole restrictions on /(J) are that the (improper) integrals of /(x) 
and {/(x)}2 exist in the interval ( - w. *•)• See his Cours d'Analijse Injinite$imale, ii. (1912), 

pp. lGA-166. 
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since 




when r — 0 , 1 , 2 , — 1 . 

Since the original integral tends to zero and since it has been proved 
equal to the sura of two positive expressions, it follows that each of these 
expressions tends to zero; that is to say 


J j/W- 2^d:n(a:)| 


Now the expression on the left is equal to 


I’ I / (x)rfa: - 2 J' |/(x)-"'2‘^„(x)|.|j‘j1„(x) (/x 

rir /m-1 

-I 2A„(^), 

7-wln-O 




I 

. da: 


rw /■» (m~l 

= (/(x)l>(ix- j 2 

J J —# [0 J 

~J —TT 1^00*+ 2^(an“ + ^n0j> 


SO that, as m —>00 


J {/(iC)}* dx—TT I^Oo* + 2^ + hn^) —> 0, 

This is the theorem stated. 

CoroUaty. PareevoTs theorem* F(x) both satisfy the conditions laid on/(j:) 

at the beginning of this section, and if A^y 5, be the Fourier constants of F(x)y it foUows 
by subtracting the pair of equations which may be combined in the one form 

j’' 1/(^)± ^(^)}* (ao± ^o)»+{(On± + (6. + J 


that 


f{x)F{x)dx=n^af^Aii^^ • 


9 *6. Riemanns theory of trigonometrical series. 

The theory of Dirichlet concerning Fourier series is devoted to series 
which represent given functions. Important advances in the theory were 
made by Riemann, who considered properties of functions defined by a series 

of the typef 5 ^ 0 + 2 (o„ cos nx + 6 „ sin rw:), where it is assumed that 

lim (a„ cos nx + 6 „ sin nx) = 0. We shall give the propositions leading up to 

Riemann’s theorem { that if two trigonometrical series converge and are equal 

• Mem. par divert tavant, 1 . (ISOfi), pp- 639-648. Parseval. of course, asaamed the permiMi- 

bility of integrating the trigonometrical aeries tenn-by-term. 

t Throughout §§ 9-6-9*632 the letters n,, !»,» do not necessarily denote Fourier oonetants. 

X The proof given is due to G, Cantor, Joumaf^r Math. i.xxu. (1870), pp. 130-142. 
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9-6, 9-61] 

at ail points of the range {-n. tt) with the possible exception of a finite 
number of points, corresponding coefficients in the two series are equal. 

9*61. Riemanns associated function. 

Let the sum of the series + I (a„ cos n® + 6„ sin iw) = + i A„(x). 

— I ft a I 

at any point x where it converges, be denoted by /(x). 


Let 


fts 1 


Then, if the series defining f{x) converges at all points of any finite inte 7 'val, 
the series defining Fix) converges for aXl real values of x. 

To obtain this result we need the following Lemma due to Cantor: 

Cantor's lemma*. If (x) = O/or all values of x such that a^x^b, then 

For Uke two points x, x + d of the interval. Then, given (, we can find no such thatt, 
when n > jfo » ■> 

I a„ cos nx + sin Tix I < «, (a„ cos n (x + d) + 6„ sin n Cx + ^)) <c. 

Therefore 


I cos n 8 (a„ cos nx + 6 „ sin nx) + sin nd (- a„ sin nx+b„ cos ax) | < r 

I «>snd(a„co 8 nx + 6 „sin ytx) I <«, 
it follows that [ sin iM (— a„ sin Tix + b^ cos nx) | < 2 f, 

and it is obvious that | sin ni (a„co 8 nx+i^ sin nx) ) < 2 f. 

Therefore, squaring and adding, 

Ca„*+ 6 „ 2 )i j sin j < 2 « ^2. 

Now suppose that a„ 6 „ have not the unique limit 0; it will be shewn that this 
hypothesis involve a contradiction. For, by this hypothesis, wme positive number . 
whi^ unending increasing sequence ... of values of n, fo? 

Car.^ + 6 G*)^ > 4fo. 

Now let the range of values of d be called the interval /, of length Z, on the real axis. 

Taken/ the smallest of the integers n, such that n.'Z, > 2 ^ ; then sin n.Vgoes through 

Its length IS ,r/(2«, ) = Z Next take /ig' the smallest of the integers «,(>»,')l.ch that 
Z 2 > 2 Tr so that sin goes through all its phases in the interval /,; call 7 , that siib- 
intervalt of ^ m which sin n 2 >> 1/^2; iU length is Tr/(20 = Z 3 . We thus get a 
sequence of decreasing intervals /„ ... each contained in all the previous ones It is 

obvious from the definition of an irrational number that there is a certain point n which 
IB not outside any of these intervals, and sin 1/^2 when n=n^', n/,... (nV..i > h/) 

For these values of n, (a„»+fc„*) h > 2 ,, J2. But it has been shewn that corrIs\!onding 

• Riemann appears to have regarded this result as obvious. The proof here given is a 

^ exxn. 

+ Tlie vftiue of Wq depends on x and on 3. 

t If there is more than one such sub-interval, take that which lies on the left. 
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to given luirabera □ and f we can find no such that when n >■ no, + (sin na) <2f <ij2 , 
since some values of n/ are greater than Hq, the required contradiction has been obtained, 
because we maj take c < fQ; therefore On-^O, bn^O. 

Assuming that the series defining/(a:) converges at all points of a certain 
interval of the real axis, we have just seen that a„->0, Then, for all 

real values of x, I cin cos nx + bn sin nx \ $ (a„® 4- 6n^)^—>0, and so, by § 3 34, the 


series ^A^x^- 1 n-^An{x)=F{x) converges absolutely and uniformly for all 

real values of x ; therefore, (§ 3'32), F{x) is continuous for all real values of x. 

9’62. Properties of Riemanns (associated function; Riemonn s first lemma. 

It is now possible to prove Riemanns first lemma that if 

F(x-\-2a)-¥F(x~2a)-2F (x) 

0{x, a)=-^—T-i-• 


then WmGix, a)=f(x), provided that 2 An{x) converges for the value of x 

a—O 

tinder ccmsidei'ation. 

Since the series defining F(x), F(x±2a) converge absolutely, we may 
rearrange them ; and, observing that 

cos n{x + 2a) -+• cos ;i (x - 2a) - 2 cos nx = - 4 sin^ na cos nx, 
sin n {x + 2a) + sin n (x - 2a) - 2 sin nx = - 4 sin“ na sin nx. 


it is evident that 



It will now be shewn that this series converges uniformly with regard to 
a for all values of a, provided that 2 converges. The result required 

•i* ^ / \ /'sinna\* 

is then an immediate consequence of § 3'32 : for, if /„ (a) = ^ )> 

and/n(9) = 1) then fn{a) is continuous for all values of a, and so (?(x, a) is a 
continuous function of a, and therefore, by § 3-2, G (x, 0) = iim G (x, o). 


To prove that the series defining G{x, a) converges uniformly, we employ 
the test given in § 3-35 example 2. The expression corresponding to w„(x) 
is/„(o),and it is obvious that |/„(a)|$l; it is therefore sufficient to shew 

that 1 |/rt+.(a)-/n(«)| < K, where K is independent of a. 

i»=i 


In fact*, if « be the integer such that #|a|$fr<(«+l)|a|, when a4:0 we have 


1 

f|sl 


2 1 A+ 1 (a) “A (o) 1 = 2 (A(“)“A«-i(‘*))-, 1a* ■ 

n*l 


sin* a ain^^n 


* Since sin x decfc'ases as x increases from 0 to 
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Also 




+ 


sin*«a-8in*(7t+ 1) a 


^ 2 

1 


1(L _ 

a* \n* (n + l)V 


«p 

+ 2 


(;i + l)* a* 
sin* na - sin* (n +1) a 


+ 2 


{n+l)*o* 

I sin a sin (2n + l}a 


(n* + l)*a* 


(»+l)*a*' «* „=,+.(«+ 1 )* 

/■* dx 

Is (-rfl)* 


1 sin a 


^“S’ + 


1 


Therefore 


TT* {i+l)|a| 


I 1 / , N ^ , ,,^s‘n*a sin*ia , . siii*(< + l)fl^ .1,1 

I/... (»)-/.(<■) IS—- + (,+ !)»„* 


, 1 2 
< 1 +-+^. 


tr ir 


Since this expression is indeijendent of a, the result i*equired has been obtained*. 


Hence, if 2 converges, the series defining G {x, a) converges 

»=o 

uniformly with respect to a for all values of a, and, as stated above, 


lim(?(a;, a)=s(?(x, 0 ) = i4o+ ^ ■An(x)=/{x). 

a-^O n = l 

that B 3)-*-/{j) when f{x) converges if a, 0-^0 in such a way that a/0 and 0/a 
*^Wain finite. (Biemann.) 

9621. Miemanns second lemma. With the notation of §§ 9'6-9*62, if 

“n* K'->0, then lim + 2a) + F{x~ 2a) — 2F{x) _ ^values of x, 

4a 




For ia-'[F (x + 2a) + F(x - 2a) - tF{x)\ = A„a I but 


''y § 91 1 


example 3, if a > 0, 


* sin* no 




M = l 


n*a 


a»i «*a 
? = i (tt — a); and so, since 


«=l ira 


dfl (x) a-I-^ (tt — o) .d, (jO + — i(7r —a)— S - 

n=l ”« = 1 


” sin*ma 


= 1 m*a 


\An^x{x)- An{x)], 


1 follows from § 3-35 example 2 , that this series converges uniformly with 
■®gard to a for all values of a greater than, or equal to, zerof. 

Thin ine<|iia1ity is obviously true when a — 0. 


+ II we define (o) by the equations On (a) = J (v - «) - 2 , fa * 0). and g,^ (0) = .J w, 

ft*** 1 ® 

l^n(«) is continuous when a^O, and (a) <'/n(a). 


186 


THE PROCESSES OF ANALYSIS 


[chap. IX 


But 


Urn ia-'*F(.x+2a) + F(x-2a)-2F(x)] 


a-^Tv 

n~\ 


and this limit is the value of the function when o = 0, by § 3-32; and this 

it i 1*_ 1« 


value is zero since lim ^ „ (®) = 0. By symmetry we see that j^m = to. 


n-^x 


9'63. Riemann's theorem* on trigonometriml series. 

Two trigonometrical series which converge and are equal at all pmnts of 
the range (- tt, tt), with the possible exception of a finite number of points, 

must have corresponding coefficients equal. 

An immediate deduction from thi.s theorem is that a function of the type 
in 8 9-42 cannot be represented by any trigonometrical series in the range ( ir, ir) 
than the Fourier series. This fact was first noticed by Du Bois Reymond, 

We observe that it is certainly possible to have other expansions of (say) the form 


0^+ 2 (o^coe^^r + ^mSinirnx), 

m«l 


which repre-sont f{x) between - v and . ; for write x=2(, and consider a function 

which is such that ,^(«=/(2«) when "*’'<« 

and when where gU) is any function satisfying the conditions of § 9 4.S. 

Then if we expand <#> (^) in a Fourier aeries of the form 


oft+ 2 (a,„ cos COS m|), 

«=0 


this expansion represents/(x) when -x<x<.-, and clearly by chewing the function y{f) 

in different ways an unlimited number of such exi>ansion6 can l>e obtained. 

The question now at issue is, whether other series proceeding in sines and cosines ^ 
iVKcyrof multiples of x exist, which differ from FourieFs expansion and yet represent/fx) 

between — ir and w. 

If possible, let there be two trigonometrical aeries satisfying the given 
conditions, and let their difference be the trigonometrical series 


Ao+ i ^n(^)=/(^)- 

n = l 


Then f{x) = 0 at all points of the range (-tt, tt) with a finite number of 

exceptions; let f. be a consecutive pair of these exceptional 

let F{a:) be Riemann’s associated function. We proceed to establish 

lemma concerning the value of Fix) when fi < x< fa. 

9-631. Schwartz^ lemma f. In the ratige F{x) w a linear function of X, 

if y’(x)^0 i« thU range. 


For lfd = l orifd=-l 


g,(x)=B [^/-(x) - ■P(«i)- ’Fili! - ^’«i)l] - V*' (•'' ■ 


is a continuous function of .r in the range and 


• The proof we give ie due to G. Cantor, Jo..maf/ar Math, lxxii. (1870). pp. 139-142. 
t Quoted by G. Cantor, Jouinuf/tir Math, lxxii. (1870). 
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If the first term of (x) is not sero throughout the range* there will be some point 

the sign of 0 so that the first term is positive at c, 
Wd then choose A so small that 0 (c) is still positive. 

Since 0 {x) is continuous it attains ita upper bound \§ 3-62), and this upper bound is 
positive since (c) >0. Let 0 (x) attain its upper bound at e,, so that Ci + , Cj =t= I 2 • 

Then, by Riemann’s first lemma, 


liru C^i + a) + {c \ - a)-2<p (c, ) ^ 


a-M) 


But {c^ +n) ^ ^ (c,), <p {c^ - a) (f> (C|), so this limit must be negative or zero. 

Hence, by supposing that the first term of ^ (j .0 is not everywhere zero in the range 
ttj) faX we have arrived at a contradiction. Therefore it is zero; and consequently /'(x) is 
s near function of x in the range ^1 < x < ^ 3 . The lemma is therefore pi-oved. 


9632. Proof of Rieinanns TA^or^m. 

We see that, in the circumstances under consideration, the curve y ~F{x) 
*^presents a series of segments of straight lines, the beginning and end of 
®®chline corresponding to an exceptional point; and as F{x), being uniformly 
Convergent, is a continuous function of x, these lines must be connected. 

®ut, by Riemann's second lemma, even if ^ be an exceptional point. 


F(l^ ^FiS~a)-2 F^^^ 

Now the fraction involved in this limit is the difference of the slopes of 
two segments which meet at that point whose abscissa is therefore the 
two segments are continuous in direction, so the equation y = F{x) represents 
a single line. If then we w-rite F(x)-cx + c', it follows that c and c' have 
ttie same values for all values of x. Thus 


^AoX^- cx-c'- 2 n ^An(ir), 

n»l 

the right-hand side of this equation being periodic, with period 27r. 

The left-hand side of this equation must therefore be periodic, with period 
Hence 

^, = 0, c = 0, 

-c'= £ n-^An(x). 

Now the right-hand side of this equation converges uniformly, so we can 
*^^ltiply by cos nx or by sin tix and integrate. 

This 


process gives 


7 rn“='rt„ =* - c'J cosnxdx=0, 
'7rn~^bn— — o'j si 


sin nxdx ~ 0. 


• If it is aero throughout the range, F(x) ie a linear function of x. 
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Therefore all the coefficent. vanish, and therefore the two trigonometncal 
series whose difference is 2 4 „ (^) have corresponding coeffic.ents equal. 

This is the result stated in § 9-63. 

9-7. Fourier's representation of a function hy an integral^. 

T r n R Q-4.^ that if fix) be continuous except at a finite 

number” ordiscontinuities and’if it have limited total fluctuation in 

range (- x , oc ), then, if ® be any mt<^nal point of the range (- «, /3), 

.. sin(2?ft + l)(i-<c) A7^^'^sin^|/(a^ + 2^)-h/{®-2^)l• 

bm j- Jt^) ^ ^ ^ ^ 

“now‘ let X be any real number, and choose the integer m so that 
X ^ 2m + 1 4- 2^ where 0 ^< 1- 

Then f lsinX(t-x)-sin(2m + l)(t-*))(«-*)-/(‘^‘^* 

= J” 2 (cos (2m + 1 + V) (t - * 

^ br§9-41(u,, since (t-x)-/( 0 -,(t-x) has limited total 

fluctuation. 

IK» •I* P'””' 

i. i. .h.. it/; i/»)i ■" ““ Ly ^‘>' *“ 


and 30 


(t-X) 

iimf j £ cos „ (t - X) du( /(O * = i’T {/(X + 0) +/(x - 0)1 


To obtain Fourier's result, we must reverse the order of integration in 
this repeated integral. 

For any given value of X and any arbitrary value of e, there exists 
number /3 such that 

|*|/(0|d«<i€/>'i 

• La Theorit Analytique de la ChaUur, Ch. Phil Soc. ixi. (1923), 

the modera theory of ‘Fourier traoBforms/ see 
pp. 463-473 and Proc. London Math. Soc. (2) xxm. (19 ). PP- 


t f* 
« • 


as 


mcaue the double limit Hm 

P-*-* 


xxra. (195S4), pp. 

. If this limit eiistB, it iB equal lo^Umj _^* 
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u) du 





-j I 4 >(^> 

0 Jo 


= u)rf«|rf< + j |J^ w)(^« 

- /.“ I '“1 1 ’ '“1 * 

- ir 1 *1 * - 1 . j *1 


/;!/><■■ 
r 1/(01 


u) I du 


di < €. 


ldt+ r [*!<#>«. 

I Jo jff 


J fi 

Since this is true for all values of e, no matter how small, we infer that 

/./«=/„X-^‘™''"'y/o 7,'=/»/. • 

Hence ^tt {/(x + 0) +/(^ “ /o 

= cosu{t-x)/{t)dtdu. 

This result is known as Fourth's integral theorem^. 

Example. Verify Fourier’s integral theorem dircctfy (i) for the function 

/(a*)=(a*+x*)“ 

(ii) for the function defined by the equations 

(-l<r<l): /(*)=0. (I^l>')- (Rayleigh.) 
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G. A. Garbs and G. Shrareb, X course .a /’earier'i avMy.is and pen^ran. analy,. 
(Edinburgh Math. Tracts, No. 4, 1916). 

• The equation = / o /^“ ^ ^ 

whioh/(*) ia oontinuoue. aabiect to less stringent lestrictions, see 

Hot / a”“nr «S WzilM. The reader should observe that, although 

Hobson, Funetione of a Real VanabU, §§ s»*: 

s'i” /!. /o/-- 1 / 0 ■“ 
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Miscellaneous Examples, 

OHtain the expaosioDs 


(a) 


1 -rcoBi 


(6) |log(l-2rcosz+t^)=-rco3^-lr«co8 22-5r*coB3«-..., 

2 3 

/V . rsin^ 1 1 

(c) arc tan =»* Bin i+- r» sin 2^+1 r» sin 3? +..., 

/jv I . 2r8in2 1 i 

(d) -arc tan^-^ = ^SIn^ + -fJsin 3 ^+^^«Bin 62 + ..., 

and shew that, when |r|<l, they are convergent for all values of z in certain strips 
parallel to the real axis in the 2 -plane. 

2. Expand and x in Fourier sine series valid when -tr<x<ir; and hence find 
the value of the sum of the series 

2x + i sin 3x-^sin4r 

for all values of x. 1902 .) 

3. Shew that the function of x represented by 2 n“^sin 7 ixsin*no, is constant 
(0 < X < 2a) and zero (2a < x < ^), and draw a graph of the function. 

(Pembroke, 1907.) 

4. Find the cosine series representing/(x) where 

/(x)=ain x+cosx (0 < x ^^^), 

/(x) = sinx —cosx (iir^x<jr). (Peterhouse, 1906.) 

5. Shew that 

3 ^+"=i*r[x], 

where [x] denotes -t-1 or - 1 according as the integer next inferior to x is even or uneven, 
and 18 zero if x is an integer. (Trinity, 1896.) 

6. Shew that the expansions 


and 


log 


log 


„ I 
2 cos - X 


2 sin ^ X 

A 


= cos X - ^ cos 2x + ^ cos 3x... 

= -C08X-ic03 2x-^C0B3x... 


are valid for aU real values of x, except multiples of ,r. 
7. Obtain the 6xpan8ioQ 

( _ )m C03 ms 


tc 

2 


: ^ - r- COS mx , / 1 \ 1 

=0 (m+l)(m + 2)''^°^***'^®®^)^°g 2 x+ 8 inx)-cosx, 

and find the range of values of x for which it is applicable. (Trinity, 1898 ) 

8. Prove that, if 0 < x < 2^, then 


£*5^ , 2 sin 2x . 3 sin 3x 


n sinh a (jr -x) 


«*+l* a*+2* + a>+3* “2 “sTHhW 


(Trinity 


1895.) 
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9. 


Shew that between the values and of x the following expansione hold 


am true 


ir **7’ 


cosmjTs- sin mir , 

»r V 2 m 


1 , mcoex mc08 2 x mcos 3 jr 
-r --- ^ - 


^ olv 


i('_L_ 

rr \ 2 m 


P-m* 2*-m» ’ 33 -m* 

tn cos X m cos 2 j m cos 3 .r 


— ...^» 


l*+w* 2<+m* 3* + m* 




Shel^hir^ be a real variable between 0 and 1 . and let n be an odd number 5 

- 2 — tan — cos 2 wi»rx, 

if X IS not a multiple of where s is the greatest integer contained in nx; but 

1 2 * 1 mw ^ 

v=~ + - 2 — tan —cos2mfrx, 
n tTrnmi m n 

if X is an integer multiple of 1 /n. 

11. Shew that the sum of the series 

J + 4fr^^ 2 m”*sin|mircos 2mfrx 

ifl 1 when 0 <x<|, and when §<x<l, and is -1 when ^ <x<§. 

12. If 


(Berger. 


(Trinity, 1901. 




shew that, when -1 < x < 1 , 


«* - 1 n«o « •' 


_ co 8 4frx cos 6 »rx , , .2*"~*ir*" 

008 2wx+-^ +-pv-+ 


. - sin 4»rx sin 6 n-x , . , 

sm2 wx+-^+ + ...=(-)”+■ 


2 n ! 
2»n ♦ 1 

2 n + 1 ! 




^9n ♦ 1 (X). 


13' If m is an integer, shew that, for all real values of x, 

cos>-x -2 i~ + — cos 2 x+ cos 4 x 

2.4.6 ... 2m l2 ^ m+1 ^(m +1) (m + 2) ® ® 


(Math. Trip. 1896.) 


m(m-l)(m~ 2 ) 

**’(w + l)(m + 2)(m + 3)^ 


C08*"»“l X 


4 2.4.6... (2m-2) fl . 2m - I . (2m-l)(2m-3) 1 

»r 1.3.5...(2m-l) t2'**2fn + l ■^(2^ + l)(2m + 3)'‘^®®‘^’*''''--7 ' 

14. A point moves in a straight line with a velocity which is initially u, and whic 
J^ives constant increments, each equal to u, at equal intervals r. Prove that the velocit 
at any time t after the beginning of the motion is 


u ut M * 1 . 2m»r< 

- + — + - 2 - sin- 

2 r ff„=im r 


end that the distance traversed is 


^ \ ^ 1 2m»r; 


(Trinity, 1894.) 
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15. If 

/ W = i. 2^1 (6- 3) - 2 (2- D * 


3^/3 


f • ®‘ 

•jsmx — 


einSi? , sin 7x sin llx 

^ ^ 


5« ^ p IP 


...j-, 


shew that /(+0)=/(ir-0)= -itr, 

and /(j7r+0)-/(4,r-0)==-K /(iir+0)-/(§tr-0) = J^. 

Observing that the last series is 

si n U2n-1) ff sin (271-1)3 ; 


6 * 
- 2 


(2n-l)* 


(Math. Trip. 1093.) 


draw the graph of/(4;). 

16. Shew that, when 0 < x < tt, 

= ^cosx-^cos5 j:+^cos 7x-^ cos 11 j + ...^ 

=810 2a? + “ sin 4a? + t sin 8a?+r sin 10a? +... 

2 4 V 

where /(^)=i'r (0<a?<Jtr), 

/(a?)=0 (S«-<:c<|»r), 

/(a?)=-|»r (|»r<x<ff). 

Find the sum of each aeries wh^n x=0, Jn-, §fr, tr, and for all other values of a?. 

(Trinity, 1908.) 

17. Prove that the locus represented by 

* / ^ \f> • I 

2 i—~— sin nx sin ny=0 

«-i »* 

is two systems of lines at right angles, dividing the coordinate plane into squares of 

» ^ (Math. Trip. 1895.) 

area »r*. ' ‘ 

18. Shew that the oqujitiou 


* ( -^ Bin ny cos ns 


represents the lines y- ±mir, (m-0,1, % ...) together with a set of arcs of eUipsos whose 
eemi-axes are »r and w/VS, the arcs being placed in squares of area 2fr*. Draw a diagr^ 
of the locus. (Trinity, 1903.) 

19. Shew that, if the point (j?, y, *) lies inside the octahedron bounded by the planes 

• • • 1 
^ m Buinx Bin ny Slum 1 

^2/-)-^- 

(Math. Trip. 1904.) 

20. Circles of radius a are drawn having their centres at the alternate angular points 
of a regular hexagon of side a. Shew that the equation of the trefoil formed by the outer 

arcs of the circles can be put in the form 


itT 


1 + J-, cos 3tf - cos 6^ + 5 ^ cos - ..., 


6V3a 2^2.4 6.7 ^8.10 

the initial line being taken to pass through the centre of one of the circles. 

(Pembroke, 1902.) 
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21. Draw the graph represented by 
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, 2m , w 

-«lH-sin - 

<* n m 


]I j _ * (-)’'cosnw^l 

12 /» 


(Jesus, 1908.) 


where m is an integer. 


~=6-3 /34.2 s U-)"~*6 -I-3J3} ^ 

nh TtJn-l)(6n + l) 

the prime vector bisecting a petal. 

23, Shew that, if c > 0, 

/o ‘ 1• ‘=^= § ‘“nh i ».r. 


(Trinity, 1905.) 


24. Shew that 


lim f 

J 0 


(Trinity, 1894.) 


sin (2w + l)3 r dx 1 

sinx l+x»~2"®®*^^- 


25. Shew that, when -1 <x< 1 and a is real, 1901.) 

sj^(2n-H)^siu(l+x)tf e_ 1 8inha.r 
0 sin^ «*+^* 2’^lIihT- 


lim f 

J ( 


(Math. Trip. 1905.) 

summation m extended to aU positive roots of this equation, determine the constants A,. 

(Math. Trip. 1898.) 

27 1 ^ ^ * 

/(x) = _ 00 +^ 2 ^ (CT»cosnx+6„8in7tx) 

is a Fourier series, shew that, if/^ satisfies certain general conditions, 

w «>s at tan 1 1 , 6.= 1 f" 1 , <* _ 


28. If 5.(*) = 2 5 (-)r-.2^ 

r-l T 

tlir 


(Beau.) 

, prove that the highest masimum of A’„(x) in the 


interval (0, «■) is at xt= ^^ ^ and prove that, as n-^oo, 

{—^ -2 f’ 

Deduce that, as »-«, the shape of the curve y=5.(x) in the interval (0, w) tends to 

approximate to the shape of the curve formed by the liney=j;, (Os.r<„) together with 
the line x=7r, (0«y<(7), where v ^ ; gcuierwun 

Jo * 

iVamre, lux. (1899), 

p. e(W. T^ phenomenon, is characteristic of a Fourier series in the neighbourhood of a 
^int of ordinary dis<»ntmuity of the function which it represents. For a full discussion 

III a8^r““To« ’om‘ T ’’y '^“brnham, Camh. and Dublin Math. Jow-nal, 

II. (1848), pp. 198-201, see Carslaw, Fourier^i Seri^ and Integrals (1921), Ch. ix.] 


CHAPTER X 

LINEAR DIFFERENTIAL EQUATIONS 


101. Linear Differential Equations*. Ordinary points and singular points. 

In some of the later chapters of this work, we shall be concerned with the 
investigation of extensive and important classes of functions which satisfy 
linear differential equations of the second order. Accordingly, it is desirable 
that we should now establish some general results concerning solutions of 
such differential equations. 

The standard form of the linear differential equation of the second order 
will be taken to be 

. 


and it will be assumed that there is a domain S in which both p{z), q{z) are 
analytic except at a finite number of poles. 

Any point of S at which p (z), q (z) are both analytic will be called an 
ordinary paint of the equation; other points of 8 will be called singular 

points. 


10'2. Solution-\ of a differential equation valid in the vicinity of an 
ordinary point. 

Let 6 be an ordinary point of the differential equation, and let Sf, be the 
domain formed by a circle of radius whose centre is b, and its interior, the 
radius of the circle being such that every point of Si is a point of S, and is 
an ordinary point of the equation. 

Let ^ be a variable point of Si. 


In the equation write i4 = vexp 




and it becomes * 


dz 


, + J (^)v = 0 



where ^(^) = 9 ^ “ 4 

* The analysis contained in this chapter is mainly theoretical; it consists, for the moat p^, 
of existence theorems. It is assumed that the reader has some knowledge of practical meth 
of solving differential equations; these methods are given in works exclusively devoted to t e 

subject, such as Forsyth, A Tuatue on Differential Eqnutioiu (1914). 

t This method ia applicable only to equations of the second order* For a method app ca 
to equations of any order, see Forsyth, Theory of Differential Equations, iv. (1902), Ch. i. 
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It is easily seen (§ 5'22) that an ordinary point of equation I 

an ordinary point of equation (B). oi equation (A) is also 

Ik. ilZf" '• l-k"-'! by 

Vo (z) = 0(1 + ai (^ — b), 




(n = l. 2, 3, ...) 

where a®, a, are arbitrary constants. 

Let M, fi be the upper bounds of and \ v (A \ in a • « 

Then at all points of this domain ^ > f “‘I I (^) I the domain 5,. 

For this inequality is true when n = 0; if it is true when a = 0.1 m-l 
we have, by taking the path of integration to be a straight line,. ’ 

IWI = I/*(f- -^(f) (?) df 

1 f', ^ 

^ (m - 1)! j J I • I) I 6I rff I 


^ {m 


Therefore, by induction, the inequality holds for all values of n. 

Also, since ,,hen ^ is in S, and £;.ilf 

verges, it follows (§ 3-34) that a (r) = a, (.) is a series Z\aa\ytio functions 
uniformly convergent in 5,; while, from the definition of a„(a). 

(n = I, 2, 3, ...) 


£a»(^) = -/V(r)a_.(f)<ff. 


^ V„ (ir) = — {z) j 

hence it follows (§ 5*3) that 

dz^ dz^ dz^ 

~-J{z)v (z). 
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and, from the value obtained f<yr 


^ Vn (^)» it is evident that 


u(6) = ao. 

where a®, a^ are arbitrary. 



10 ‘ 21 . Uniqueness of the solution. 

If there were two analytic solutions of the equation for v, say Vi {z) and Ua(^) 
such that v,(6) = ^8(6) = Uo, v^(b) — Vz{b) — ai, then, writing w(z) — Vi{z)-V 2 (z), 
we should have 


d'^w {z) 
dz^ 


-\-J {z)w (z) = 0. 


Differentiating this equation n - 2 times and putting z — b, we get 

w'”’ (b) + J(b) (b) + (6) + ... + (b) w (b) = 0. 

Putting n=2, 3, 4,... in succession, we see that all the differential coefficients 
of w (z) vanish at b ; and so, by Taylor’s theorem, w(z) = 0‘f that is to say the 
two solutions Vi{z), v»{ 2 ) are identical. 


Writing 


u(z)^v (z) exp 



P(?)di 


we infer without difficulty that u{z) is the only analytic solution of (A) such 
that ii{b) = A^y u{b) = A,, where 


Ao = a^, A, = ai - (6) tt®. 

Now that we know that a solution of (A) exists which is analytic in 
and such that a (6), u'(6) have the arbitrary values A®, A,, the simplest 
method of obtaining the solution in the form of a Taylor’s series is to assume 

CO 

u{z)^ X An(^ —6)”, substitute this series in the differential equation and 

n=0 

equate coefficients of successive powers of ^ — 6 to zero (§ 3*73) to determine 
in order the values of Aj, A®, ... in terms of A®, A^. 


[Note. In practice, in carrying out this process of substitution, the reader will find 
it much more simple to have the equation * cleared of fractions' rather than in the 
canonical form (A) of § lO'l. Thus the equations in examples 1 and 2 below should 
l*e treated in the form in which they stand ; the factors 1 — z*, (« —2)(x —3) should not be 
divided out. The same remark applie.s to the examples of §§ 10*3, 10*32.] 

From the general theory of analytic continuation (§ 5*5) it follows that 
the solution obtained is analytic at all points of S except at singularities 
of the differential equation. The solution however is not, in general, 

‘ analytic throughout S ’ (§ 5 2 cor. 2, footnote), except at these points, as it 
may not be one-valued; i.e. it may not return to the same value when z 
describes a circuit surrounding one or more singularities of the equation. 
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[The property that the solution of a linear differential equation is analytic 

except at singularities of the coeflScients of the equation is common to linear 
equations of all orders.] 

When two piarticular solutions of an equation of the second order are not 
constant multiples of each other, they are said to form a fundamental system. 

Example 1. Shew that the equation 

(1 -z^) k"-22u' + }w= 0 
has the fiuidamental system of stilutions 

Determine the general coefficient in each series, and shew that the radius of con¬ 
vergence of each series is 1. 

Example 2. Discuss the equation 

(2-2)(r-3) ti"-(22-5) «' + 2u = 0 
in a manner similar to that of e.xample 1. 

10 ' 3 . Points which are regular for a differential equation. 

Suppose that a point c of iS^ is such that, although p {z) or q {z) or both 
have poles at c, the poles are of such orders that {z~c)p{z), {z-cyq{z) are 
analytic at c. Such a point is called a regxdar point* for the differential 
equation. Any poles of 7 >(^) or of q{z) which are not of this nature are called 
ii'regular points. The reason for making the distinction will become apparent 
in the course of this section. 

If c be a regular point, the equation may be written f 

(^ - c)* ^ + (2 - c) . P (^ - c) ^ + Q (z - c) « = 0. 

where P {z - c), Q{z-c) are analytic at c ; hence, by Taylor's theorem, 

P (z - c) ^ Po + pi{z - c) + p 2 (z -cf -h , 

Q (z ~ c) ^ q^ -i- q^{z - c) + q^{z - cy .... 

where p^, pi, .... qf,, q^, ... are constants; and these series converge in the 
domain formed by a circle of radius r (centre c) and its interior, where r is 
so small that c is the only singular point of the equation which is in S... 

Let ns assume as a formal solution of the equation 

1 + £ an(z -c)^\, 
n=l J 

where a, fli, a,, ... are constants to be determined. 

* The name 'regular point’ is due to Thom6, Journal fiir Math. lxxv. (1873), p. 266. 
Fuchs had previously used the phrase ‘ point of determinateness.’ 
t Frobenius calls this the normal form of the equation. 


M = (Z - C)" 
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Substituting in the differential equation (assuming that the term-by-terra 
differentiations and multiplications of series are legitimate) we get 


c)* a(a—1)+ 2 an(a + n)(ot +n—1)(2 —c)'* 


+ (^-c)"P(z-c). a+lan(a + 

n^l 


n) (z - c)" 


+ (z~c)^Q(z~-c) 1+ i an(^-c)«l = 0. 

L «=i J 


Substituting the series for P{z~ c), Q{z — c), multiplying out and equating 

to zero the coefficients of successive powers of we obtain the following 
sequence of equations: 

a= + (po-l)« + ^o = 0, 
a, [(a+ 1)2 + (po — l)(a + 1) + = 0, 

^^2 Rot + 2)2 4- (po — 1) (a + 2) + q^] + a, ((a + l)pi + g'j) + txp^ + q^ — Q, 


^^»l(a + «)= + (po-l)(a + n) + go) 

«—1 

+ 2 a„_,„((o + n-m)p^ + 9„] + ap„ + g„=r0. 

The first of these equations, called the indicial equation*, determines two 
values (which may, however, be equal) for o. The reader will easily convince 
himself that if c had been an irregtdar point, the indicial equation would have 
been (at most) of the first degree; and he will now appreciate the distinction 
made between regular and irregular singular points. 

Tet a = /3,, a = p 2 be the rootsf of the indicial equation 

/’(«) = fli2 + (po- 1) a+ g„ = 0; 

then the succeeding equations (when a has been chosen) determine a,, a*, 
m order, uniquely, provided that i’(a + n)does not vanish when « = 1. 2, 3, 
that IS to say, if a = pu that p^ is not one of the numbers p, + 1, p, + 2, ; 

and, if a = p^^ that p, is not one of the numbers pa + 1, pa + 2, .... 

Hence, if the difference of the exponents is not zero, or an integer, it is 
always possible to obtain two distinct series which formally satisfy the 
equation. 


Example. Shew that, if m is not zero or an integer, the equation 
is formally satisfied by two .series whose leading terms are 


\‘^i6(i+»,) r 




1 + 


16(1 




dotennine the coefficient of the general term in each series, and shew that the series 
ciiuvergc for all values of z. 


* The name is due to Cayley, Quarterly Journal, xxi. (1886), p. 326. 

+ The roots pi, of the indicial equation are called the exponent* of the differential 
equation at the point c. 
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10*31. Gonvergenc9 of the ejcpansion o/§ 10-.3. 

If the exponents p^ are not equal, let p, be that one whose real part is 
not inferior to the real part of the other, and let p. - ^ ; then 

F (pi + /i) = n (s + li). 

Now, by § 5*23, we can find a positive number M such that 

where M is independent of n; it is convenient to take M ^ 1. 

Taking a = , we see that 


I “1 I — rm -— TTr-, < 


M 


since « + 11 > 1. 


F(pi + 1)1 r 5+1 


M 

< - . 
r 


Know we assume | a„ | < i/'V"" when n= 1, 2, ... m- ], we get 




m-1 

{(pi + 9,1 + p^p„ + 9 „ 

" F(p7+m) 

2 |a„_(|.|PiP, + 9, j + 2 : (w-i)la„,_( j jp, 

Izi __ /=! 




rm-i 

2 (m — ^) 


m 15 + I 
I Jl^rny.-m 


Wl* I 1 + m 


— I 


Since 11 + | ^ because It (s) is not negative, we get 

. m +1 


a 


m 


2m 




and so, by induction, | a„ | < M”r-» for all values of n. 

^ If the values of the coefficients corresponding to the exponent p^ be 
Oi, Og, ... we should obtain, by a similar induction, 

I I < 

where « is the upper bound of | 1 - s |-*, | 1 - ^s\-\ ] 1 - \s\-\ ... ; this 
bound exists when s is not a positive integer. 

We have thus obtained two formal series 

wi (s) = (z-cy>\i-\- i o„ (^ - c)« 

L «*i 

k/2 (z) = (5 - cyi I 1 + i a^iz- c)" . 

L »=i 

The first, however, is a uniformly convergent series of analytic functions 
when I ^ - c I < as is also the second when 1 2 - c j < provided 
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in each case that arg(^ —c) is restricted in such a way that the series are 
one-valued; consequently, the formal substitution of these series into the 
left-hand side of the diSerential equation is justified, and each of the series is 
a solution of the equation; provided always that pi — p^ is not a positive 
integer or zero*. 

With this exception, we have therefore obtained a fundamental system of 
solutions valid in the vicinity of a regular singular point. And by the theory 
of analytic continuation, we see that if all the singularities in S of the equation 
are regular points, each member of a pair of fundamental solutions is analytic 
at all points of S except at the singularities of the equation, which are branch¬ 
points of the solution. 

10*32. Derivation of a second solution in the case when the difference 
of the exponents is an integer or zero. 

In the case when pi - pz — s is a positive integer or zero, the solution 
W 2 (z) found in § 10‘31 may break downf or coincide with Wi (z). 

If we write u = Wi (z) f, the equation to determine f is 




2 (2 - cf +(z~c)P(z-c) 


Wi(z) 


§-»■ 


of which the general solution is 




r—^ 

I K(2)1 


-exp 


^ P(z — c) 




dz 


•. dz 


- dz 


= A + £ j (z- (-2) dz, 

where A, B are arbitrary constants and g(z) is analytic throughout the 
interior of any circle whose centre is c, which does not contain any singu¬ 
larities of P {z — c) or singularities or zeros of {z — c)"'’* Wj (z); also g (c) 1- 


Let 

Then, if 5 ^ 0, 


90 


nsl 


r = ^ + 5|'' |l + l^g„{z- c)”| {z - C)-- dz 

^A+b\--(z- c)-' - '2 Sjl. (z - c)»-* + g, log (z - c) 

L ® ^ -j 

+ 2 . 

ii=*4-i n — s J 


" If PjIB a positive integer, <c does not exist; if pi=p 3 , the two solntions are the same. 

t The coefficient a,' may be indeterminate or it may be infinite; in the former case 
will be a solution containing two arbitrary constants oq and a,'; the series of which o, is a 
factor will be a constant multiple of tOt (r). 
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Therefore the general solution of the differential equation, which is 
analytic at all points of C (c excepted), is 

^ ty, ( 2 ) + B {z) log (^ - c) + w (^)l. 
where, by § 2'53. w(^) = (r - c) <>■ ! - ^ + Xh„(z- c)4 , 

( ® n=l j 

the coefficients hn being constants. 

When 5 = 0, the corresponding form of the solution is 

Aw^(z)^\-B Wi(z)log(z~c) + {z-cy^ 2 hn(z~c) 

L n = l 

The statement made at the end of § 10'31 is now seen to hold in the 
exceptional case when 5 is zero or a positive integer. 

In the special case when gt = 0, the second solution does not involve 
a logarithm. 

The solutions obtained, which are valid in the vicinity of a regular point 
of the equation, are called regular integrals. 

Integrals of an equation valid near a regular point c may be obtained 
practically by first obtaining (z), and then determining the coefficients in 

a function to, (z) = 2 6n by substituting (z) log (z — c) + (z) in 

the left-hand side of the equation and equating to zero the coefficients of the 
various powers of z — c in the resulting expression. An alternative method 
due to Frobenius* is given by Forsyth, Treatise on Differential Equations, 
pp. 243-258. 



Example 1. Shew that integrals of the equation 


regular near ;=0 are 


. 1 rfu « 

jj +- j—= 0 

a«* z dz 


* m*” 2®" 




and 


l0g2-^2 


«=i 2»»*(n 

Verify that these series converge for all values of z. 
Example 2. Shew that integrals of the equation 


regular near z=0 are 


.Cz-l)S + C2.-I)^ + i«=0 




Wy 




and 


® ^ V 2.4...2rt y Vl 2^3 - 2n) 

Verify that these series converge when | ^ | < 1 and obuin integrals regular near z 

• Journal fUr Math, lxxvi. (1874), pp. 214-224. 
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Example 3. Shew that the hypergeometric equation 

^(1-^) ^ + {c-(a + b + l)s}^ - abu = 0 

is eatished by the hypergeometric series of § 2'38. 

Obtain the complete solution of the equation when c*!. 

10'4. Solutions valid for large values of\z\. 

Let z = \lz^; then a solution of the differential equation is said to be 
valid for ‘large values of |z|’ if it is valid for sufficiently small values of \Zj 
and it is said that ‘the point at infinity is an ordinary (or regular or irregular) 
point of the equation’ when the point Zi = 0 is an ordinary (or regular or 
irregular) point of the equation when it has been transformed so that Zi is 
the independent variable. 

Since 


(Pu , .du , ^ dhi /1 \' 

+pW = V —+ • 2z,^-z'‘pl~)\ 

j 




dz^ '^^^'dz ■ ^,2 

we see that the conditions that the point z^co should be (i) an ordinary 
point, (ii) a regular point, are (i) that 2z-^z^p{z), z*q{z'\ should be analytic 
at infinity (§ 5‘62) and (ii) that zp (z), z^q (z) should be analytic at infinity. 

Example 1. Shew that every point (including infinity) is either an ordinary point or 
a regular point for each of the equations 

^(1 -^) -r? '¥{c-(a + b+l)z)-^-abu = 0, 


dz^ 


(l-2’)^‘-2^^' + n(« + l)«=0, 
where a, 6, c, n ore constants. 

Example 2. Shew that every point except infinity is either an ordinary point or a 
regular point for the equation 

„ dht . du , , , 

where n is a constant. 

Example 3. Shew that the equation 




du 


has the two solutions 


, 1 1.3.41. 3 : 4 .5.6 1 . 

* 3’ ■^2.4.7. 


the latter converging when (* 1 > 1. 


10'6. Irregular singularities and confluence. 

Near a point which is not a regular point, an equation of the second order 
cannot have two regular integrals, for the indicial equation is at most of 
the first degree; there may be one regular integral or there may be none. 
We shall see later (e.g. § IGS) what is the nature of the solution near 


10*4 10-G] I-INEAR DIFFERENTIAL EQUATIONS 203 

such points in some simple cases. A general investigation of such solutions* 
IS beyond the scope of this book. 

It frequently happens that a differential equation may be derived from 
pother differential equation by making two or more singularities of the 
latter tend to coincidence. Such a limiting process is called confluence; 
an the tormer equation is called a confluent form of the latter. It will be 
seen in § 10 6 that the singularities of the former equation may be of a more 
complicated nature than those of the latter. 

10*6. The differential equations of mathematical physics. 

The most general differential equation of the second order which has 
pery point e.xcept Oi, o,. a^, and oo as an ordinary point, these five points 
being regular points with exponents a., at a.(r = 1. 2. 3. 4) and exponents 
Ml, at 00 , may be verifiedf to be 

d^u 


dz 


+ 


(4 


r = l Z-ar ] 



4 

2 


ar^r , Az^+2Bz+C 

I A 


r=i(^-ar) 


where A is such thatj and are the roots of 


n - Or) 

rsl 


}«=(., 


4 


\ + 1 Qr^r +- 4 = 0 , 

r-l 


j 2 (a,. + ^r) - 3 

and B, C are constants. 

The remarkable theorem has been proved by Klein§ and B6cher|| that 
p the linear differential equations which occur in certain branches of 
Mathematical Physics are confluent forms of the special equation of this 
type in which the difference of the two exponents at each singularity is A; 
a brief investigation of these forrrts will now be given. 

If we put (r=l, 2, 3, 4) and write ^ in place of z, the last 

written equation becomes 


d^u 

rff‘ 


r=l ?-a. I 


du 

di 


+ 


Ui (f-ar)’ •" 


a = 0, 


n (f- Ur) 
r=\ 

elemenUry inveBtigations are given in Foreyth’s Dijf.rentia} Equotiom (1914). 
Complete investigations are given in his Theory of Differential Eq^iations, iv. (1902). 

t The coeaScients of ~ and u must be rational or they would have an essential singularity 

at some point; the denominators of p(r). q[z) must be (r-a,). n (z-«,)2 respectively; 

putting p(i) and q [z) into partial fractions and remembering that p(r) = 0(r->) q(z)^0(z~2) 
as I r ) -• ® , wo obtain the required result without difticulty. ’ ' ' 

+ It will be observed that mi, P 2 are connected by the relation m+/* 2 + A + 

II Ueber die Heihenentwickelungen der Potentialtheorie (1894), p. 193 . 
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where (on account of the condition ^ = i-) 




2 ■ 
r=l 


This differential equation is called the generalised Lam4 equation. 

It is evident, on writing a^ — a^ throughout the equation, that the 
confluence of the two singularities a,, yields a singularity at which the 
exponents a, ff are given by the equations 

a + = 2 (oi + a^), = a, (fli + i) + Oj (os + J) + 1^, 

where * D = (Aa^^ + 2Ba^ + C)/((a, - Oj) (oi — a 4 )). 

Therefore the exponent-difference at the confluent singularity is not i, 
but it ynay have any assigned value by suitable choice of B and C. In like 
manner, by the confluence of three or more singularities, we can obtain 
one irregular singularity. 

By suitable confluences of the five singularities at our disposal, we can 
obtain six types of equations, which may be classified according to (a) the 
number of their singularities with exponent-difference (6) the number of 
their other regular singularities, (c) the number of their irregular singu¬ 
larities, by means of the following scheme, which is easily seen to be 
exhaustive*: 




ib) 

, 

1 


(1) 

3 

1 

0 

, Lame 

(11) 

2 

0 

1 

Malhieii 

(Til) 

1 

2 

0 

Legehdre 

(IV) 

0 

1 

1 

Bessel 

(V) 

1 

0 

1 

Weber, Hermite 

(VI) 

0 

0 

1 

Stokest 


These equations are usually known by the names of the mathematicians 
in the last column. Speaking generally, the later an equation comes in 
this scheme, the more simple are the properties of its solution. The 
solutions of (IIHVI) are discussed in Chapters xv-xix of this work, and* 
of (I) in Chapter xxill. The derivation of the standard forms of the equations 
from the generalised Lam^ equation is indicated by the following examples - 

• For instance the arrangement (o) 3, (6) 0, (c) 1 is inadmissible as it would necessitate tix 
initial singularities. 

t The equation of this type was considered by Stokes in his researches on Diffraction. 
Camb. Phil. Trans, ix. (1856), pp. 168-182; it is. however, easily transformed into a particular 

case of Bessel's equation (example 6, below). 

J For properties of equations of type (I), see the works of Klein and Forsyth cited at 
end of this chapter; also Todhunter, The Functions of Laplace, Lame' and Bessel (1975). 
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Example Obtain Lamp’s equation 

dhi f * A 1 rf« {n(n + l)f+A}u 


. f * i M« {n(n + l)f 

dc‘ ^ dc - - 7 ^ 


0 , 


r«l 


Or) 


n ^\du (a-16g-f32gf)« 
^\rC-l)dC 4f(C-l) 


(whore h and n are constants) by taking 

a, »a2*as=a<=0, 85=n (n+ 1) a^, 4C=Aa^^ 

and making 04-*- co. 

Example 2. Obtain the equation 

dhi 

W- 

(where a and q are constants) by taking ai = 0, 0^ = 1, and making 03 = 04-^00. Derive 
Mathieu’s equation (§ 191) 

^ + (a+16ycos 2«)u = 0 

by the substitution (—co^z. 

Example 3. Obtain the equation 

dht a 1 , ] rn(n + l) mn u 

by taking 

a| = a^=l, a3sa4 = 0, at— 

Derive Legendre’s equation (§§ 15*13, 15*5) 

by the substitution 

Example 4. By taking at=ra5 = 0, 01 = 02 = 03 = 04 = 0, and making a3=a4-*>ao, obtain 


the equation 


f ^ f ^ + i (t “«*)«=0. 


Derive Bessel’s equation (§ 17*11) 
by the substitution f=z*. 

Example 5. By taking O] = 0, 01 = 02=03 = 04 = 0, and making ff2 = «3 = «4-*-®, obtain 
the equation 

Derive Weber’s equation (§ 16*5) 

dhi 

5'2 + (« + i-^*)« = 0 

by the substitution f=2*. 

Example 6. By taking o,.=0, and making ® (r= 1, 2, 3, 4), obtain the equation 


By taking 
shew that 


^^ + (^lf+C'i) K = 0. 
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Example 7. Shew that the general form of the generalised Lam^ equation is un¬ 
altered (i) by any homographic change of independent variable such that oo is a singular 
point of the transformed equation, (ii) by any change of dependent variable of the type 

Example 8. Deduce from example 7 that the various confluent forms of the 
generalised Lam^ equation may always be reduced to the forms given in examples 1-6. 

[Note that a suitable homographic change of variable will transform any three distinct 
points into the points 0, 1, oc .] 

10’7. Linear differential equations with three singularities. 


Let 


, ^du , . 


have three, and only three singularities*, a, h, c; let these points be regular 
points, the exponents thereat being o, a'; y, y. 

Then p {z) is a rational function with simple poles at a, 6 , c, its residues at 
these poles being 1 — a — a', \ — ^ — 1 — 7 — 7 ' i and as ^ 00 , ^ (^) — 2z~^ 

is 0(z~*). Therefore 

^ , l-a-a! , 1-/9-^' . I- 7-7 

P^^^ = -7zrr"^ z-b 

andt a + d + 7-1-7'= 1. 

In a similar manner 

, ^ {ad (a - 6) (a - c) , (h - c) (6 - a) . yy' (c - a) (c - 6 )) 

= 1- J^b J 


{z — a) (z— b) (z — c) ’ 

and hence the differential equation is 

d'^u 1 — a — a' 1 - —yS* ^ 1 — 7 — 7 ") ^ 

dz^ z — a 2 — 6 z — c ) dz 

\ad {a’-h)(a-c) . {h-c){b~ a) , 77 '(c - a) (c - 6 )) 

^ A ‘ “ ■ T « *1 I 


z — a 


-6 


2 —c 


X _ _ _— 0 . 

(2 —a) (2 — 6 ) ( 2 -c) 


This equation was first given by PapperitzJ. 

To express the fact that u satisfies an equation of this type (which will be 
called Riemann’s P-equation), Riemann§ wrote 

{ a 6 c ] 

a y9 7 2 I. 

a' 0 y ] 

* The point at infinity is to be an ordinary point, 
t This relation must be satisfied by the exponents. 

* Hath. Ann. xxv. (1885), p. 213. 

§ Ahh. d. k. Get. d. Witt, su Gottingen, vir. (1857). It will be seen from this memoir that, 
although lUcmann did not apparently construct the equation, he mqst have inferred its existence 
from the hypergeometric equation. 
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The singular points of the equation are placed in the fii-st row with the 
corresponding exponents directly beneath them, and the independent variable 
is placed in the fourth column. 

Example. Shew that the hypergeometric equation 

a (l-z) ^+{c-(a+6 + l)::} —-a6(/ = 0 
is deiiDed by the achcme 

j' 0 00 1 \ 

0 fl 0 

Il-c 6 c-a-b ] 


1071. Transformations of Rievianns F-equation. 


The two transformations which are typified by the equations 




6 


c 





b c 

^ k ~~ I 7 + ^ 

7 ' + ^ 



{ a b c 
a 7 
a' ^ y 



b. 




(where a,, 6i. are derived from a, b, c by the same homographic 
transformation) are of great importance. They may be derived by direct 
transformation of the differential equation of Papperitz and Riemann by 
suitable changes in the dependent and independent variables respectively; 
but the truth of the results of the transformations may be seen intuitively 
when we consider that Riemann’s P-equation is determined uniqmly by a 
knowledge of the three singularities and their exponents, and (I) that if 




b 






then tti = ^ satisfies a differential equation of the second 

order with the same three singular points and exponents a + k, d +k\ 

and that the sum of the exponents is 1. 

Also (II> if we write z = ^ . the equation in is a linear equation 

Czi+ 

of the second order with singularities at the points derived from a, 6, c by this 
homographic transformation, and exponents a, a ; ^ , y, y thereat. 
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1072. The connexion of Riemanns P-equation mitk the hypergeometric 
equation. 

By means of the results of § 10'71 it follows that 

a h c 'X [a h c 

W ^ y J W-a ^■ + a + y y-y 


P- 


where 


X = 


1 

0 X 

[a- a ^ + a + y y' ~y 

{z — a)(c — b) 

{z — b){c — a)' 

Hence, by § 10-7 example, the solution of Riemann’s P-equation can 
always be obtained in terms of the solution of the hypergeometric equation 

whose elements a, b, c, x are a + fi-\-y, a-^ ^ + 7 , 1 + a — a', ^ 

respectively. 

10-8. Linear differential equations with two singularities. 

If, in § 10*7, we make the point c an ordinary point, we must have 

aa (a — 6) (a — c) (6 — c) (6 — a) % 

l_^_y=0 , 77=0 and ^ ^ - + z-b - 

divisible by ^-c, in order thatp(z) and q(z) may be analytic at c. 

Hence a + a' + ^ + = 0, aa' = and the equation is 

d^u 


dz* 


. 14 a + a'1 , ao'(a-6)»« 

4 i I j* ' /_ 


z — a 


z^b \ dz {z — ay{z — bj 


of which the solution is 




that is to say, the solution involves elementary functions only. 
When a * a', the solution is 
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Miscellaneous Examples. 


1. Shew that two solutions of the equation 


dz^ 


+ 2 « = 0 


are + 1 - and investigate the region of convergence of these serie.s, 

2. Obtain integrals of the equation 


I ,, o. /V 

3P+jp(i-^-)«=o, 


r^ular near 2 = 0 > in the form 


3. Shew that the equation 


has the solutions 


Ui = 2^| 

r* z* 

^ 16 1024 


,1 

U^ = Ui log Yg+.-- 

<i*u 



(«+2-4-*T 

2n + l 
4 

- 4n*+4n + 3 

^ 96 

+ 

1 

, 4n>+4n + 7 
480 


...|, 


end that these series converge for all values of z. 


where 


4. Shew that the equation 

d-iu , f n l~ar-0A L i ^ + 2 -^\ w-0, 

dz + i,!i 0-a.)« ^ rliz-aj 


2 (a^+i3^)«n-2, 2 Dr=0, 2 (a,Z)r+ar3r)'=0. 2 (a^»D, + 2a,a^^O-0, 

r~\ r»l »■=* 

is the most general equation for which all points (including cc), except a„ a*, ... a,„ are 
ordinary points, and the points Ur are regular points with exponents a,, 


1 



00 

1 

A 


y 

2i3 

y 2 

j 


1 y 

2^ 

y 


(Riemann.) 


6. Shew that, if/3 + y+3' + y' = ii ^hen 

{ 0 00 1 
0 y 

^ ff y 

[The differential equation in each case is 

^ =«•] 

6. Shew that, if y+ y=i eed if », *•’ ■'« eomplea cube root*, of unity, then 

(\ A) A)* 

y y y Z 

\.y y y 


{ 0 flO I 

0 0 y ^\=P\ 

h h y 

[The differential equation in each case is 

d^u 2zZ du , 9yy'zu _ 


(Riemann.) 


d^u 22* . .iZZ-lz -01 

+23- 1 dz’^ 
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7. Shew that the equation 

t 

(1 -z^) + (71+2a) u=0 


is defined by the scheme 


and that the equation 


(i 

\^-a 71 + 5 


X 

-71 


-1 

0 z 


2a ^-a 


{l + n^-^+n{n + 2)u=0 


may be obtained from it by taking o = I and changing the independent variable. 

8. Discuss the solutions of the equation 

dhi du ( 1 \ 

valid near and those valid near 2 = x. 


(Halm.) 


(Cunningham.) 


9. Discuss the solutions of the equation 

valid near « = 0 and those valid near z= ®. 

Consider the following special cases : 

(i) /x=-it, (ii) ^* = i, (iii) /* + t' = 3. 

10. Prove that the equation 

^(l-2)^ + ^(l-20^ + (a^+fr)«=0 


(Curzon.) 


has two particular integials the product of which is a single-valued transcendental 
function. Under what circumstances are these two particular integrals coincident? 
If their product be /’(«), prove that the particular integrals are 

where C is a determinate constant. (Lindemann; see § 19'5.) 

11. Prove that the general linear differential equation of the third order, whose 
singularitie.H are 0, 1, x, which has all its integrals regular near each singularity (the 
exponents at each singularity being I, 1, - 1), is 

rf3u (2 2 1 dhi (1 3 1 1 rfu 

f 1 3 cos* a 3 sin* a 1 1 ^ 

IP ~F(rrr) * iirrjyz +(jrrysi “-«> 

where a may have any constant value. 


(Math. Trip. 1912.) 


CHAPTER XI 

INTEGRAL EQUATIONS 


ll’l. Definition of an integral equation. 

An integral equation is one which involves an unknown function under 
the sign of integration ; and the process of determining the unknown function 

is called solving the equation*. 

The introduction of integral equations into analysis is due to Laplace 
(1782) who considered the equations 

f{x) (t) dt, g (x) = (0 dt 

(where in each case <#. represents the unknown function), in connexion with 
the solution of dififerential equations. The first integral equation of which 
a solution was obtained, was Fourier s equation 

/(x)=j cos (xt) </> (t) dt, 

of which, in certain circumstances, a solution isf 


= cos (ux)/(u) du, 


fix) being an even function of x, since cos {xt) is an even function. 

Uter, Abell was led to an integral equation in connexion with a mechanical 
problem and obtained two solutions of it; after this. L.ouville investigated an 
integral equation which arose in the course of his researches on ditterential 
equations and discovered an important method for .solving integral equations!,. 

which will be discussed in § 11'4. 

T . .U I xarvf intetrral equations has become of some 

In recent years, the subject ot integral C 4 U / u • 1 

importance in various branches of Mathematics; such equations (in phys.ca 

problems) frequently involve repeated integrals and the investigation ol hem 

naturally presents greater difficulties than do those elementary equations 

which will be treated in this chapter. 

T j . 1 • xaoQu AS nossible, we shall suppose throughout 

To render the analysis as easy as posbiu , i a f fk.f 

that the constants a. b and the variables x. y. ? are real and further that 
• Except in the case o. Fcarier’s integral (§ 9-7) «e practically al.a,. need conUn.ou, 

solutione of integral equations. we obtain a result which is. effectively-, that 

t If this value of ^ be substituted in the equation we ooiaiu 

° V3’, . X r i^,d’intioralead^Jinies(lS2S). See Oeut-w, i. pp. 11.07. 

. *"'“**«« uaJa equations has been investigated by 

§ The numerical computation of solutions oi iiHth h 

Whittaker, Proc. Roy. Soc. xciv. (A). (1018), pp- 3fa7-3Bd. 
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y> \ siJso that the given function* K (x, y), which occurs under the 
integral sign in the majority of equations considered, is a real function of 
X and y and either (i) it is a continuous function of both variables in the 
range {a^x^h, a^y^h), or (ii) it is a continuous function of both variables 
in the range a^y^x^b and K{x,y) = 0 when y>x; in the latter case 
K (x, y) has its discontinuities regularly distributed, and in either case it is 

rb 

easily proved that, if/(y) is continuous when a^y%h, I f{y)K{x, y )dy is a 
continuotis function of x when a^x%h. 


11*11. An algebraical lemma. 

The algebraical result which wiU now be obtained is of great importance in Fredholm's 
theory of integral equations. 

het (-^j» yi> ^i)> (^ 2 * Vi, ^). (- 2 ^ 3 , ya, 23 ) be three points at unit distance from the origin. 
The greatest (numerical) value of the volume of the parallelepiped, of which the lines 
joining the origin to these points are conterminous edges, is + 1 , the edges then being 
perpendicular. Therefore, if x,*+y,.* + 2^2 — 1 (r=I, 2 , 3), the upper and lower bounds of 
the determinant 

xx yi 2i 

xz y2 h 

X 3 y 3 23 

are ± 1 . 


A lemma due to Hiidamardt generalises this result. 


Let 


®i2> am 
031 , 0^2, ••• <hm 


a»i 


» ^«2» 


... a 


All 




where a„r is real and 2 o*„r= 1 2 , ... n); let he the cofactor of a„,r in J) and 

rsi 

let A be the determinant whose elements are A„r, so that, by a well-known theorem^, 

A = 


Since D is a continuous function of its elements, and is obviously bounded, the 
ordinary theory of maxima and minima is applicable, aud if we consider variations m 

a dZ> 

air (^- 1 , 2 ,... n) only, D is stationary for such variations if 2 5 — i«ir= 0 , where io„,... 

r=l aOjf. 
f| 

are variations subject to the solo condition 2 airduir=0 ; therefore§ 

r=t 


J ^ 


n 

but 2 ajr/li. = A and so A2a*i,.= Z); therefore I>air 

r=l 


* B6cher in his important work on integral equations (Camb. Math. Tract*, No. 10), always 
considers the more general case in which K (x, p) baa discontinuities rcffularly dutribuUd, 
i.e. the discontinuities are of the nature described in Chapter iv, example 11. The reader will 
see from that example that the results of this chapter can almost all be generalised in this 
way. To make this chapter more simple we shall not consider such generalisations, 
f Bulletin dee Set. Math. (2), xvn. (1893), p. 240. 

X Burnside and Panton, Theory of Equations, n. p. 40. 

§ By the ordinary theory of undetermined multipliers. 
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Considering variations in the other elements of Z), we see that D is stationary for 
variations in all elements when = {»n = 1, 2,... n ; r= 1, 2,... it). Consequently 

Aai>*. Dy and so /)"+> = /)»-*. Hence the maximum and minimum values of D are ±1. 

Conllary, If a^r l>e real and subject only to the condition | a,„r | < Jf, since 

i 1, 

r=l 

we easily see that the maximum value of | Z> j is («^ Jf )'*=..If". 


11*2. Fredholm's* equation and its tentative solution. 


An important integral equation of a general type is 

A(x)=/(j:) + xf K(x, ^)4>{S)d(, 

J a 


where f{x) is a given continuous function, \ is a parameter (in general 
complex) and K {x, f) is subject to the conditions! laid down in § 11 1. 

K{x, f) is called the nucleus^ of the equation. 

Thia integral equation is known as Fredholms equation or the integral 
equation of the second hind (see § U S). It was observed by Voltemv that an 
equation of thia type could be regarded as a limiting form of a system 
of linear equations Fredholms investigation involved the tentative carrying 
out of a Lilar limiting process, and justifying it by the recoiling given 
below in § H-21. Hilbert (Gottinger Nach. 1904, pp. 49-91) justified the 

limiting process directly. 

We now proceed to write down the system of linear equations in question, 
»nd shall then investigate Fredholm's method of justifying the passage to 

the limit. 

The integral equation is the limiting form (when S--0) of the equation 


^(a:j*/(r) + X 2 A' (.r, x,) <P‘x,) fi, 


where = Xo = a, x„==0. 

r<b it is true when .v Ukes the values 
Since ibis equation in to be true v^hen ^ i 

•^‘it ; and ho 

-xfi 2 Kixpy x^)<i>{xg)+<i>M^y('^p^ "* 

" Predbolm’8 first paper on the subject res!an!b!aTre aho given in aL 

l-'mmdUngar (Stockholm), lvii. (1900). pp. 39-46. His researenes 

**'T*'r!.*°^^*... ci- 0 (f>x). the equation may be written 

1 The redder will observe that if A (x» |) ^ (s 

i* M 


fhi» is called an equation with vnriable uppfr limit. 

* Another term is kernel ; French noyau, German Kern. 


214 


THE PROCESSES OF ANALYSIS 


-- ^CHAP. XI 

This system of equations for 0 (.r^), {p = 1, 2, ...n) has a unique solution if the 
-ioterniinant formed by the coefficients of 0 (j^) does not vanish. This determinant is 


A, (X) = 


l-XaA'(a:,, X,) -X5A(j-,, x.) ... -UK(xu.v,) 

-XaA'(x2,x,) 1 -XSA"(x 2. x^) ... ~UK{x2,x„) 


-XaA(x„,x,) -xaA'(.r„, Xa) ... 1-xaAr(x„, x«) 

A (jp, Xp) K (Xpf Xq) 

2 ! p. 7-1 I A (X„ Xp) K {Xq , Xg) 

A(xp, .rp) A'(.rp,Xg) Ar(Xp,x^) 

A (Xg, Xp) A(Xg, .i'g) K (Xg, X f) 

A {x^, Xp) A (x^, Xg) /C (Xr, x^) 

on e.xpanding* in powers of X. 

Making 6-^0, n-^x , and writing the summations as integrations, we are thus led to 
con.sider the series 


= 1-X 2 aA'(Xp, Xp)-t-^ 2 52 

P—1 ^ • p, ^7—1 


X3 n 

- v ^ 

r=l 


+ • •• 




.... 


Further, if D„(x^, x„) is the cofactor of the term in Z)„(X) which involves A'(.iv, x ), 
the solution of the system of linear equations is 

A/,- ^ 2 ) + ...+/(x„)Z>,(x,,, xj 

^ a:(x) ——■ 

Now it i.s easily seen that the appropriate limiting form to be considered in association 
with D,. (x^, x^) is D{\) ; also that, if /i + v. 


A, tx., ..•^) = X5 


n 


av)-X5 2 

p-i 


A Xj,) JT Xp) 
JC {Xp y A \Xp^ Xp) 


+ 1x^5^ 2 

^ ! P. 


A(x^,x,) A{x^,.i-p) 

A (Xp, .r,,) A{Xp, Xp) 

A'(X7,X,) A'(Xg,Xp) 

So tliat the limiting form for a-‘ D (x^, .tv) to be considered f is 


A (x^ , Xg ) 

A (Xp , Xg) 
A (Xg , Xg) 


X) = 




h'-r.l 


» ' A' (x^, X,) S (Xp, ^,) K (Xp, ^a) 
A(^,x,) A'd,,^,) A'(^, ,^2) 
A(6,x,) A(^2,^,) A(^2,^t2} 


d$, - 


Consequently we arc led to consider the possibility of the equation 

giving the .solution of the integral equation. 


* The factorials appear because each determinant of « rows and columns occurs s times &.< 
p. <], ... take oU the values 1, 2, ... n, whereas it appears only once iu the original determinant 
for }>^{\). 

t The law of formation of successive terms is obvious from those written down. 
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Exximpie 1. Shew that, in the Ciwe of tlie ot^imtion 


we have 

and a ^iolution is 


^(.r) = x+X j 

i) (X) = 1 - D (x, y : X^ .3 \.aj 

3j- 


(#)(X) = 


3-X’ 


Example 2. Shew that, in the case of the equation 

<#>(x) = x-fX j 

w’e have 

D (.r, y ; \) = \{xy +y2) + X'^ (Xxy^ - ^.ty- + y\ 

and obtain a solution of the equation. 

Investigation of Fredholms solution. 

So far the construction of the solution has been purely tentative; we now 
start ah initio and verify that we actually do get a solution of the equation ; 
to do this we consider the two functions D (X), D{x, y \ X) arrived at in § 11-2. 

We write the series, by which i) (X) was defined in § 11‘2, in the form 
1 + i ^ so that 


=1 n\ 




f.) f„) 


rff, (£f,... rff„ ; 


A'(?„, f.) A'(f„, f„) 

since K (x, y) is continuous and therefore bounded, we have | K (x, y )' < M, 
where M is independent of x and y ; since K (x, y) is real, we may employ 
Hadamard's lemma (§ 1111) and we see at once that 

Write 7i^"Jlf'*(6 — a)” =n!then 


lim (6„./6„) = liin [(i + 1)"' 




Since 


('n)' 


(n + l)i 


n/ 




= 0 , 


e. 


The series S^6nX’‘ is therefore absolutely convergent for all values of X; 

and so (§ 2'34) the series 1+2 converges for all values of X and there- 

fore (§ 5-64) represents an integral function of X. 

Now write the series for D{x, y;X) in the form 2 - . 
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Then, by Hadamard's lemma (§ liTl), 

(^, y) 


and hence —< Cn, where Cn is independent of x and y and 2 is 

M=0 

absolutely convergent. 

Therefore D{x. y; \) is an integral function of X and the series for 
D{x, y\\)- \K {x, y) is a uniformly convergent (§ 3*34) series of continuous* 
functions of x and y when a^x^b, a^y-^b. 

Now pick out the coefficient of K(x, y) in D (x, y;X); and we get 


where 


D{x,y,\) = \D(\)K (X, y) + i (-)” \»+> 

n=i n! 


a b r 

... I 

a . I 


0 , K(x,^y), K{x,^^),...K{x,^n) 


d^\ • * • 


Expanding in minors of the first column, we get Q„ {x, y) equal to the 
integral of the sum of n determinants; writing f*,... f, f,„,... 
in place of f,, fa, ... fn in the mth of them, we see that the integrals of all 
the determinants t are equal and so 

Qn{^.y) = -^l f '■■[ ^((.y) ... dfa-i, 

J /f J a ' n 

where 


Pn- 


(*. f), 

A-Cf-.f), 


K{x.^,), ... if(x, f„_,) 

f,), ... 


AT f>, Arcf.,.,?.), ... Ar(f„_,. f„_,) 

It follows at once that 

Dix,y;\) = \D (\) K {x, y)+\ f'D(x, (;\) ATff, 

J a 

Now take the equation 


^ (0 ^ f ^(£.y)<l>(y)dy, 

J a 


multiply by D{x, f; X) and integrate, and we get 

J a 

J a J a J a 

the integrations in the repeated integral being in either order. 

* It is easy to verify that every term (except possibly the first) of the series for D {x, y\ 
is a continuous function under either hypothesis (i) or hypothesis (ii) of § 11*1. 

-t The order of integration is immaterial (§ 4*3). 
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That is to say 

f V(?) - X) rff 

J a 

= {’' 4>(^)D(x,^ -,\)d^-\‘‘\D(x.y -\)-XD{\)K(x. y)\ 4 , (y)d,j 

J a J a 


= \D(\)( K(x, y) <1, iy)dy 

J a 


= D(\)14,(x)-/{x)]. 

m virtue of the given equation. 

Therefore if D(X)^0 and if Fredholm s equation has a solution it can be 
none other than 




I){\) 




and, by actual substitution of this value of <l>{x) in the integral equation, 
we see that it actually is a solution. 

This is, therefore, the unique continuous solution of the equation if 

^(X) + 0. 

Corollary. If we put/(x) 30 , the ‘homogeneous’ equation 

c^{x) = X ^(.r, I) di 

has no continuous solution except <f> {x)=0 unless /)tX) = 0, 

Example 1. By expanding the determinant involved in QAx, y) in minors of its first 
row, shew that ^ 

Z)(x,y: X) = X/)(X)A’'(x,y) + X ^^ K{x, ^)Di$,y; X)rff 
Example 2. By using the formulae 

C(x)=i+i 

»i=i « • 


ahew that 


n, dDi\) 


Example^. If A'(x,y)=l A'(.v,y)=0 {y>x). 

show that />(X:' = cxp •-{/'-<0^1- 

ExampU 4. Shew that, if K (x, y) =/i C-*-) f- **’ 

j'’/i(.J^)A(.^)dx=A, 

* 

/)(X) = l-ilX, />(x, y; X)==X/iCx)/j(y), 
aud the solution of the corresponding integral equation is 


then 
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Example 5. Shew that, if 

A' y)=/i (.r)^, (y)+/2 (x)^2(y), 

then D{\) and D{x^y \ X) are quadratic in X j and, more generally, if 

A'(x,y)= I 

m=\ 

then -Z)(X) and D{x\ y, X) are polynomials of degree n in X. 

11'22. Volterra's reciprocal functions. 

Two functions K(x,y\ k(x,y ]\) are said to be reciprocal if they are 
bounded in the ranges a < x, y $ 6, if any discontinuities they may have are 
regularly distributed (§ HT, footnote), and if 

K {x, y) -^-kix, y \ \) = x\ k{x,^\X)K (f, y) df. 

J a 

We observe that, since the right-hand side is continuous*, the sum of two reciprocal 
functions is continuous. 

Also, a function K (x, y) can only have one reciprocal if i> (X) 0; for if there were two, 

their difference (x, y) would be a continuous solution of the homogeneous equation 


i, {x,y, X)=X X)/ir(|,y)rff 


(where r is to be regarded as a parameter), and by § 11 *21 corollary, the only continuous 
.solution of this equation is zero. 

By the use of reciprocal functions,^ Volterra has obtained an elegant 
reciprocal relation between pairs of equations of Fredholm's type. 

We first observe, from the relation 

y iX) = XD(X)K(x, y) + xf D(x, f ;X) A’'(f, y)df, 

J a 

proved in § 11*21, that the value of k(x, y; X) is 

-D(x, y;X)/(Xi)(X)), 
and from § 11*21 example 1, the equation 

k(x, y;X) + K(x, y) = X f K(x,^)k(^,y; X) df 

. a 

is evidently true. 

Then, if we take the integral equation 


<f> (x) =/(a:) + X J K(x, ^)<p (f) df, 


when a*>x^b, we have, on multiplying the equation 


4> (0 =/(?) + X fV(?. fO (f.)df, 

J a 


* By example 11 at tbe end of Chapter iv. 
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^ (*. f: X) and integrating, 

J a 

= A: {X, f; X)/(f) rf? + \ r r k (x. f; A' (f, f,) (f.) rff.rf?. 

« J n J a 

Reversing the order of integration* in the repeated integral and making 
use of the relation defining reciprocal functions, we get 

J a 

= f‘ i (X. ?; X) /(f) rff + f V (^. ?.) + A- (^. f.; X)1 <#. (?.) df, . 

J a J n 


and so 


Hence 


X r fc (x, f; X) /•(?) <ff = - X A" (x, f,) (#> (f.) if, 

J a " ' ^ 

= -<f>{x) +/(a:). 

f{x) = 4>(x)-\-\j^k(x, f;X)/{f)df; 


similarly, from this equation we can derive the equation 

4 > (a) =/W + X f f) <#» (f) 

^ a 

so that either of these equations with reciprocal nuclei may be regarded as 

the solution of the other. 


11*23. Homogeneous integral equations. 

The equation (x) = X| V (x, f) <#> (f) if is called a homogeneous integral 

equation. We have seen (§11-21 corollary) that the only continuous solution 
of the homogeneous equation, when i)(X)^= 0, is ^(x) — 0. 

The roots of the equation i)(X) = 0 are therefore of considerable 
importance in the theory of the integral equation. They are called the 
cAoractensh'c numbers^ of the nucleus. 

It will now be shewn that, when D (X) = 0, a solution which is not 
identically zero can be obtained. 

^t* X = X, be a root m times repeated of the equation D (X) = 0. 

Since D{X) is an integral function, we may expand it into the convergent 

series 

D (X) = c„ (X - X.)”* + (X - X,)’»+‘ + ... (m > 0, c,„ + 0). 

* Ttv rMdsr will have no difficulty in extending the result of § 4-3 to the integral under 

coDBiaeraUon. 

+ Prenoh valeiirt earaetM»tique$, German Eigenwerthe. 

Tool ’ ** ■' (X) =0 has at least one 
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Similarly, since D(x,y \ \) is an integral function of X, there exists 
a Taylor series of the form 

by § 3‘34 it is easily verified that the series defining gn (x, y), (n = ^ + 1,...) 

converges absolutely and uniformly when a^x^h, and thence that 

the series for D{x, y \ \) converges absolutely and uniformly in the same 
domain of values of x and y. 

But, by § 11*21 example 2, 

now the right-hand side has a zero of order ??i -1 at Xq, while the left-hand 
side has a zero of order at least I, and so we have m — 1 ^ 

Substituting the series j ust given for D (X) and D(x,y ; X) in the result of 
§ 11*21 example 1, viz. 

y; W ^ y) + ^ f K (x, f) D(^,y \ x) df, 

J a 

dividing by (X — XoV and making X -►X^,, we get 

b 


9i{x, y)=^of y) df. 

J a 


Hence if y have any constant value, gi{x, y) satisfies the homogeneous 
integral equation, and any linear combination of such solutions, obtained by 
giving y various values, is a solution. 

Corollary. The equation 

(X) =/(x) + j' A-(X, 0 .j, (0 d$ 

ha.s no .solution or an infinite nvimber. For, if <f> (x) is a solution, so is (•**) + 
where c, may be any function of y. 

Example 1. Shew that solution.^ of 

are ^ {.r; = cos (u - 2r) x, and (x) = .sin (» -2r).i* ; where r assumes all positive intcgi**! 
values (zero included) not exceeding In. 

Exnmph- 2. Shew that 

4>{x) = \ j cos“(.r-h^) 

has the same solutiona as those given in example 1, and shew that the curresitondiog 
values of X give all the roots of i)(X)=0. 
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11*3. Integral equations of the first and second kinds, 

Fredholm's equation is sometimes called an integral equation of the second 
kind ; while the equation 

J a 

is called the integral equation of the first kind. 

In the case when K {x, f) = 0 if f > x, we may write the equations of the 
first and second kinds in the respective forms 

f(x)=\rK{x, 

J n 

■#>(•<■•) =/W + ^ ['at(*. f)(f) df. 

J a 

These are described as equations with variable upper limits. 

11*31. Volterras equation. 

The equation of the first kind with variable upper limit is frequently 
known as Volterra’s equation. The problem of solving it has been reduced 
by that writer to the solution of Fredholm’s equation. 

Assuming that K (x, f) is a continuous function of both variables when 
f we have 

/(^)=^jy (x, ?) <#. (?) df. 

The right-hand side has a ditferential coefficient (§ 4*2 example 1) if 

-;:r“ exists and is continuous, and so 
ox 

f'(x) = \K (X. x) 4>{x) + \ df. 

This is an equation of Fredholm’s type. If we denote its solution by 
4> {x), we get on integrating from a to x, 


/(x) - /(a) = \ j* ^ (x, ?) .^ (f) df, 


and so the solution of the Fredholm equation gives a solution of Volterra s 
equation if/(a) = 0. 

The solution of the equation of the first kind with constant upper limit 
can frequently be obtained in the form of a series*. 

11*4. The Liouville-Neumann method of successive suhsiitutions'\. 

A method of solving the equation 

4> (^) =f{^) + >- f N{x,^)<f> (f) d^, 

J a 

which is of historical importance, is due to Liouville. 

* See example 7, p. 231; a solution valid under fewer restrictions is given bj Bdcher. 

+ Journal de Math. ii. (1837), m. (1838). K. Neumann’s investigations were later (1870); 
see his Untersuchungen liber dat logarithmische und Neu>ton'$che Potential. 
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It consists in continually substituting the value of <^(w) given by the 
right-hand aide in the expression <f> (f) which occurs on the right-hand side. 

This procedure gives the series 

K{x, f)/(f)df + i X”* [" fi) f W 

Ja ms2 Ja Ja 

... f .df.- 

) a 

Since | K (x, y) \ and \f (x) \ .are bounded, let their upper bounds be M, M'. 
Then the tnodulus of the general term of the series does not exceed 

\ (h - a)™. 

The senes for S (x) therefore converges uniformly when 

IX, I < M~^ (6 — a)”*; 

and, by actual substitution, it satisfies the integral equation. 

If K{Xy y) = 0 when y>x, we find by induction that the modulus of the general 
term in the series for -S' (x) does not exceed 

1 X I'" .V"* M' (.r - a)"*/(m!) «| X I'*' Jf™ J/' (6 !, 

and so the series converges uniformly for all values of X ; and we infer that in this case 
Fredholm’s solution is an integral function of X. 

It is obvious from the form of the solution that when | X | < M''^ (6 — a)“', 
the reciprocal function k(x, f; X) may be written in the form 

k{x, f;X)- K(x, ?)- I V"- K(x, I.) 1“ (,) 

j/i^2 J a J a 


j ^ ?) ••• 


for with this definition of k{x, f; X), we see that 

b 


S {X) =f{x) - X [ k(x,^ - X)/(?) dl 

J a 


so that kix, ?;X) is a reciprocal function, and by § 11‘22 there is only one 
reciprocal function if D(X)#0. 

Write 

K {X, f) = K, {X, f ), r K {X, f ) Kn (r> f ) (^. f). 

J a 

and then we have 


et 


-k(x,i\\)=^ 2 X”^(x, f), _ 




while 


f {x, f 0 (r, f) d^' - (X. ^). 

J a 

as may be seen at once on writing each side as an (ni + 7i — l)-tuple integral 
The functions (x, f) are called itei'ated functions. 
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11*6. Symmetric nuclei. 

Let Ki {£C, y) = Ki (y, or); then the nucleus K (.t, y) is said to be symmetric. 

The iterated functions of such a nucleus are also syrainetric, i.e. 
{sCy y) = Kn (y. 3!) for all values of n ; for, if Kn {x, y) is symmetric, then 

y) = £ K, {X. ?) K„ (f. y) d? = K, (f. x) K. (y, ?) if 

= [ (y, f) K, (f. x) df = (y, a:), 

V a 

and the required result follows by induction. 

Also, none of the iterated functions are identically zero; for, if possible, let 
(x, y) = 0; let n be chosen so that 2""* <p^ 2“, and, since Kp(x, y) = 0, it 
follows that K^n{x, y) = 0, from the recurrence formula. 

But then 0 = K^n {Xy x)^ f (x, f) (f, x) 

J d 




and so f) = 0; continuing this argument, we find ultimately that 

K^{x, y)s0, and the integral equation is trivial. 

11*61. Schmidt's* theorem that, if the nucleus is symmetric, the equation 
i) (X) = 0 has at least one root. 

To prove this theorem, let 

C/n= Kn (X, X) dx, 

J a 

BO that, when 1X | < (b - a)“S we have, by § 11-21 example 2 and § 11*4, 

_I ?7x«-‘ 

D{\) d\ nil ” ■ 

Now since f f lpK„+i(x, 1) + Kn^fx, ()}^ d^dx ^ 0 

J a J a 


U an +2 


for all real values of p, we have 

-f* 2/t C/^n “1* ^2)»—2 ^ 

and so ^ ^2 t»— 2 ^ 

Therefore U^, U^, ... are all positive, and if Uj(f.. = v, it follows, by in¬ 
duction from the inequality ti'at Uin^^jUzn 




Therefore when the terms of 2 CfnX"“* do not tend to zero; 

and so, by § 5*4, the function ^ singularity inside or on the 

* The proof given is due to Eneser, Pof^mio Rendiconti, xxii. (1906), p. 23C. 
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circle |\| —v but since D{\) is an integral function, the only possible 

1 dD (\) 

D (\) d\ 

inside or on the circle | \ [ = i/ “ ^. 

[Note. By § D (X) is either an integral function or else a mere polynomial; in 

the latter case, it has a zero by § 6*31 example 1 ; the point of tlie theorem Is that in 

the former case D (X) cannot be such a function as which has no zeros.] 


are at zeros of therefore D (X) has a zero 


singularities of 


11'6. Orthogonal functions. 


The real continuous functions (x), <f>z (x), 
and normal* for the range (a, 6) if 

b 

<#>m (^) <f>n (x) dx • 




... are said to be orthogonal 

(m + n), 

(m = n). 


If we are given n real continuous linearly independent functions 
^\{x),Ui(x), ...Un{x), we can form n linear combinations of them which 
are orthogonal. 


For suppose we can construct m — 1 orthogonal functions <^i, ... such 
that if>p is a linear combination of u,, u^, ... Up (where p = 1, 2, ... m — 1); 
we shall now shew how to construct the function such that <^a,... 
are all normal and orthogonal. 

Let (x) = Ci, „ {x) + Ca. m 0a (ic) + ... + C,„-i {x) + U,„ (x), 

so that i<f>jn is a function of u^, ... Um> 

Then, multiplying by <f>p and integrating, 

10m {x) 0P {x) dx^Cp,m+j Wm (x) 0^ (x) dx {p < m). 


Hence 



10 m (^) 0 p (or) rfa: = 0 



Cp,m = — ( (x) 0p (x) dx ; 


a function 10 ^ (x), orthogonal to 0, (x), 0, (x), ... 0„_i (x), is therefore con¬ 
structed. 

rb 

Now choose o so that a- j (,0„, (x)p dx = 1; 

J a 

and take (x) = a. (x). 

Then /%„(x),^,(x)dx|:J 

We can thus obtain the functions 0,, 02, ... in order. 


* They ftre said to be orthogonal if the first equation only is satisfied; the systematic study 
of such functions is due to Murphy, Camb. Phil. Trans, iv. (1833), pp. 353-408, and t. (1835), 
pp. 113-148, 315-394. 
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The members of a finite set of orthogonal functions are linearly inde¬ 
pendent. For, if 

(^) + ct2<^(x)-l- ... + a„<^„(a:) = 0, 

we should get, on multiplying by <l>p(x) and integrating, Op = 0; therefore all 
the coefficients Op vanish and the relation is nugatory. 

It is obvious that ir ” ^ cos nir, ^ sin mx form a set of normal orthogonal functions 
for the rang© (- tr, n). 

Example 1. From the functions i, x, x*, ... construct the following set of functions 
which are orthogonal (but not normal) for the range (- 1, 1): 

1, X, x»-i, x»-fx, + A. 

Example 2. From the functions 1, x, x^,... construct a set of functions 

/*(•*■’). •.• 

which are orthogonal (but not normal) for the range (a, ^); where 

[A similar investigation is given in § 15'14.] 

11 * 61 . The ccmnemion of orthogonal functions with homogeneous integral 
equations. 

Consider the homogeneous equation 

^ (x) = Xt, ( <#> (f) ■K’ f) df» 

a 

where Xo is a rea^* characteristic nuniber for^ (x, f); we have already seen how 
solutions of it may be constructed; let» linearly independent solutions be taken 
and construct from them « orthogonal and normal functions ••• <^n' 

Then, since the functions (hm are orthogonal and normal, 

£ 4 ,,, (y) £ K (x, f) 4 ,„, (f) df j ’ =„|, £ ['^" (S') £ ^ f 

and it is easily seen that the expression on the right may be written in the 
form 

in°l a ) 

on performing the integration with regard to y; and this is the same as 

2 f if (x,y)^(y)dy f if (®, f)<#'».(?) rff 

m^lJa 

Therefore, if we write K for K (x, y) and A for 

m-l Ja 

* It wUl be seen immediately that the characteristic numbers of a symmetric nucleus are all 
real. *' 
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we have 


and so 


Therefore 


J A’dy = J KAdyy 

1“ AHy = £ K^dy - £ (iT - Aydy. 
f" I I ^riM^^Vdy^r IK(x. y)}‘dy, 

J a (m^ 1 ^0 ) J 


and so 


msl 


J {di '(a y)}’dy. 


Integrating, we get 


n ^ V f f (^. y)}^dyd^. 

J aJ a 


This formula gives an upper limit to the number, n, of orthogonal functions 
corresponding to any characteristic number Xq. 

These n orthogonal functions are called ckaracie^'istic functions (or auto¬ 
functions) corresponding to X®. 

Now let (a:), (a;) be characteristic functions corresponding to 

different characteristic numbers X,,, Xj. 


Then 


and so 


(X) = x.£ K(X. (x)4>^» 

f (x)r" = J‘ £ K(x. ?) (®) ...(1), 


and similarly ^ 

J <p‘'» (a:) (x)da; = \,J j K(x, f) (f) (a;) rff(ia; 

= \,r r K (f. a:) (a:) (f) (ia:rff .. .(2), 

J a J a 

on interchanging x and f. 

We infer from (1) and (2) that if Xj ^ X^ and if K (x, f) = ^ (f, x), 

f (^‘®’ (x) (x) c?x = 0, 

a 

and so the functions (x), (x) are mutually orthogonal. 

If therefore the nuc^etw be symmetric and if, corresponding to each 
characteristic number, we construct the complete system of orthogona 
functions, all the functions so obtained will be orthogonal. 

Further, if the nucleus be symmetric all the characteristic numbers 
real ; for if X®, Xi be conjugate complex roots and if* u,(x) = v (x) + »«'(x) e 

• V (i) and w (®) being real. 
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a solution for the characteristic number Xo. then u, (a:) = v (a?) - ny (x) is 
a solution for the characteristic number X,; replacing (x), (x) in the 

equation 


j (x) (x) dx = 0 


ty t)(x) + tw (x), v(x) —»m;(x). (which is obviously permissible), we get 

[(v(x))*+ jttf (x)!"] ix = 0, 


I. 


which implies v (x) = «; (x) = 0, so that the integral equation has no solution 
except zero corresponding to the characteristic numbers X*. Xj; this is 
contrary to § ‘11-23; hence, if the nucleus be symmetric, the chamcteristic 
numbers are real. 

11 * 7 . The development* of a symmetric nucleus. 

Let <^i(x), <^ 2 (x), ... be a complete set of orthogonal functions 

satisfying the homogeneous integral equation with symmetric nucleus 

(f>(x)~\ f ()</>(?) d^, 

J a 

the corresponding characteristic numbers beingf X,, Xj, Xj, .... 

Now suppose^ that the series S uniformly convergent 

fi=l 

when a$x$6, a^y^b. Then it will be shewn that 

K(x,y)= i 

i»=i x„ 

For consider the symmetric nucleus 

mx. y) = K{x. y)-i 

n*l 

If this nucleus is not identically zero, it will possess (§ 11-51) at least one 
characteristic number p. 

Let yfr{x) be any solution of the equation 

ir{x)=pf H{x. f)>/r(?)df, 

J a 

which does not vanish identically. 

Multiply by (x) and integrate and we get 

f' ^ (x) (x) dx = ^ \k (X, f) - i 

J a J a \ >11 


<#>» W dxd^\ 


* This investigation is due to Sclimidt, the result to Hilbert. 

t Thesb numbers are not all different if there is more than one orthogonal function to each 
characteristic number. 

♦ The supposition is, of course, a matter for verification with any particular equation. 
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since the series converges uniformly, we may integrate term by term and get 

£ t (^) <l>n W dx (f) i>n (f) ^(f) >;r (f) df 

= 0 . 

Therefore -^(x) is orthogonal to <j>i(x), <f> 2 (x), and so taking the 
equation 


^(X) = fl [ 

•' a 


" < » (a:) (f)- 


we have 


[-S' f) - S 

n=X 

6 




ir (f) rff, 


J a 


Therefore /i is a characteristic number of if {x, y), and so yjr (x) must be 
a linear combination of the (finite number of) functions <l>n (s:) corresponding 
to this number; let 

ylr{x)^ta„,(l>^(x). 


m 


Multiply by (a:) and integrate; then since yfr (x) is orthogonal to all the 
functions (a:), we see that = 0, so, contrary to hypothesis, y/r (x) = 0. 

The contradiction implies that the nucleus £f (x, y) must be identically 

zero; that is to say, K (x, y) can be expanded in the given series, if it is 
uniformly convergent. 

Example. Shew that, if Xo be a characteristic number, the equation 

^ (x) =/(x)+Xo K (X, i) <f, (^) di 

certainly has no solution when the uudeus is symmetric, unless /(x) is orthogonal to all 
the characteristic functions corresponding to X®. 

11 * 71 . The solution of Fredholm's equation by a series. 

Retaining the notation of § 11*7, consider the integral equation 

4> (a:) =/(a:) + \£ K{x, f) (f) rff. 
where K (x, f) is symmetric. 

If we assume that ^(f) can be expanded into a uniformly convergent 


series S On </>n (f), we have 

n = l 

00 


2 (ar) -f{x) + S ^ a„<^„ (x), 

n=l 


so that/(a:) can be expanded in the series 

A a„ —— {x). 

»=1 An 

Hence if the function fix) can he expanded into the convergent senes 
« * 6 X- 

1 bn<l>n(^), then the series X —(g), if it converges uniformly m 
the range (a, b), is the solution of Fredholm's equation. 
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To determine the coefficients we observe that 2 (x) converges uni 

forraly by § 3-35*; then, multiplying by (f>„ (x) and integrating, we get 

f>n- f <f>n(^)/(x)dx. 

J a 


11*8« Solutxiyii of Ab€rs e^iKition, 

This equation is of the form 




(IL 




a^x^b), 


where/' (x) is cootinuous and/(a) = 0; we proceed to find a continuous solution » (xV 


Let (ft(x) = j u and take the formula t 




dx 


sin^iTT J 

multiply by u(^) and integrate, and we get, on using Dirichlet's formula (§ l-ol corollary), 

{<#>(«)-«/) (a)} = (‘di r- -- 

„ r dx r 

= /*' /(^)dx 

Since the original expression has a continuous derivate, so has the final one; therefore the 
continuous solution, t/tt exist, can be none other than 

sin fAtr 


u(z)^ 


fL f' f{^)d^ 

dzj ^ ’ 


and it can be verified by substitution J that this function actually is a solution. 

11*81. Schlbmilch's^ integral equation. 

Letf{x) have a continuous differential coefficient when -n^x^n. Then the equation 

/(x)=- <^(x8inff)d& 

^ Jo 

has one solution with a contmuous differential coefficient when - n < w, namelg 

fb{x) = f(0) + x /'{xsmB)dd. 

From § 4*2 it follows that 

/' (x) = - sin S<J)' (x sin 0) d0 

ir j Q 

(so that we have ^(0)=/(0), 4>'(0) = ^ir/’ (0)). 


* Sinoe the oambere X„ are all real we may arrange them in two eets, one negative the 
other positive, the members in eooh set being in order of magnitude; then, when I i > \, it is 
evident that X«/(Xm - \) is a monotonio sequence in the case of either set. 

t This follows from § 6*24 example 1, by writing {z - x)l{x - f) in place of x. 

$ For the details we refer to Bdeher's tract. 

9 Zeitsehrift fUr Idath. und Phys. ii. (1657). The reader will easily see that thie is reducible 
to a case of Volterra’s equation with a discontinuous nucleus. 
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Write xsin f for x, and we have on multiplying by x and integrating 
X /' (X ain 

Change the order of integration in the repeated integral (S 4-3) and take a new veri.Kle 
m place of defined by the equation sin J^sin 0 sin^, 


Then x/;/-(.sin^)dV, = ^/;'{/; 

Changing the order of integration again (§ 4*61), 


[X sin x) cos y dy 


cos^ 


'jd0. 


{I. 


But 


and 80 


(i’ sm0d3 r . rcosd\-|l.r 
J X n/(C 08 « X - 008 * «) j “ i**- 

* f^/' (xsin f) rf,;.=X 4>'(^^inx) cos xd^ 


= d> (x) — d) (0) 

Since ^(0)»/(0), we must have 

0 ~f (0) +x j f (x sin ; 

and it can be verified by substitution that this function actually is a solution. 
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Miscellaneous Examples. 

1. ^hew that if the time of descent of a particle down a smooth curve to its lowest 
point 18 independent of the starting-point (the particle starting from rest) the curve is a 

(Abel.) 


* The reader will find a more complete bibliography in this Report than it is poarible to give 
here. 
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2, Shew that, if/(.r) is continuous, the solution of 

i> (-<') -/(-r) + X [ cos (2a-3) if, («) d» 

J 0 
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IS 


<f>(x) 


/(.r) + X /(s)co8 (2xs)ds 


1-^X2 


assuming the legitimacy of a certain change of order of integration. 
3. Shew that the Weber-Hermite functions 

W = X I* 4, (,) d» 

for the characteristic values of X. 


(A, Milne.) 


4. Shew that even periodic solutions (with period 2ir) of the differential equation 


d^) 


+ (o* +cos* .r) <f>{x) = 0 


intMTal 


/: 


(Whittaker; see § 19-21.) 


6. Shew that the characteristic functions of the equation 


<t> (x)=.X >r - 1 1 .f -y || <^ (y) rfy 


^ (j?) “ cos mx, sin nix, 

where X = m* and m is any integer. 

6. Shew that 




has the discontinuous solution ^ (x) = Ix'~ 

7. Shew that a solution of the integral equation with a symmetric nucleus 

h 


(Bocher.) 


■/. 


«e 


Ifi 


</>(x)= I a„x,<^„(.r), 

nai 


provided that this series converges uniformly, where X„, (x) are the characteristic 

numbers and functions of AT (x, and S a„<f>n (x) is the expansion of/(x). 


8. Shew that, if | A | < 1, the characteristic functions of the equation 

^ ^ l-2Acos(f-x) + A* ^ 

are 1, coa;nx, sin mx, the corresponding characteristic numbers being 1, l/A*'*, l/A"', where 
m takes all positive integi-al values. 
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CHAPTER XII 


THE GAMMA FUNCTION 


12-1. Definitions of the Oamma-function. The Weierstrassian product. 

Historically, the Gamma-function* r(^) was first defined by Euler as the 
limit of a product (§ 12-11) from which can be derived the infinite integral 

Jo but in developing the theory of the function, it is more con¬ 

venient to define it by means of an infinite product of Weierstiass’ canonical 
form. 


Consider the product 11 n|, 


where 


7 « lim * 




fi 1 1 . } 

i + 2'*’ + ^4 =0-5772157.... 


[The constant y is known as Euler’s or Mascheroni’s constant; to prove that it 
eiists we observe that, if 


Un is positive and less than 


Jq ’ 


therefore 2 converges, and 


{1 + - +^- log -} = IJ, -t-log = J_ «„. 

The value of y has been calculated by J. C. Adams to 260 places of decimals.] 

The product under consideration represents an analytic function of for 
all values of z ; for, if N be an integer such that \z\% we havef, if n > 




_1£ l£"_ 

2 3 n* 


7l“ 

1 

^ 4 n* 


1 + 


z 

n 


] 




^ QD 

Since the series S (i\rY(2n^)| converges, it follows that, when 




* The notation r( 2 ) was introduced by Legendre in 1614. 
t Taking the principal value of log(l + r/»). 
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s 

n=Af+l 


log^l + ^j —is an absolutely and uniformly convergent series 
of analytic functions, and so it is an analytic function (§ 5* * * § 3); con- 

n is an analytic function, and 


sequently its exponential IT 

n=iV+l 
Z 


SO ze"f^ n 1^1 +-j e is an analytic function when ^ where N is 
any integer; that is to say, the product is analytic for all finite values of z. 
The Gamma-function was defined by Weierstrass*^ b}" the equation 


1 * 

— ze'f^ n 


r(^) 


n = 1 


1 

n 


n 


from this equation it is apparent that F (z) is analytic except at the points 
0, — 1, — 2, where it has simple poles. 

Proofs have been published by Holder t, Moore and Barncs§ of a theorem known to 
Weierstrass that the Gamma-function does not satisfy any differential equation with 
rational coefficients. 


Example 1. Prove that 
where y is Euler’s constant. 


r(i)=t, r(i)=-y, 


[Justify differentiating logarithmically the equation 

1 


r(z) 


te 


y* 




by § 4-7, and put z= \ after the differentiations have been performed.] 


Example 2. Shew that 


. 1 . .1 ri-Cl-OV,. 

1+2 + 3+ •+n=/o t 


and hence that Euler’s constant y is given byj| 




Example 3. Shew that 




ey^r{z+\) 

r(«-x-{-i) 


* Journal fUr Math. u. (1666). This formula for F (r) bad been obtained from Euler's formula 
(§ 12*11) in 1848 by F. W. Newman, Cambridge and Dublin Math. Journal, tZL (1848), p. 60. 

+ Math. Anu. xxvin. (1887), pp. 1-13. 

+ Math. Ann. XLViii. (1897), pp. 70-74. 

§ Messenger of Math. xxix. (1900), pp. 122-128. 

II The reader will see later (§ 12*2 example 4) that this limit may be written 
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12 - 11 , 12 - 12 ] 

12‘H. Elder's formula for the Oamma-function. 
By the definitioD of an infinite product we have 


\ lie 

(«) U-* 


lim e 
00 




*1 r lim n 
J Lm-^oD nsl 


1 + -lc 

n 


n 


z 

n 


lim LV 2 ; n|(i + i 

tn-^w ]_ „-l (V 

= 2 lim Tm-* n (l +-)] 

|_ n=l \ n/J 

= .iim rn7i + irn(i+f)l 

m-^® = l n = l\ uj^ 

-'J™. [.?,{('+3(‘+;)"l(' + y']' 

This formula is due to Euler*; it is valid except when ^ = 0, — 
Example. Prove that 

_ / V 1.2 ... (n- 1) 


1 ,- 2 , .... 


(Euler.) 


1212. The difference equation satisfied hy the Oamma-function. 

We shall now shew that the function r(^) satisfies the difference equation 

r(^ + l).= zV {z). 

For, by Euler’s formula, if z is not a negative integer, 


r(^ + i)/rw = 





/ 1\^1 


lim 



1 

m*^oo fi = l J j ^ ^ 


^ m-»» n*l -I . 


n 


. n 


^ tn 

lim n 


M • A A * 

^ ^ ^ n» 


1 


^ + 71 + 1 


7» + 1 

= z hm -r- = z. 


m-.-® z + m-^1 

This is one of the most important properties of the Gamma-function. 
Since r (1) = 1, it follows that, if ^ is a positive integer, F (z) -(z -1) !. 

* It WEB given in 1729 in a letter to Ooldbseb. printed in Fuss’ Correip. Hath. 
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Example. Prove that 

-^+_L- + _L_+ = 

r{z+iy r{z-\- 2 y r{z-\- 3 y"' i 

[Consider the expression 

1 1 1 

+ ‘*'z(2 + 1)(2 + 2) 


(«)V 1!^+1 2 !« + 2 


+ ... + 


z (2 + l)... (z+m) ’ 


It can be expressed in partial fractions in the form 1 , where 


n =0 2 + 7l 


m 


«- I 1! 2! 71 \ \ r=m-n+ir'.j 

•VT . *1 e — 

Noting that 2 — <--prove that 2 f- — ^ 2 

rsm^n+l r * ^ + 1)* nsO Z^Tt ^ v 

► 00 when z is not a negative integer.] 


0 as 


12*13. The evaluation of a general class of infinite products. 

By means of the Gamma-function, it is possible to evaluate the general 
class of infinite products of the form 


oe 

n Un, 

n=l 


where ?<„ is any rational function of the index n. 

For, resolving into its factors, we can write the product in the form 

{A {n — a,)(7i - Oa) ... (n-a*)| , 


m 

n • 

nsl 


(n-6i) ... {n-bi) 
and it is supposed that no factor in the denominator vanishes. 

In order that this product may converge, the number of factors in the 
numerator must clearly be the same as the number of factors in the 
denominator, and also ^ -1; for, otherwise, the general factor of the product 
would not tend to the value unity as n tends to infinity. 

We have therefore k~ly and, denoting the product by P, we may write 


Un-6,)... (n-6i)J ' 


The general term in this product can be written 

-h ttj “h ... + *“ ““ ••• “hji 


= 1 - 


n 


+ Am 


where An is 0 (n“^) when n is large. 

In order that the infinite product may be absolutely convergent, it is 
therefore necessary further (§ 2*7) that 

ttj ^ ... ^ a^ ” “ .. • ^ hfi “ 0. 
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We can therefore introduce the factor 


exp {u-* (oi + ... + a* - - ... - 6*)) 

into the general factor of the product, without altering its value; and thus 
we have 




p« n - 

nsl 


(l-^ 

V / V 


le" 

\ n. 

) \ nj 

V n) 


{ 



j 


But it is obvious from the Weierstrassian definition of the Gamma- 
function that 


n ^ 

n«l 




z)e-y^' 


and so P = h r(-6t) _ * r(l - 6„) 

a,r(-a,)...a*r(-ai:) «=i r(l 

a formula which expresses the general inhnite product P in terms of the 
Gamma-function. 

Example 1. Prove that 


n _, r(a+i)r(6+i) 

,=i(a+«)(6+»)“ r(a + 6 + l) 

Example 2. Shew that, if a**co8 {2»r/n) + t ain (2tr/n), then 


an-i^n)}-i 


1214. Connexion between the Gamma-function and the circular functime. 

We now proceed to establish another most important property of the 
Gamma-function, expressed by the equation 


r(^)r(i-..)--, 


TT 


Sin rrz 


We have, by the definition of Weierstrass (§ 121), 


r(.)r(-^)=-i n 

^ n»l 




— TT 


Z Sin TTZ 

by § 7 5 example 1. Since, by § 12*12, 

r (1 — — ^r(— z) 


we have the result stated. 
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Corollary 1. If we asaigii to z the value this formula gives {r(J)}*«»r; since, by 
the formula of Weierstrasa, r ("i) is positive, we have 

CoroUa)'y 2. If (z) = r' { 2 );r (z), then (1 - 2 ) -(z) = tt cot m. 

12*16. The multiplication-theorem 0 / Gauss* and Legendre. 

We shall next obtain the result 

r (^) r (. + r (. + . r (^ + = ( 27 r)i r {nz). 


For let 




nj \ n 


nr(nz) 

Then we have, by Euler’s formula (§ 12*11 example), 


n'*^ n lim 


^(z) = 




1.2... {nm — 1). ( 71 m) 




n lim / / i\ 

7J^{n^ + 1)... (n^4- ?im- I) 

+ i (n - 1) mn 


= hm — r 




= li^ {(m-l)l] m 

(nm— 1)! 


{nm “1)1 (nm) 

n 4{n-l) tnn-l 

'n 


m 




It is evident from this last equation that (f>(z) is independent of z. 
Thus 0 (z) is equal to the value which it has when ^ J 


Therefore 




TT 


f^\ 


( 27 r) 


IWl 


. TT 27r . (;t—l)7r 

sin — sm — ... sin- 

n n n 


n 


Thus, since <f> (n”‘) is positive, 

<i> (z) = (27r)^ ^ 


i.e. 






Corollary. Taking n=:2, we have 

2 s*-i r (z) r (£+i)=r ( 2 z). 

This is called the duplication formula. 


Werkc, m. p. 149. The case in which ns 2 was given by Legendre. 
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Example, If B(p,q) = 

shew that ^ ^ 

■fi (n/>, "7)~ **'“*“— ^ ^ _ 1 

Z#( 9 , <?)//( 29 , q)...ti\{n~\)q, y} ' 

12'16. Evpaixiiom for (Ae ^o^ariMmi'c (£mVa(e« of the Uamma-function. 
We have {r ( 2 +])}-i = ei'* n + 0 e"«| . 

Differentiating logarithmically (§ 4-7), this gives 

Cfl0gr(2+I) . , _ 2 , 2 . 2 

dz ^■*'1 (2 +1) ■^2(2 + 2) ■'■3 (2 + 3) 

Therefore, since log r( 2 +l) = log 2 + I()g r( 2 ), we have 


2 , 2.2 
(2 +1)’*'2 (2 + 2) 3(2+T)• 


d . 1*1 

^iogr( 2 )= -y-- + 2 2 — ; . ■ . 
dz z I n ( 2 +«) 


» > 

Differentiating again, 1)=^ {r^ 


+ \)'^2(z 


+ 2) ■*■•••} 


1 1 

(2+1)2'*'(2 + 2)2 

These expansions are occasionally used in applications of the theory. 

12'2. Euler's expression of T (s) as an infinite integral. 

The infinite integral e~‘t^~^dt represents an analytic function of s when* 

the real part of ^ is positive (§ 5’32); it is called the Eulerian Integral of the 
Second Kind^. It will now be shewn that, when R{z)>0, the integral is 
equal to V {z). Denoting the real part of z by x, we have :c> 0. Now, if J 


we have 


II {z. >i) = n‘f‘(l -Tyr-'dr, 

Jo 


jf we write t = nr; it is easily shewn by repeated integrations by parts that, 
when ic > 0 and n is a positive integer, 

/„=[j + 1 If - 


z(z + l) ...(z + n-^l)]^'^ 


U{Z, 7l) = 


n^. 


and so 0 ( 2 . 71 ) =-_ 

Hence, by the example of § 12*11, 11 (^, n) r(z) as n~^oo. 

* If the real part of 2 is not positive the integral does not converge on account of the sioffu- 
larity of the integrand at t = 0. 

t The name was given by Legendre; see § 12-4 for the Eulerian Integral of the First Kind 

t The many-valued function t*-* is made precise by the equation =:«(•->) ioi< loff / beinw 
purely real. ’ ** ® 



242 


THE TRANSCENDENTAL FUNCTIONS 


[chap, xri 


Consequently r( 2 )=lim J ^1 — ^^ 


And 30, if Fi (s) = f 

Jo 

we have 

T,(z)-r(z)^ lim I rU-‘ 

n-^x J 0 


~ (l “n)" ■ ■ 


Now 


since 


I converges. 

Jo 


lim f e"^i^“^dt = 0, 

n^coJ n 


To shew that zero is the limit of the first of the two integrals in the 
formula for F, (z) - F (z) we observe that 

0 « e-‘ - ^ 1 - ^ 

[To establish these inequalities, we proceed as follows: when 0< 1, 
from the series for e* and (1 -y)"*. Writing tjn for y, we have 


H) 








and so 


)■ 


‘•-■{-(-S'}' 


Now, if O^a^l, (l-a)’‘^l-na by induction when na<X and obviously when 
na ^ 1; and, writing t^fn^ for a, we got 


V nv n 


and 30* 

which is the required result.} 

From the inequalities, it follows at once that 

; p n-^e-H^'dt 


f”1 

fe--(l-i)”] 


Jo 

V «/ J 







as n 00 , since the last integral converges. 

• This enalyaia is a modification of that given by Schlomileh, Compendium der hdheren 
Analyiie, ii. p. 243. A simple method of obtaining a lees precise inequality (which is suflScient 
for the object required) is given by Bromwich, Infinite Series, p. 469. 
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Consequently F, {z) = r (z) when the integral, by which F, {z) is defined, 
converges; that is to say that, when the real part o( z is positive, 


r(z) = f 

Jo 


And so, when the real part of « is positive, F(j) may be defined either by 
this integral or by the Weiersti'assian product. 

Example 1. Prove that, when R iz) i$ positive, 




Example 2. Prove that, if R{z)>0 and R (a) > 0, 

r(a) 


/ 


e “ X* “ ‘ fl? j: = 

0 2* 


e~**x*~^dx 


Example 3. Prove that, if R{z)>0 and R (a) > 1, 

(2 + l)*^(a + 2)'^(?+3)'^**- r(a) e*-l 

Example 4. From § 12T example 2, by using the inequality 

1 1 


deduce that 




t 


dt. 


12*21. Extension of the infinite integral to the case in which the argument of the 
Oamma-functian is negative. 

The formula of the last article is no longer applicable when the real part of z is 
negative. Cauchy* and Saalschutzt have shewn, however, that, for negative arguments, 
an analogous tbeorent exists. This can be obtained in the following way. 

Consider the function 

where k is the integer so chosen that ~k>x> -k~-\y x being the real part of z. 

By partial integration we have, when z < — 1, 

The integrated part tends to zero at each limit, since jr+Z; is negative and x + /{-+1 is 
jwaitive: so we have 

r,W=lr,(2+i). 

The same proof applies when x lies between 0 and —1, and leads to the result 

r (2 + i)= 2 r*{ 2 ) (0>x> -1). 

The last equation shews that, between the values 0 and — 1 of x, 

r,(z)=r(z). 


• Exercices de Math. ii. (1827), pp. 01-92. 
t Zeitsehri/t/Ur Math, und Pht/s. xxxii. (1887), xixiii. (1888). 
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The preceding equation then shews that r 2 {z) is the same as r(z) for all negative 
values of R{z) less than —1. Thus, for all negative values of R{z\ we have the result of 
Cauchy and Saalschiitz 

where I- is the integer next less than — R (z). 

Example. If a function P {\l) be such that for positive values of p we have 

J 0 

and if for negative values of p we dehne Pj (;i) by the equation 
where i is the integer next less than - p, shew that 


^ W - ^ rr^TT) - •+(- ’ iT^TF) • 


(Saalschiitz.) 


12*22. HankeVs expression ofT(z) as a contour integral. 

The integrals obtained for r(z) in §§ 12*2, 12'21 are members of a large 
class of definite integrals by which the Gamma-function can be defined. 
The most general integral of the class in question is due to Hankel*; this 
integral will now be investigated. 

Let D be a contour which starts from a point p on the real axis, encircles 
the origin once counter-clockwise and returns to p. 

Consider [ (—t)^-^e-^dt, when the real part of z is positive and z is not 

J D 

an integer. 

The many-valued function (— to be made definite by the convention 

that (— (“ 0 purely real when t is on the negative 

part of the real axis, so that, on i), — tt $ arg (— t) % tt. 

The integrand is not analytic inside D, but, by § 5*2 corollary 1, the path 
of integration may be deformed (without affecting the value of the integral) 
into the path of integration which starts from p, proceeds along the real axis 
to S, describes a circle of radius S counter-clockwise round the origin and 
returns to p along the real axis. 

On the real axis in the first part of this new path we have arg (— f) — “ 
so that (-«)*-' = (where \ogt is purely real); and on the last 

part of the new path (- 

On the circle we write — t — then we get 




-I- 

= - 2i sin (ttz) + iS^j 


• ZtiUchrift fUr Math, u/irf Phy$. ix. (1864), p. 7. 
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This is true for all positive values of S ^ p; now make 5-^0; then S' 0 

integrand tends to its limit 

uniformly. 

We consequently infer that 

f ( - 0'“' dt = - 2i sin (ttz) f t^~^ e-* dt. 

J JO Jo 

This is true for all positive values of p ; make p-^w, and let C be the 
limit of the contour D. 


Then 


Therefore 



r(^) = -g^4—f (- ty-'e-'dt. 
^ ' 2t simrzj c 


Now, since the contour C does not pass through the point ^~0, there 
is no need longer to stipulate that the real part of z is positive; and 

I {-ty~^e~^dt is a one-valued analytic function of 2 for all values of z. 
J c 

Hence, by § 5 5, the equation, just proved when the real part of z is positive, 
jyersists for all valxies of z with the exception of the values 0, + 1, +2. 

Consequently, for all except integer values of z, 

^ [ (- ty-^e-'dt. 

J c 


r (z) — 


2i sin TTZ J c 

This is Hankel’s formula; if we write 1 - 2 for 2 and make use of § 1214 
we get the further result that 


r(s)~2wlj 0 'e 'rf<. 


/•(0+) / 

We shall write I for / , meaning thereby that the path of into- 

^ <0 ^ c 

gration starts at ‘infinity’ on the real axis, encircles the origin in the positive 
direction and returns to the starting point. 

Example 1. Shew that, if thu real part of z be po.^itive and if a be any positive 

constant, tends to zero ;uj p-*-®, when the path of integration is either of 

the quadrants of circles of rndiue p+a with centres at -a, the end points of one quadrant 
being p and — cr +1 (p + a), and of the other p and - a - e (p + a). 
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Deduce that 


lim f lim f 

./“<»+»> p-»xjC 


and hence, by writing t= —a-iu, shew that 


— = ~ / (a + im) “ ’ du. 

(z) 2rrJ.» ^ ^ 


r{z) 

[This formula was given by Laplace, T.Uorie Analyiiqxi^ des ProbabiliteB (1812), p. 134, 
and it is substantially equivalent to Hankel’s formula involving a contour integral] 

Example 2. By taking a = l, and putting (= -l + i tan $ in example 1, shew that 


^ cos(i&\i B — zB) cos^~^Bd$. 

r(2) nio ' 


Example 3. By taking as contour of integration a parabola whose focus is the origin, 
shew that, if a > 0, then 


/ X 2 a*«« 

r 2 =-T 


sm nz 


J e~^ (1 + cos {2a( -i- (22 -1) arc tan t) dt. 

(Bourguet, Acta Math. l.) 


Example 4. Investigate the values of x for which the integral 


II 


CB 


sin t dt 


convei-ges; for such values of .r express it in terms of Gamma-functions, and thence shew 
that it is equal to 

X 


e-y* 




(St John’s, 1902.) 

Example 5. Prove that J* (logr)*"converges when »i>0, and, by means 
of example 4, evaluate it when m«l and when >n = 2. (St John’s, 1902.) 

12-3. GaiLSs' expression for the logarithmic derivate of the Gamma-function 
as an infinite integral^. 

We shall now express the function ^ log F (z) — ^ infinite 

integral when the real part of z is positive; the function in question is 
frequently written yjr (z). We first need a new formula for 7 . 

Take the formula (§ 12-2 example 4) 

V-/; -r-i: r -pi/;?- /: ?-)- & i/;? - /: ? -i ■ 

where A = l-e-«, since -^=log^^j-^0 as 3—0. 

Writing i =s 1 - c"* in the first of these integrals and then replacing u by < we have 

This is the formula for y which was required. 


• fFerke, ni. p. 159. 
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To get Gauss’ formula, take the equation (§ 12*16) 


and write 


r(^) ' Z = Z + VXj 

Jo 


this is permissible when >» = 0, 1, 2, ... if the real part of z is positive. 
It follows that 

Elii) = - 7 - f* e-“dt + Urn f’ i (e-"‘ - 
r Iz) Jo n-^ao J 0 m = l 


/•* — g-(n+l)t ^ 

= -y+ lim j - 1 _g-(- 

= f" dt - lim f dt. 

Jo V i 1-e-V n^^Jo 1-c * 

Now when 0 < < < 1 I ^ ~ ^ is a bounded function of i whose limit as t-^0 is finite ; 
* ^ M I -e“‘ 


. , !-«“« ^1+1«"'*L- 2 

and when TZJ^t < i-c“* 

Therefore we can find a number A independent of i such that, on the path of integration, 

1 -e * 


A: 


and so 


<K ( —A'Cn+l)"'-^0 as n 

1-c’* jo 


We have thus proved the formula 


which is Gauss’ expression of yfr(z) as an infinite integral. It may be 
remarked that this is the first integral which we have encountered connected 
with the Gamma-function in which the integrand is a single-valued function. 

Writing <««log(l +x) in Gauss* result^ we get, if 1, 


since 


° <li T * < /r T 


r(z) 

r(z) 


80 that I-(z) = rU)j^ 

an equation due to Dirichlet*. 


60 that 


h’erke, i. p. 275. 
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Example 1. Prove that, if the real part of z is positive, 


Example 2. Shew that 


p r 1 


Idt. 


e~‘} 


(Gauss.) 

(Dirichlet.) 


12-31. Binet's first expression for log F (z) in terms of an infinite integral. 

Binet* has given two expressions for logr(^) which are of great 
importance as shewing the way in which log F (z) behaves as j ^ | — oo . To 
obtain the first of these expressions, we observe that, when the real part o 

z is positive, 


r(z + i) r {e-^ I 

F(2 + 1) Jo 

writing 2 + 1 for ^ in § 12'3. 

Now, by § 6’222 example 6, we have 

* e'* - 


► dtf 


log 2=1 


0 

00 


t 


dt, 


( 22 )- = ^ 
logr(2+i) = 2\ + log^-/„ 


and so, since 
we have 

dz 

The integrand in the last integral is continuous as < —0; and since 
1_1+ }- is bounded as t - x , it follows without difficulty that the 

Ltegral'conlerges uniformly when the real part of 2 is ^ 

consequently integrate from 1 to 2 under the sign of integration (§ 4-44) and 

we getd* ^ r* [1 1 1 1 — 

l„gr(2 + l) = (2 + i)log2-2 + l+j_^ 


t 


dt. 


Since 


(1 

2 


^ ^ I ! is continuous as f - 0 by § 7-2, and since 


rt j 


t d'lj t 

log r (2 + i) = iog 2 + log r( 2 ), 


we have 


1' r * 1 

l0gr(2)=(2-2jl0g2-2+l+j^ I 2 - 


1 lie 
t e' - 1 




t 


dt 


n 


2 t d~l 


.-t 


t 


dt. 


* Journal tU VEcole Polytechnique, xvi. (1839). pp. 123-143. 

+ Logr{i + l) nieaus the sum of the principal values of the logarithms in the factors 0 
the Weierstrassian product. 
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To ovAluate the second of these integrals, let* 




so that, taking r = i in the last expression for log r (2), we get 

i log TT = i + •/ — /. 

/ */! 2 1 

(i ” 7 ■** ~ 


And so 


-H'G-a'" 

/■' 1 \ «* 

"jo V ' f ■ 


■rfA < j ^ 2?} 




-< _ o*"!^ 


Consequently 


A + Alog i 

/=l-Alog(2tr). 


for real 


We therefore have Binet's result that, when the real part of z is positive, 

log r (^) = (. - 1) log . - 0 + 1 log (2,r) + (1 - 1 + dt. 

If ^ = 37 + iy, we see that, if the upper bound | ^ ef~i) 7 

values of t is K, then 

log r (^) - log 2 + ^ - i log (27r) < K dt 

= Kx-\ 

so that, when x is large, the terms log 2 - ^ ^ log (27r) furnish i 

approximate expression for logr(^). 

Example \. Prove that, wlicn /^(2;>0, 


/ * \ di 


(Malmstcn.) 


Example 2. Prove that, wlioii E (r'' >0, 


* This artihee is due to Pringsheim, Math. Ann. xxxi. (1888), p. 473. 


(Fdaux.) 
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Example 3. From the formula of § 12'14, shew that, if 0 < a? < 1, 

/■* f3inh(A-jr)( ,, 

21ogr(x)-logTr+log3m7rx = j^ | sinh^t' ^ I t' 

(Kummer.) 

Example 4. By expanding sinh{i-x)< and l-2x in Fourier sine series, shew from 

example 3 that, if 0<x< 1, ^ 

logr(x) = ilogfr-$log8in7rx + 2 5 a„sin2n»rx, 

II —1 


wliere 


1 


2n»r 

^*+4n®»r^ 21117) t 


Deduce from example 2 of § 12'3 that 

^ (y+log 27r + log n). 

(Kummer, Journal fUr Hath. ixxv. (1847), p. 3-) 

12-32. Binet’s second expression for log T (x) in terms of an infinite 
integral. 

Consider the application of example 7 of Chapter vii (p. 145) to the 
equation (§ 1216) 

The conditions there stated as sufficient for the transformation of a 

senes into integrals are obviously satisfied by the function ” ^2 + f)*' 
if the real part of ^ be positive; and we have 

+ _ 2r^^dt+2 lim r <? + ” ), 

^logr(2)~^ +/ /_. t\a „-«7o e* ' 


+ r -^-2 r dt+2 lim r^^dt, 

(z + (r io e"'-l — e- 1 - 

1 1 

where 2iq (t) = ■ 

Since | 5 («, x + n)| is easily seen to be less than X,t/n, where K, is inde¬ 
pendent of t and n, it follows that the limit of the last integral is Zero. 

(i‘ „, , 1 . 1. r 4«z dt 


where 


Hence 


Ilf* ^tz at 
logr(0 = ^, + j+j^ (iMiO* e^'- 1 • 


Since —— does not exceed K (where K depends only on «) when the 

real part of 2 exceeds 5, the integral converges uniformly and we may 
integrate under the integral sign (§ 4*44) from 1 to 

We get 

log r (r) = - + log r -I- c- 2 t”'- 1)' 

where C is a constant. Integrating again, 

/ 1\ « f * W^) J4 

logr(x) = (x-2)log« + (C-l)^ + C +2j^ _ — dt, 

where C' is a constant. 
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Now, if z is real, 
and so 


0 $ arc tan tlz $ tfz, 




dt. 


But it has been shewn in § 12-31 that 


logr(z)-^^-i^logi + «-llog(2T) ^0. 

Mi-^x through real values. Comparing these results we see that C 

^'=\ *og (2’r)- 

Hence for all values of z whose real part is positive, 

log r (.)=(.- 1) log . - . + 1 log (2.) + 2 dt. 


where arc tan u is defined by the equation 

, dt 

arc tan u = / -. 

io 1 + 

in which the path of integration is a straight line. 

This is Binet’s second expression for log F {z). 

Example. Justify differentiating with regard to j under the sign of integration so as 
to get the equation ’ 

r{^)" ® 2^ Jo + 


r* idt 
0 


12-33. The asymptotic expansion of the logarithm of the Gamma- 
function (Stirling’s series). 

We can now obtain an expansion which represents the function logr( 2 ) 

asymptotically (§ 8*2) for large values of |^|, and which is used in the 
calculation of the Gamma-function. 

Let us assume that, if z=^a> + iy, then >0; and we have, by Binet’s 
second formula, 

log r (z) = (j - I) log « - z ^ log (27r) + ( 2 ), 


where 


Now 




arc tan «/.) = < -1 ?!+15! _ + tlT! <!n+(jri! [' ^ 

' z ^ 2n — 1 ^ j 0 u*-I- 

Substituting and remembering (§ 7*2) that 

Jo «***-! 
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where By, ... are Bernoulli’s numbers, we have 


<f>(z) = 


V (-r^^r .2(^1 

r=i 2r(2r-l)z^^ io 


CD 





0 


u’ + 




gint . 1 * 


Let the upper bound* of 
Then 


+ 


for positive values of u be Kz. 


i/: {/; I 


^ u*^du] 


+ z' 


dt 


_ 1 


_ Kz Bn+\ _ 

^4(.7i + l)(2n + l)|zP' 


dt 


- I 


Hence 


2 (-)'*/'“ f f ' dt 


KzB 


n4^\ 


2(n + l)(2n +l)Ur-^‘ ' 

and it is obvious that this tends to zero uniformly as [ ^ | oo if | arg ^ t ^ i ir - A. 
where ^ tt > A > 0, so that Kz $ cosec 2A. 

Also it is clear that if [ arg r U i->r (so that K, = 1) the error i» taking the 
first n terras of the series 

* (-y-^Br 1 

,.ti 2r (2r - 1) z""* 

as an approximation to <#> (z) is numerically less than the (w + l)th term. 
Since, if [ arg z j $ Jtt — A, 

B 




i (-r- Br I 

2r(2r-l)l 


< cosec^2il • ? 


n+i 


2(« + l)(2n + l) 


0. 


as z 00 , it is clear that 


52 5j 


_5i__ 

1.2.3 3.4.3* ■^5.6.3* 

is the asymptotic expansion f (§ 8*2) of <l>{z). 

We see therefore that the series 

/ 1 \ 1 * 

- 2 ) log ^ ^ + 2 log (Ztt) +2^ ^ 2 r - 1 ) r— 

is the asymptotic expansion of log F ( 3 ) when | arg 3 $ Jtt — A. 

• K -2 is the lower bound of 1 »- + (•»•"- y^) F + jg consequently equal to 
• (i- + y-P 

or 1 as or 

I The development is asymptotic; for if it converged when | z | ^ #>. hy | 2-6 we could find A» 
such that B„<(2ft-l)2n/f/)*": and then the series ^— 72 r»)T— define an inlepal 

function ; this is contrary to § 12. 
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This is generally known as Stirling's series. In § 13'6 it will be estab¬ 
lished over the extended range | arg^ | $ tt — A. 

In particular when z is positive (= a;), we have 


0<2 


fiiii 




dt 


B 


n+i 


2(7j-|-l)(2n + l)a^* 

Hence, when x>0, the value oj <^(ar) always lies between the sum of 
n terms and the sum 0 / n-f 1 temm of the set'ies for all values of n. 

B d 

In particular 0 < (^ (a:) < - .2a: , so that (a:) = where 0 < ^ < 1. 


Hence 


r(a;) = a:^-ie‘^(27r)^//<'^». 


Also, taking the exponential of Stirling’s series, we get 


r(a:) = e""'a:^-i(27r) 


Mn- 


1 


139 


571 


12a: 288a:^ 51840a:^ 2488320a:" ^ (a:®) 


This is an asymptotic formula for the Gamma-function, In conjunction 
with the formula r(a:-t- l) = a:r(a:), it is very useful for the purpose of com¬ 
puting the numerical value of the function for real values of a:. 

Tables of the function logjoT (a*), correct to 12 decimal places, for values of a- between 
1 and 2, were constructed in this way by Legendre, and published in his Exercices de 
Calcnl Integral, ii. p. 86, in 1817, and his Traite det fonctiom elUptiquei (1826), p. 489. 

It may be observed that r (j) has one minimum for positive values of x, when 

1-4616321..., the value of log,<, r(x) then being T-9472391.... 

Example. Obtain the expansion, convergent when A( 2 )> 0 , 

log,r(2) = (2-4)log,2-i+^]og,(2Tr)+y(^), 


where 

in which 
and generally 


J{z)^h 


Ci 


C 3 


,z + \ 2(z+l){2-f-2)^3(i+l)(2 + 2)(r + 3) 

Cl-i. C2=i C3 = i8. = 




n“/o (•*"+1) (-*' + 2) ... (a- + n- 1) (2a: - l)xdx. 


(Binet.) 


12'4. The Eulerian Integral of the First Kind. 

The name Euleman Integral of the First Kind was given by Legendre to 
the integral 

B (p, q) = (1 - da;, 

J 0 

which was first studied by Euler and Legendre*. In this integral, the real 
parts of p and q are supposed to be positive; and (1 -xp-^ are to be 
understood to mean those values of e(r-')>o8x correspond 

to the real determinations of the logarithms. 


Euler, Nov. Comm. Petrop. xvi. (1772); Legendre, Exeicicei, 1 . p. 221. 


254 


THE TRANSCENDENTAL FUNCTIONS 


[chap. XII 


With these stipulations, it is easily seen that B (/), q) exists, as a (possibly 
improper) integral (§ 4’5 example 2). 

We have, on writing (1 — a?) for x, 

B (p, q) = B (q, p). 

Also, integrating by parts, 

£ (1 - dx = + 1 jy (1 - *)’-■ d^‘ 


so that 


Example 1. Shew that 

B{p, g) = 5(7J + l, 2) + 5(p, ? + !)■ 
Example 2. Deduce from example 1 that 

5(p, 3 + ?)• 

Example 3. Prove that if n is a positive integer, 

^ ,x 1.2 ... n 


Example 4. Prove that 


Example 5. Prove that 


B{x 


. r g*-^ 

jo (l+a)***' 


da. 


r( 2 )= lira n*5(«, n). 




12'41. Expression of the Eulerian Integral of the First Kind in terms of 
the Oamma-function. 

We shall now establish the important theorem that 


B (m, n) = 


r (m) r {n) 

r (m + n) 


First let the real parts of ?m and n exceed J; then 


r (m) r (n) = [ e-* a.'”-' dx x [ e-» y’‘-‘ dy 

JQ Jo 


On writing for x, and y* for y, this gives 

fit f ^ 

r(m)r(n)=4 lim j e-^" dx x j ^ y^~^ dy 

=3 4 lim x*"-*y*"“* dxdy. 

Now, for the values of m and n under consideration, the integrand is 
continuous over the range of integration, and so the integral may be con¬ 
sidered as a double integral taken over a square Sjt. Calling the integrand 
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y\ and calling Qr the quadrant with centre at the origin and radius R, 
we have, if be the part of Sr outside Qr, 


/(iF. y) dxdy 
= [JJ^ /(^. y)da:dy 

^ l/(^» y)|c^a?rfy 

^ / fsn ^ “/Li« 

0 as jR--► 00 , 

JJ^ |/(®» y) I da;dy converges to a limit, namely 

2 e-*’ I I cia: X 21 e-^ \ y*"-* | dy. 

lim j[ f{x,y)dxdy^ lim [/* f{x,y)dxdy. 

J J Sk R-^xJJQr 


Therefore 


Changing to polar* coordinates (a7 = r cos 0, y = r ain 0), we have 

R ri"* 


jj^f (^. y) dxdy = e-^ (r cos 0)^~^ (r sin 0y^~^ rdrd0. 


Hence 


r (wi) r (n) = 4 j cos»™-> 0 sin*"-* 


ri' 

= 2r (w + n) / cos*"*-* ^sin*"- 

Jo 


0d0. 


Writing cos*^= u we at once get 

r (m) r (n) = r (m + n). Z? (m, n). 

This has only been proved when the real parts of m and n exceed J; but 
it can obviously be deduced when these are less than J by § 12*4 example 2. 

This result, discovered by Euler, connects the Eulerian Integral of the 
First Kind with the Gamma-function. 

Examiple 1. Shew that 

y-I r(/>+y) 

* It is easily proved by the methods of § 411 that the areas of § 4*3 need not be rect¬ 
angles provided only that their greatest diameters can be made arbitrarily small by taking the 
number of areas suffloiently large; so the areas may be taken to be the regions bounded 
^7 radii TMtores aod circular arcs. 
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Example 2. Shew that, if 


fix ^ ^ , y(.y-i) 1 . y(y-i)(y-2) ^ 

j y)~ ^ ...rt r»« 


then 


X '' x+l ’ 2 ! .r+2 3! 

/(•^, y)=/(y+i, 

where x and y have such values that the series are convergent. 
Example 3. Prove that 

r(/x)r 


x + 3 


(Jesus, 1901.) 


j'Jj{xy){i-xr-'^{i-i/r-'dxdy=^f^j^ JVwo-zy**’'-* 


(Math. Trip. 1894.) 


12'42. Evaluation of trigonometrical integrcda in terms of the Gamma- 
function. 

/•4' 

We can now evaluate the integral 1 cos”*“*a;sin"”*a;da;, where m and n 

Jo 

are not restricted to be integers, but have their real parts positive. 

For, writing cos*a;^ t, we have, as in § 12*41, 


/, 


COS’^^'iC Sin""’arrfiC = ^ -rrr;-• 

0 2 r(im + in) 


The well-known elementary formulae for the cases in which m and n arc 
integers can be at once derived from this result. 


Example. Prove that, when 11* | < 1, 

f^>r cos'" sin" _ r r(^7i + ^) fi” coa^*'‘Od0 

jo {l-(tsin*5)i r(iw + ^n+^)^n- Jq (1 -^sin^ 

(Trinity, 1898.) 

12*43. Pockkammer’s* extension of the Eulerian Integral of the First 
Kind. 

We have seen in § 12*22 that it is possible to replace the second Eulerian 
integral for r(^) by a contour integral which converges for all values of z. 
A similar process has been carried out by Pochhammer for Eulerian integrals 
of the first kind. 

Let P be any point on the real axis between 0 and 1; consider the 
integral 

The notation employed is that introduced at the end of § 12*22 and 
means that the path of integration starts from P, encircles the point 1 in the 
positive (counter-clockwise) direction and returns to P, then encircles the 
origin in the positive direction and returns to P, and so on. 

* Math. XXXV. (1890), p. 495. The use of the double circuit integrals of this section 

seems to be due to Jordan, Cour« d'Analyte^ iii. (1887). 
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At the starting-point the arguments of t and l-t are both zero; after 

the circuit (1 +) they are 0 and 27r; after the circuit (0 +) they are 27 r and 

27r, after the circuit (1 —) they are 27r and 0 and after the circuit (0 —) they 

are both zero, so that the final value of the integrand is the same as the 
initial value. 


It is easily seen that, since the path of integration may be deformed in 
any way so long as it does not pass over the branch points 0, 1 of the 
integrand, the path may be taken to be that shewn in the figure, wherein 
the four parallel lines are supposed to coincide with the real axis. 



If the real parte of a and 0 are positive the integrals round the circles 
tend to zero as the radii of the circles tend to zero*; the integrands on the 
paths marked a, b, c, d are 

(1 _ > (1 - 

respectively, the arguments of t and 1 -1 now being zero in each case. 

Hence we may write € (a, as the sum of four (possibly improper) 
integrals, thus: 

€ (a, == t^-> (1 _ ty’-^dt + J°t^-' (1 - ty>-ie^is dt 


Hence 


+ t—‘ (1 - tf~' e^H-+0) dt + 1%*-^ (1 - dt^ . 

(a, = (1 - e^^){l~e^) (I - dt 

Jo 


= - 4 sin (ott) sin (ffv) 


— 477 ^ 


r(i-a) r(i-;0)r(a + ^)- 

Now € (a, /S) and this last expression are analytic functions of a and of ^ 
for all values of a and So, by the theory of analytic continuation, this 
equality, proved when the real parts of a and ^ are positive, holds for all 
values of a and >9. Hence for all values of a and $ we have proved that 

*(“''®)""r(i-o)r(i-/9)r(a+^)' 


* The reader ought to have no tlilheuity in proving this. 
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12*5. Diricklet’s integral*. 

We shall now shew how the repeated integral 

I = din 

may be reduced to a simple integral, where/is continuous, > 0 (r = 1, 2,... n) 
and the integration is extended over all positive values of the variables such 

that + • • • "t" ^ 

To simplify j/+ T+ X.) T»-'dtdT 

(where we have written t, T, a, for ij, ^a. «2 and \ for ^* + ^4 +... +<n). 

put t = r(l — v)lv ; the integral becomes (if X ^ 0 ) 

r /(X + r/w) (1 - v)-* v-*-* dvdT. 

Jo Jr/(i-A) 

Changing the order of integration (§ 4*51), the integral becomes 

/(\ + Tlv){l- T^+»-^dTdv. 

) 

» 

Putting r«VTa, the integral becomes 
•1 ri-A 


i + Tg) (1 - v)*-* Ta*+^-' drt dv 

Jo Jo 


Hence 




/ = ^ ^ [f ... [/(t, + <,+ ...+ <n) T,****-- ... «„*’■* — <'<»■ 

r(Oi + a8) JJ J 

the integration being extended over all positive values of the variables such 
that Tg + + ... + 

Continually reducing in this way we get 

T — ^ (°l) ^ (^*) ‘ ‘ ^ [ V(t) T**”' dTy 

r (Oj +«!+... + <*n) j 0 

which is Dirichlet’s result. 

Example 1. Reduce 

/ / /^{©‘ (f/ 

to a simple integral: the range of integration being extended over all positive valnee 

of the variables such that 

it being OMumed tlint hy p% ^ positiv ^ 

• Werhty I. pp. 876. 891. 



I 


(Dirichlet.) 
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Example 2. Evaluate 
m and n being positive and 

xPyflfltrrfy, 

x>0, y^O, 

(Pembroke, 1907.) 


Example 3. Shew that the moment of inertia of a homogeneous ellipsoid of unit 
density, taken about the axis of z, is 


where a, 6, c are the semi-axes. 

Example 4. Shew that the area of the hypocycloid x* + y* = is 


REFERENCES. 

N. Nielsen, Handhuch der Theorie der Qamma-funktion*. (Leipzig, 1906.) 

O. SCHLOHILCH, Compenidium der hoheren ATuzlyeit, ii. (Brunswick, 1874.) 
E. L. Lindelop, Le Calciil des Rhiduz^ Ch. iv. (Paris, 1905.) 

A. Pringsheim, Math. Ann. xxxi. (1888), pp. 455-481. 

Hj. Mellin, Math. Ann. lxviii. (1910), pp. 305-337. 


Miscellanbous Examples. 

1. Shew that 


*)(^ + 2 )(* 3)0+4)- r{i +40 r(i-ij) 


2. 

Shew that 



(Triuity, 1897.) 



rill 1 

lim 

1 111 + ia- 

^ M 

= r(x+l). 

(Trinity, 1885.) 

3. 

Prove that 




4. 

Shew that 



(Jesus, 1903.) 



{r(i)}< 3» 6*-l 7* 9 »-l 

11* 

(Trinity, 1891.) 

5. 

Shew that 

16w* 3*-l' 5* '7»-l* 9* 

• n*-i —• 


- f(«-a){n+/3+-y) , a M 1 . . . . 

t (n+/s)(«+y) V +^Ti j; W B(8, y). 


G. Shew that 


7. 


8. 


n r f ^ (JLV 

r=i Va; 3" Way • 

Shew that, if z = i( where (is real, then 

When X is positive, shew thatt 


2 


2n ! 


rff)r(J) 

naO 2^. n ! n ! x + n 


1 


(Trinity, 1905.) 
(Peterhouse, 1906.) 


(Trinity, 1904.) 


(Math. Trip. 1897.) 


This work contains a complete hihliography. 
t This and some other eiaruples are most easily proved by the result of § U-ll. 
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9. If a is positive, shew that 


r(z)r(a + l)_ * (-)"a(a-l)(a-2)...(fl-n) 1 

“ ^ • «+n 


r(« + a) n=o 


n ! 


10- If a: >0 and 




shew that 




1 1 


^ • • •, 


and 


^ 1 ! x + \ 2 ! x + 2 3 ! j:+3 

P{x+ l)=xP {x)-e~^. 

11. Shew that if X > 0, .r > 0, ^ Jtt <a <^, then 

( €-A(cosa cos {\t sin a)de = \~*r{x) cos or, 
.'o 

/ (i-i e-A/cos agin (X/sin a)c^^ = X■■* T (j;) sin ax. 
a 

12. Prove that, if 6 > 0, then, when 0 < z < 2, 

sin bx 


(Euler.) 


<ic=^ rrb* ~' cosec {^z)lr (z). 


and, when 0 < 5 < 1, 


i: 

[ ‘ dx = jTrfr* - ‘ sec (ifl-r)/r {z). 

Jo 


(Euler.) 


13. If 0 < n < 1, prove that 

cos X rfx= r (n) |cos - l) - 

(Peterhouse, 1895.) 

14. By taking as contour of integration a parabola with its vertex at the origin, derive 


J (1 +jr)"~’cosj:dx=r(7i} jcos 


from the foiinula 


1 /■(«+) 


the result 

r(a) = ,:r-^- / (1 4 -x*)!® [3sin (xr+aarccot (-x)} 

' 2 8inan' /o . , _» 

+8iD {x+ (u ~ 2) arc cot (— x)\] dx, 

the arc cot denoting an obtuse angle. ,, , ___ . 

(Bourguet, Acta Math. i. p. 367.) 


15. Shew that, if the real part of a, is positive and 2 l/a,»* is convergent, then 


Asl 




d* 

is convergent when m > 2, where ^W(x) = ^ logT (z). 

16. Ihove that 

d\ogr^ _r 

dz Jo 1—«"* 


(Math. Trip. 1907.) 


== J"{(l + a)->-(l + a)-)^-> 

-I 


1 x*-*-l 


dx — y. 


x-1 


(L^endre.) 
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17. Prove that, when R (a) > 0, 

IS. Prove that, for all values of z eicept negative real values, 
log r (z) e* (z - i) log z - z +1 log ( 2 n-) 

• ifl* 1 ,2; 1 3; 1. 

+ 5 rlt (T+^ '*'374 r=t Ti + rf ■‘■ 4 . 6 ,!, (z + »r 

19. Prove that, when R(z)>0, 

I log r I.)=log z { 1 - +log X). 

20. Prove that, when R (z) > 0, 


(Binet.) 


d* 

dz^ 


21. If 
shew that 


*, , f“xe^^dx 

5logrW=j^ Y^ - 

/ J+l 

log r (0 dt = H, 


du . 

and deduce from § 12*33 that, for all values of z except negative real values, 

u = zlogz-z + 4 log( 2 ir). 

(Raabe, Journal fiir Math, xxv.) 

22. Prove that, for all values of z except negative I'eal values, 

.. ... * /** cfj* 8iii2«7rJ’ 


logr(z)*(z-|)logz-z + JIog(2fr)+ 2 /* 7 


+Z 


23. Prove that 


B{p, p)Bip^h, ;» + i) = 2i^- 


(Bourgtiet*.) 


(Binet.) 


24. Prove that, when <r <t, 

„ 1 /■* cosh (2rM) rfu 

25. Prove that, when g>\, 


B{p, q)+B{p+l, q) + B{p + 2 , q)‘i-...=B{p, g-\). 


26. Prove that, when p^a >0, 


B{p-a, g) _ a(a4-l)y (9 + I) 

R{p^g) P + 9 \ .' 2 .(p + g){p + g + \) 


27. Prove that 


28. Shew that 


/: 


B(p, g) 5(/>+9, r) = B{g, r)B{g-¥r, p). 


{.r+;>)«** r(a + ^) {1+/>)V’ 


(Euler.) 


if a > 0 , 6 > 0 , ;; > 0 . 


{Trinity, 1908.) 


* This result is attributed to Bourguet by Stieltjes, Journal de Math. (4), r. p. 432. 
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29. Shew that, if 7n > 0, n > 0, then 

-I ^ r(m + n) ' 

and deduce that, when a is real and not an integer multiple of ijr, 


/ 


/cos 5 +sin 

J -in\c 


TT 


,cos ^ —sin 6 
30. Shew that, if a > 0, /3 > 0, 


2 sin (ff cos* a) * 


(St John’.s, 1904.) 


and 


/ 


o(i + oiog? ' ^r(ia)r(i+i^)' 


(Kummer.) 


31. Shew that, if a> 0, a + 6>0, 

|r (g) r (a) _ r ja ^ b) r m ^ ^ ^ ^ 

Jo «^oir(a + 5) r(g + 6 + a) / ^ ^ v'\ 

Deduce that, if in addition a + c>0, a + 6 + oO, 


/, 


‘ lljlfl) r(«)r(ad-6 + r) 

0 (1 ~ A*) (” -p) ® r(a+a) r(o+c) ‘ 


32. Shew that, if a, 6, c be such that the integral converges, 

r(fc + c+l)r(c+a + l)r(a + 6 + I) 

0 (1-a^)(-log.rj r(« + l) r (6+1) r(c+ 1) r(a + 6+T+l) * 

33. By the substitution cos ^ = 1 - 2 tan ^<p, shew that 

{r(i)}* 


/, 


. 


(St John’s, 1896.) 


0 (3-cos^)i 

C * sixi^ jc * 

34. Eval\iate in terms of Gamma-functions the integral / -tir, when /) is a 

Jo ^ 

fraction greater than unity whose numerator and denominator are both odd integers. 
[Shew that the integral is ^ y siriPjr |^+ 5 (-)" 

(Clare, 1898.) 


3r). Shew that 


^ J - y - |r■ 

Jo O'*♦ 2 -i r=0 2r Hn-r) 1 I \ 4 /J 


3G. Prove that 


log z! ( p, j) - log (tL?)+f 


(Euler.) 


37. Prove that, if p>0, p + 8>0, then 

i>/_ \ , <(*-1) f *~ 2)(j<- 3) , rRii,<»h 1 

B(p,p + a)= V'''2(2jD+l)*^2.4.(2^+l)(2/?-(-3)^'"j ■ 

38. The curve r"' = 2’”“’ a"* cos in$ is composed of >h equal closed loops. Shew that 
tljc length of the arc of half of one of the loops is 


—1 


/ iw - - 1 , 

(I cos j:)»” ox, 
and hence that the total perimeter of the curve is 


■Wi)!'/-©' 
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39. Draw the sti'aight line joining the points and the semicircle of | « 1 = I which 
lies on the right of this line. Let C be the contour formed by indenting this figure at 

-1, 0, I. By considering {s + 2 -*)p ♦ rfr, shew that, if jo + </ > 1, j < 1, 


/, 




cosP+fl-s^cos {p-q)$dO = 


(p + j-l)2P*'J->i5(/>, g)' 
Prove that the I'esult is true for all values of p and q such that p + q>'i. 


(Cauchy.) 


40. If 8 is positive (not necessarily integral), and - |n- shew that 


cos*x 


r(<+i) 




8 

+ 2 


2(3-2) 




s 4.r +. • ) 


and draw graphs of the series and of the function cos* x. 

41. Obtain the eipansion 


° rr^inf . 3°^' _. 1 

2-'»^^*^^^Lr(i«+ia+i)r(i2-ia+i)^r(i2+iia+i)r(i2-3a+i)'^-J’ 


and find the values of x for which it is applicable. 


(Cauchy.) 


42. Prove that, if ^ 


ll 


1 + 


1 * 


12.3* 


2(2y> + 3) 2.4.(2;) + 3)(2/; + 5) 


+ 




(Binet.) 


43. Shew that, if ,r < 0, x + « > 0, then 

r(-x) (-X. ,(-x)(l-x). , (-x)(l-x)(2-.r) . 

• 5 . / a • . \ /A • \ 


r(2) 




z{l+z) 


zi\+z) (2 + 2 ) 


...) 


p^/y- 


and deduce that, when x+ 2 > 0, 


w£ii±£^-f I ■ 1 j(:p->i)(^-2) 


r(2) 


2(2+1) 2(2+1)(2 + 2) 


44. Using the result of example 43, prove that 

a - a* 


log r (2 + a) = log r (r) + a log z - 


2z 


oe 

- 2 
Ass| 


•/: 




t{\-e)(2-‘t) ...(n-t)de-I t{l •■■(n-t)dt 

0 


(n + 1) 2(2 + 1; ( 2 + 2 )... (2 + n) ’ 

investigating the region of convergence of the series. 

(Binet, Journal de V£cole poly technique^ xvi. (1830), p. 256.) 

45. Prove that, if /> > 0, y > 0, then 
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where 


?) = 2p 


-T-;-arc tan 

\pq{p+q) 


and fi^^^p^ + q^+pq. 

46. If r-2^^/r(l-^.r), K=2i'/r(i--ix). 

and if the function F{.v) be defined by the equation 


46. If 


F{x) 


dU ..dV 


dx 


- L 


cLt 


shew (1) that F{x) satisfies the equatioD 

(2) that, for all positive integral values of x, 

F(x)^r(x), 

(3) that F(x) is analytic for all finite values of x, 


(4) that 




££) 

0-f) 


47. Expand 

{r(a)}-* 

as a series of ascending powers of a. 

(Various evaluations of the coefficients in this expansion have been given by Bourguet, 
Bull, des Sci. Math. v. (1881), p. 43; Bourguet, Acta Math. ii. (1883), p. 261 ; Schlomilch, 
Zeitschrift fur Math, und Pkxfa. xxv. (1880), pp. 35, 351.) 

48. Prove that the O'-function, defined by the equation 

{?(2 + l) = (2ff)**e"**<*+'^~^*’ n » 

is an integral function which satisfies the relations 

0{z-\-\)^V{z)0{z\ (?(!) = !, 

(n !)»/(?(n +1)= 1'. 2*. 3^ ... n». (Alexeiewsky.) 

(The most important properties of the (^-function are discussed in Barnes’ memoir, 
Quarterly Journal., zzzi.) 


49. Shew that 


and deduce that 


log ^ ~IT* cot Tfz rfi — ^ log (2Tr) 

Cr (I +Z) J D 


50. Shew that 


j logr(< + l)rf(=i*Iog(2)r)-J«(z + l)+slogr(e+l) —log <7(^+1) 


CHAPTER XIII 


THE ZETA FUNCTION OF RIEMANN 


13T. Definition of the Zeta-function. 

Let 5 (7 + it where a and t are real* * * § ; then, if 5 > 0, the series 




is a uniformly convergent series of analytic functions (§ 2‘33, 3*34) in any 
domain in which 1 + 3; and consequently the series is an analytic function 
of 8 in such a domain. The function is called the Zeta~function ; although 
it was knowm to Eulerf, its most remarkable properties were not discovered 
before RiemannJ; who discussed it in his memoir on prime numbers; it has 
since proved to be of fundamental importance, not only in the Theory of 
Prime Numbers, but also in the higher theory of the Gamma-function and 
allied functions. 


The generalised Zeta-function^. 

Many of the properties possessed by the Zeta-function are particular cases 
of properties possessed by a more general function defined, when a^l +8, 
by the equation 

?(«. a) = I , 

nsO V® + 

where a is a constant. For simplicity, we shall suppose || that 0 <a 4 1, and 
then we take arg(a-l-n’) = 0. It is evident that f (s, 1) — ?(«). 

13T2. The expression of ^{s, a) as an infinite integral. 

Since (a + n)~* V (s) — f when argir = 0 and <r > 0 (and 

Jo 

a fortiori when <r ^ 1 + S), we have, when o- ^ 1 + 8, 

r (s) f (^, a) = lira 2 f 

» = o Jo 




i-~e~^ 


e~uy+i+a)z^J 


* The letters c, t will be used in this sense tbroughont the chapter. 

+ CommentatioTUt Acad. Sei. Imp. Pctropolitanae, ix. (1787), pp. 160-188. 

X BerliTur MonaUberiehte, 1859, pp. 671-680. Get. Werkc (1876), pp. 136-144. 

§ The definition of this function appears to be due to Hurwitz, ZeiUchrift fiir Math, and 
Phyt. xxTQ. (1882), pp. 86-101. 

(I When a has this range of values, the properties of the function are, in general, much 
simpler than the corresponding properties for other values of a. The results of § 13*14 are true 
for all values of a (negative integer values excepted); and the results of §§ 13*12, 13*13, 13*2 are 
true when A(a)>0. 
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Now, when + x, and so the modulus of the second of these 

integrals does not exceed 


00 


+ aV-^r(<r- 1), 


which (when <r ^ 1 + 8) tends to 0 as iV -► x . 


Hence, when cr > 1 + S and arg a: = 0, 


f= r(7)/o 


this formula corresponds in some respects to Euler’s integral for the Gamma- 
function. 

13*13. The expression* of f (s, a) as a contour integral. 

When <r ^ 1 + 3, consider 


1 


(0+) , 


the contour of integration being of Hankel’s type (§ 12*22) and not containing 
the points ± ^mri{n~ 1. 2, 3, ...) which are poles of the integrand; it is 
supposed (as in § 12*22) that |arg(—r)| $ tt. 

It is legitimate to modify the contour, precisely as in § 12*22, whenf 
O' > 1 -H 3; and we get 


I 


(0 + ) gy-ig-az 


1 -e 


—* 


dz == - g-**'<»->'} I —-— dx. 

^ ‘ Jo I - 


Therefore 


C(5, a) = - 


r(l -g) /•«>+) (-zy-^e 


27ri J 


-az 


1 — 


dz. 


Now this last integral is a one-valued analytic function of s for all values 
of 8. Hence the only possible singularities of f (g, a) are at the singularities 
of r(l -s). i.e. at the points 1, 2, 3, and, with the exception of theae 
points, the integral affords a representation of ^(s, a) valid over the whole 
plane. The result obtained corresponds to Hankel’s integral for the Gamma- 
function. Also, we have seen that f («, a) is analytic when o- ^ 1 + 3, and 
so the only singularity of ^(s, a) is at the point g = 1. Writing g =* 1 in the 
integral, we get 

1 /■(<>+) , 

27rii„ 1—g-* 

which is the residue at of the integrand, and this residue is 1. 


Hence 


ro^) - 


* Oiven by Biemaoo for the ordinary Zeta-fonction. 

t If ^ 1, the integral taken along any straight line up to the origin doea not oooverge. 
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Since F (1 — s) has a single pole at «1 with residue — 1, it follows that 
the only singularity of f ( 5 , a) is a simple pole with residue + 1 at « 1. 

Example 1. Shew that, wheu R{s)>0, 


1 /** 


Example 2. Shew that, when R{e)> I, 

(2*-l)C(«) = f(», i) 


2* , 


Example 3. Shew that 




2 Trt(2 »“*-l);, e»+l 
where the contour does not include any of the points ±frt, ±3»ri, ±57rJ,.... 

13'14. Valties of f ( 5 , a) for special values of 8. 

(— 

In the special case when a is an integer (positive or negative), ^ _ 


is a one-valued function of z. We may consequently apply Cauchy’s theorem, 

'—I - dz is the residue of the integrand at that 

iJ« l-e-‘ 

Z-* in —— . 

1 — e * 


so that 


27ri 


is to say, it is the coefficient of 


To obtain this coefficient we differentiate the expansion (§ 7‘2) 

e-"-l ? {-T<f>n{a) 

2 m ^ ^ “1 ~ 

e-^-l „=.! n\ 

term-by-term with regard to a, where (/>n(a) denotes the Bemoullian poly¬ 
nomial. 

(This is obviously legitimate, by § 47, when \zl<2w, since can be expanded 

into a power series in z uniformly convergent with respect to a.) 


Then 






na 1 


n 


Therefore if 8 is zero or a negative integer (= — m), we have 

^ m, a) = — 4* m +2 (a)/l(m+ l)(m + 2)). 

In the special case when a = 1, if 5 = —m, then ^{s) is the coefficient 
of in the expansion of • 
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Hence, by § 7 2, 

C(- 2?/i) = 0. ?(1 - 2m) = (m = 1, 2, 3, ...), 

m =- 2- 

These equations give the value of f (^) when s is a negative integer or zero. 


13*15. The formula * of Uurwitz for f ( 5 , a) when tr < 0. 

Consider — j — ^-z — taken round a contour C consisting of 

a (large) circle of radius (2iV+ l)7r, {N an integer), starting at the point 
(2^^+ l)‘7r and encircling the origin in the positive direction, arg(— 2 ) being 
zero at z — ~ {2N + 1) tt. 

In the region between C and the contour (2iV^7r +7r; 0 +), of which the 
contour of § 1313 is the limiting form, (- zy~'e~^‘ (1 — e~^)~^ is analytic and 
one-valued except at the simple poles ± 2‘7ri, ± 4nn, + 2^7ri. 

Hence 


1 f 


dz 


1 r(o+) (_ 2) 


271-1/, 




dz= k {Rn + Rn), 

ns I 


27nJc l-e* J „ 1—e"' 

where Rn, Rn are the residues of the integrand at 2rt7ri, -- 2n7ri respectively. 
At the point at which ~ ^ = 2n7re“ the residue is 

(2H7r)*-^e-4*'*<*-^le"2«nW 


and hence 
Hence 


Rn -H Rn — (2H7r)*~‘ 2 Sin Q STT + 27raR) . 


_ J_ 

27ril (2K+ 


—I ^-az 


(2A’ + l) »r 


(— zy~^e 
1 — €~ 


dz 


2sinjs7r ^ cos(27ran) 2 cos ^stt ^ sin(27ra7i) 


(27r)‘-* 


n 


(27r)' 


n= I 


n 


1-# 


_ _L f dz 

27ri]c \-e-‘ 


Now, since 0 < a$ 1, it is easy to see that we can find a number K 
independent of N such that !«“*“(! — e“*)-»| < K when z is on C. 

Hence 




dO 


< A'((2A + l)7rj«'e'''‘ 

0 as AT -► 30 if <r < 0. 


* ZeiUehrift fiir Maih. und l'hy$. xxvii. (1882), p. 95. 
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Making N cc , we obtain the result of Hurwitz that, if < 0, 


^ (5, a) = 


2r(l -5) 
(27r) 


\ ^ cos(27ran) /I \ S sin (27rany 
—^ srr) ^ + cos 


each of these series being convergent. 


13161. Riemauns relation between f(5) and 2^(1 —s). 

If we write a — 1 in the formula of Hurwitz given in § 1315, and employ 
§ 12*14, we get the remarkable result, due to Riemann, that 

2’“*r(s)2;(5) cosQ 5-n-^ = 7r*f(l - s). 

Since both sides of this equation are analytic functions of $, save for isolated 
values of 5 at which they have poles, this equation, proved when a < 0. 
persists (by § 5*5) for all values of s save those isolated values. 

Example 1. If m be a positive integer, shew that 

{ (2m) = 2*^-‘ Tr»” !. 

Example 2. Shew that unaltered by replacing « by 1 

(Riemann.) 

Evaniple 3. Deduce from Riemann’s relation that the zeros of f («) at -2, - 4, - 6,... 
are zeros of the first order. 


13*2. Her mite's* formula for f(s. a). 

Let us apply Plana’s theorem (example 7, p. 145) to the function 
{z) (a + z)~*, where arg (a + z) has its principal value. 

Define the function q {x, y) by the equation 


q (^> y) = i(« + ^ <y)~‘] 


= - ((a + a;)* + y*] i*sin- 


8 arc tan 


y 


X -\-a 


Since f 
have 


arc tan 


y 


0 ? + a 


does not exceed the smaller of Att and -- ^ , we 

' x+ a 


l 5 (a:,y)l^((o + x)» + y*l4 | y-[ sinh |^7r | s ||, 


y)l^Ka + ^)' + y*l 




sinh 


yii_ 

x + a 


Using the first result when |yl>a and the second when |y|<a it is 

• Annali di Mateiiiaiica, (3), v. (1901), pp. 57-72. 

t lff> 0 , arc tan f = 1^2*^ Jo *^darctanf< 
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evident that, if a > 0, J q {x, y) — 1) ^ dy is convergent when and 
tends to 0 as ic 00 ; also I (a + x)~‘dx converges if <r > 1. 

}Q 

Hence, if o- > 1, it is legitimate to make in the result contained in 

the example cited; and we have 


y 


sm s arc tan - 


dy 


a -1 


dy 


e'^ -I' 


a) = ^u®+J {a+x)’dx + 2j (a® + y®) 

So 

^ (8, a) = +jsin ^5 arc tan 

This is Hermite’s formula*; using the results that, ify^O, 

arctany/a$^/a arc tan y/u < ^ tt (^y>l(nr^, 

we see that the integral involved in the formula converges f)r all values of s. 
Further, the integral defines an analytic function of s for all values of «. 

To prove this, it is sufficient (§ 5*31) to shew that the integral obtained by differentiating 
under the sign of integration converges uniformly; that is to say we have to prove that 

+j ^(a*+y*) “ I* arc tan ^ cos (t arc tan J — 

converges uniformly with respect to « in any domain of values of t. Now when 
where is any positive number, we have 

(aS+y*) -1* arc tan ^cos ^»arc tan ^ j <(a*+y*)i*^ cosh (^irA); 


since 


! j' 


1 


converges, the second integral converges uniformly by § 4*431 (1), 

By dividing the path of integration of the first integral into two parts (0, \wa), 
(^flra, cc) and using the results 


sin arc tan ^ | < siuh —, j sin arc tan 


<sinb4yr^ 


in the resiiective parts, we can similarly shew that the first integral converges uniformly. 

Consequently Hermite's formula is valid (§ 5*5) for all values of s, and 
it is legitimate to differentiate under the sign of integ^tion, and the 
differentiated integral is a continuous function of 8. 


* The eorrespondiog formula wheo <i = l had beeo previously giveu by Jeoseo. 
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13‘21. Deductions from Hermite’s formula. 

Writing s = 0 in Hermite’s formula, we see that 

?(0. a) = \-a. 

Making s 1, from the uniformity of convergence of the integral involved 
in Herraite’s formula we see that 

lin, If a)- = lim ^ + 2 f 

.-1.1 ^ «-l) •-.-i «-l 2a jo (a* + y»)(^'y-l) 


Hence, by the example of § 12 32, we have 


lim|?(«, a)-r^ 

9-^1 I ^ 


r>) 

r(a) ■ 


Further, differentiating* the formula for ^{s, a) and then making s 
we get 

d ) ,. r 1 1 log a 

s f L" 2 ^ 

+ 2 J I -1 log (a* + y*). (a*sin arc tan 


0 , 


+ 


(o*+y>)'‘'arc tan ^ cos {s arc tan 


==(^a-^)loga-a + 2j 


OD 


arc tan (y/a) 
e***' - 1 


rfy. 


Hence, by § 12‘32, 

(d 


I a)} == log r (a) - I log (27r). 


These results had previously been obtained in a different manner by 
Lerchf. 

Corollary. lim {$) - - 7. ^ log (27r). 

13'3. Euler^a product for f (s). 

Let O'>1+3; and let 2, 3, 5, ...p,... be the prime numbers in order. 
Then, subtracting the series for 2"* f (^) from the series for f («), we get 

f(s).(l —2 *) ” ji + ^ ^ ^ 


* This was justified in § 18*2. 

t The formula for f*(s, a) from which Lerch derived these results is given in a memoii- 
published by the Academy of Soienoea of Prague. A summary of bis memoir is contained in 
the JahrhucU ilber die Fortechiitle der Math. 1893—1894, p. 484. 
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all the terms of for which » is a multiple of 2 being omitted; then in 
like manner 

as).(l-2-)(l-3-) = p + i + i+..., 

all the terms for which n is a multiple of 2 or 3 being omitted; and so on; 
so that 

r (^). (1 - 2-*)(1 - 3-») ... (1 = 1 + Xn-, 

the ' denoting that only those values of n (greater than p) which are prime 
to 2, 3, ...p occur in the summation. 

Now * I Xn~* I ^ $ i ^0 as » oc . 

n=p+l ^ 

Therefore if a-^l + B, the product f (s) FI (1 - p~>) converges to 1, where 

p 

the number p assumes the prime values 2, 3, 5, ... only. 

But the product 11 (1 —/>~*) converges when o- ^ 1 + 3, for it consists of 

p 

some of the factors of the absolutely convergent product 11 (1 — n"*). 

11 = 2 

Consequently we infer that f(5) has no zeros al which <r^ 1 -t- 5; for if 
it had any such zeros, 11(1 — p~*) would not converge at them. 

p 

Therefore, if > 1 + 8, 



This is Euler’s result. 

13'31. Riemanns hypothesis concerning the zeros of ((s). 

It has just been proved that f («) has no zeros at which <r > 1. 

From the formula (§ 13T51) 

5*(«) = 2*-^ w* (F (j))”^ sec ^(1 — «) 

it is now apparent that the only zeros of ^(s) for which o- < 0 are the zeros 
of 1 r ( 5 ))“* sec STT^ , i.e. the points « = - 2, - 4, .... 

Hence all the zeros of ^(s) except those at - 2, -4,, ... lie in that strip of 
the domain of the complex variable s which is defined 8y 0 $ <r ^ 1. 

It was conjectured by Riemann, but it has not yet been proved, that all 

the zeros of f ( 5 ) in this strip lie on the line o- — ^; while it has quite recently 

been proved by Hardy f that an infinity of zeros of ^(») actually lie on o- == ^ - 

It is highly probable that Riemann s conjecture is correct, and the proof of 
it would have far-reaching consequences in the theory of Prime Numbers. 

* The fires term of Z' starts with the prime next greater than p. 
t Compte$ Btnduty cltui. (1014), p. 1012; see p. 260. 
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13*4 Riemann s integral for ^(s). 

It is easy to see that, if <r > 0, 

Hence, when o- > 0, 


t(s)r(LW-i'= lim r 1 

/ iV-^soJo n = l 

Now, if ty (x)= 2 since, by example 17 of Chapter vi (p. 124), 


nsl 


1 + 2t!r (a;) ar'Ml + 2t*r (l/x)], we have lim (a:) = 1 ; and hence 




vr(x)x^'~^ dx converges when <7 > 1. 
Jo 


Consequentlyy if <r >2, 


a.) r (i i* =JimJ/*.(.) .i •-* 

Now. as in § 13*12, the modulus of the last integral does not exceed 


fl ^ 

Jo U*A 


% g - 71 (N+1) TTj; 

2f+l 


. ^ dx = I -Ti—n- dx 


< {■7r(JV+l)l-‘|^ e-(W“ + 2N)«a;4<'-2(ix 
= jx-(iV+l)!-‘ \(N-‘ + ‘iN) rr) 1 - i' r (i <r - l) 

-► 0 as -*■ oo , since <7 > 2. 


Hence, when o- > 2, 


= +a:“itff(l/a:)|a:4*"^da:+ v(x)xi'~^dx 

^-1 +_L. + f* a;4flr(a:)a:”i"*'‘(-;i)(iiK+ f i!T(x)xi‘-^dx. 

s 5-1 .f. \ Ji 


Consequently 


Us) r pj*) ,r-»• - (**“-> + *“) (*) 

Now the integral on the right represents an analytic function of 5 for all 
values of a, by § 5*32, since on the path of integration 

iir(a:)<e“” 2 < e"* (1 - e"’')-*. 

tssO 

Consequently, by § 5*5, the above equation, proved when <7> 2, persists for 
all values of e. 
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If now we put 


we have 


s==l + it, ls(s-l)^(s)r(^ls)rr-^*^Ht)> 


Since 


f* 1 /I 1 \ 

I x~i-a (x) -^\ogx cosIgilogiT + gnTrlcia; 


satisfies the test of § 4*44 corollary, we may differentiate any number of tiroes 
under the sign of integration, and then put ^ = 0. Hence, by Taylor’s 
theorem, we have for all values* of t 


00 


?(«)= 2 

nsO 

by considering the last integral is obviously real. 

This result is fundamental in Rieraann’s researches. 

13*5. Inequalitiet satisjied by f («, a) when <r>0. 

We shall now investigate the behaviour of C (<i «) as t-*- ± co , for given values of <r. 
When <r> 1, it is easy to see that, if *V be any integer, 

„!o■ (1 -») (*V + a)>-<~ 

where 

{(n+l+a)*-i {n+a)*-i} (n+l+a)« 

/■n+i M—n 

/ H+l XL ^71 
- - 

n (u + ar^‘ 




(u + a) 
«+l /flZ 


» (n + a)^'*'* 

«|(n + a)~^~K 

A 

Therefore the series S is a uniformly convergent series of analytic functions 

oe 

when O' > 0; so that S /„ («) is an analytic function when <r > 0; and consequently, by 
§ 5'6| the fuDCtioD C (^9 oaaj be de6ned when <r >0 by the series 


jf 

C(^t «)- 2 (a+n)"*- 


nsO 




n=lf 


Now let [<j be the greatest integer in (^ |; and take Then 

[(j • 

|j:(«,a)|« 2 |(a + n)“»] + Ua-*)-*(W + a)*-'}|+ 2 l*i(n+a)-'-* 

n =0 »={f) 

< 2 (a + nr'+If|-»(W+«) ' + 1*1 2 (n+a)-'-‘. 

naO fi=W 

* In this particular piece of analysis it is oonvenieot to regard t as a complex variable, 
defined by the eqaation 8 = ^ + ; and then ((t) is an integral function of (. 


THE ZETA FUNCTION OF RIEMANN 


275 


13 - 5 , 13 - 51 ] 

Using the Maclaurin-Caucby sum forinola (§ 4*43), we get 

/(O /*• 

1C(«, a)|<a"^-f/ (a + 4:)''<ir+I^l-»(W + «)*“^+l»l / 

Jo yw-i 

Now when d < <r < 1 - ^ where ^ > 0, we have 

I f (», a) I < 0 -^+ (1 - <r) - • {(a +[0)“”' - +1 < I “ ‘ ([«] + a)*”' +1 • I®- ‘ ([<] - 1 + a)"'. 

ffence f («, a)«= 0(| i Me constant implied in the symbol 0 being independent of s. 
Buty when 1 — + we have 

/ (O 

i^a^xT^dx 

/ If) 

^ (a+j:)~irfx, 

since (a + x)~®'<a*“^(a+x)-‘ when (r>l, and (a+x)“'$(a + [0)'’‘'Ca+x)-' when 
<r ^1, and so 

C{», a)=^ 0 {\tr^\og\t\l 

When <F > I +8, 


((s, a)|<a-'+ 2 (a + n) 

nsl 




13 * 51 . Inequalities satisfied by C (*> ®) ^hen a ^ 0 . 

We next obtain inequalities of a similar nature when o* ^ 8. In the case of the 
function C (<) Riemann’s relation 

f («) = 2' TT*- * r (1 -«) f (1 - «) ain (J«tr). 

Now, when or < I - 8, we have, by § 12*33, 

and so 

C(»)*0[exp {Jir I /| + (|-<r-i<)log|l-«|+tarctan tl(l-<r)}]C{l-s). 

Since arc taiW/(l—<r)= ±J»r + 0 (<”*), according as t is positive or negative, we see, from 
the results already obtained for ((<, a), that 

In the case of the ftinction C(»> «)i ^ ^ formula of Hurwitz (§ 13*15) 

to obtain the generalisation of this result; we have, when cr<0, 

Cis, a)=-i(2Tr)<-> r(l-«) 

where Ca(!“*)= ^ _i-i • 

n = l " 

Hence (ICa(I-«) = «*'"'“ + 2 - (7*-l)-’'] 

+ ( 8 - 1 ) 2 u*-^du; 

n=N+l J n-»l 

since the series on the right is a uniformly convergent series of analytic functions 
whenever <r^l-8, this equation gives the continuation of over the range 

O^cr^l-8; 80 that, whenever <r $ I - 8, we have 

AS? J 
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Taking we obtain, as in § 13'6, 

ua-»)=oi\tn 

And obviously 

fa (!-<)= 0(1) (o-<-3). 

Consequently, whether a is unity or not, we have the results 

f(.,a)=0(U|*-') (<7<«) 

= 0 (|<|*log|<|) 

We may combine these results and those of § 13*5, into the single formula 

f(<,a)-0(ur''Mogul), 

where* 

T(<r) = ^-<r, (o-^O): T((r)=J, (O^o-^J); T(ff) = l-(r, (^-^tr^l); T((r)=0, (o-^l); 
and the log j t \ may be suppressed except when - 3 $ a- $ 3 or when 1 — 3$<r$l + 3. 


13*6. The asymptotic escpansion of log F (^ + a). 

From § 12*1 example 3, it follows that 

Now*, the principal values of the logarithms being taken, 


iog(i+g + iognj(i + ^) 

„=1 L\n (a + n)J 




06 


(-) 


1 


•m 


+ 2 / , \ 
m =2 m (a+n) 




CO 


•f 2 




I gtn 


m«l m 

If I ^ I < a, the double series is absolutely convergent since 

z 


a 


m 


i T-^^.-iogfi—LiL) + _ULl 

H*iL^(a + n) ®V a+71/ a+nj 


converges. 

Consequently 


log - ' -- 2 


az 


r(^ + a) a o»i«(a + H) ,„=2 m 


® / \in—1 

+ 2 


Now consider J ^ ^ contour of integration being 


similar to that of § 12*22 enclosing the points 5^2, 3, 4, ... but not the 
points 1, 0, —1,-2, the residue of the integrand at s^m(m^2) is 

2 '" ^(m, a); and since, as <r -► oc (where 5 — <r + it), f (s, a)= 0 (1), the 


(_)»n 


integral converges if | ^ j < 1. 

* It can proved that r(<r) may be taken to be A (1 ^ d*) when 0 ^ 1. See Landaa* Prim 

lahlcnf § 237 . 


13 - 6 ] 
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Consequently 

^^r (2 + a) a „=in(a + 


n ) 27ri I 




S Sin TTS 


f ( 5 , a) rfs. 


-u 


•TTZ* 

c s sin TTS 


f ( 5 , a)ds. 


Hence 

, r (a) r'(a) 1 f TTZ* , j 

loe 1 = ^ z is-rT ” f>—^ I —=-? 

®r(z + a) A (a) 2'7n / c 5 sin TTS 

Now let i) be a semicircle of (large) radius N with centre at 5 = |, the 
semicircle lying on the right of the line cr~|. On this semicircle 
5'(s, tt) = 0(1), \z“\ — \z and so the integrand is* 0 {\z |®-e-”i^i-'arg5j 

Hence if | j | < 1 and — -n- + S ^ arg ^ ^ tt - 8, where B is positive, the integrand 
is 0 (1^ Ke"*'^'), and hence 


L 


TTZ* 

a sin TTS 


^(s, a)ds -*“0 


as 00 . It follows at once that, if j argz | < tt — 8 and | ^ | < 1, 

r'(a\ 1 r^ + ®* tt^ . 


, r(a) r'(a)^ 1 

^^r (2 + a) ^ r {a) 27ri 


1 


sin na 


^(s, a) ds. 


But this integral defines an analytic function of z for all values of | ^ | if 

I ~ 

Hence, by § 5*5, the above equation, proved when \z\< 1, persists for all 
values of I ^ I when | arg z | !$ tt — 8. 


Now consider I —— S’ (s, a) ds, where » is a fixed integer and 

J -n-^iRiSSmirS 

R is going to tend to infinity. By § 13‘51, the integrand is 0 [z^ 

« A 

where —and hence if the upper signs be taken, or if the lower 
signs be taken, the integral tends to zero as i2 — 00 . 

Therefore, by Cauchy’s theorem. 


ttZ 


Via) _ 

‘°®r(^ + a)“ r(a) ■^ 27 rij.„. 


—:- ^{s,a)ds‘h 2 R„t, 

-M-i -»i «sin7r^ 


where Rm is the residue of the integrand at 5 = —ru. 

Now, on the new path of integration 

S sin ■TTS 

where K is independent of z and t, and t(o') is the function defined in 
§ 13-51. 


The conetaats implied in the symbol O are independent of i and z throuijhout. 
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/ cc 

converges, we have 

- 00 


log 




when 1 2 I is large. 

Now, when wi is a positive integer, Rm = ^ ^ 

•— m 

by § 13’14, Rm = 2 ^(^+2) ' "^bere denotes the derivate of 

Bernoulli’s polynomial. 

Also R„ is the residue at s = 0 of 


1 / _ 
F 


and so 


+ ... ^ (1 +5log^ + ...) i — a + 5f'(0, a) + ... 
-Ro = (^ - log ^ + r (0, a) 


= (i “ ®) log 2 + log r (a) - I log (27r), 

by § 13*21. 

And, using § 13*21, i2_i is the residue* at 5 = 0 of 


Hence 


T> 1 r' (a) 

R~i--zlogz-hz TJa) 


Consequently, finally, if | arg «| < tt — 6 and | «| is large. 


log V{z + a)= + a-i^Iog ^-2 + glog(27r) 




m*f9 


(a) 


n 

+ 2 - 

„=i m (m + 1) (m + 2)^ 


m 


+ 0(z-"-i). 


In the special case when a = 1, this reduces to the formula found 
previously in § 12*33 for a more restricted range of values of arg^. 

The asymptotic expansion just obtained is valid when a is not restricted 
by the inequality 0 < a < 1; but the investigation of it involves the rather 
more elaborate methods which are necessary for obtaining inequalities satisfied 
by ®) when a does not satisfy the inequality 0<o^ 1. But if, in the 
formula just obtained, we write a = 1 and then put z -^a for z, it is easily 
seen that, when | arg (^ + a) | < tt — 3, we have 

log r (j + a + 1) = + a + log (z + a) — ^ — a + ^ log (27r) + o (1); 


• Writiog 
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subtracting log(^ + a) from each side, we easily see that when both 

1 arg (^ + a) I ^ TT — 3 and 1 arg ^ | $ tt — 
we have the asymptotic formula 

logr(z + a) = ^2 + a-^j logz-z + ^log(27r)+o(l), 

where the expression which is o (1) tends to zero as | ^ |—»oo . 
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1. Shew that 

( 2 - 

2. Shew that 


Miscellaneous Examples. 


-1) C (») == ^—r + 2 /* (i +y)"** sin {* arc tan 2i/) -5 

Jo ^ 


dy 


(Jensen, VIrUermediaire dcs Math. (1895), p. 346.) 




2»“i C 

-7 - 2* / 


(1 + sin (« arc tan v) 

0 c'^ + l 


(Jensen.) 


3. Discuss the asymptotic expansion of log(?(x+a), (Chapter xii example 48) by 

aid of the generalised Zeta-function. (Barnes.) 

4. Shew that, if <r>l. 


logC(<)*I i ^ 




pm si 

the summation extending over the prime numbers^ = 2, 3, 5, .... 

(Dirichlet, Jourruxl de Math. iv. (1839), p. 407.) 

5. Shew that, if (r> ), 

% Mn_) 

f(<) »-i n* ’ 

where .\ (n)s=0 when n is not a power of a prime, and («) = logj» when n is a power of a 
prime p. 

6 . Prove that 

f* e-^dx 


/, «•* 




_7i ' I x*-^ dx. 

TWJo 


(Lerch, KrakOw Rotprav^^ li.) 


See the Jahrbxtch fiber die ForUehritte der Math. 1893-1B94, p. 482. 
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7. If 

ee 

where | x | < 1 , and the real part of s is positive, shew that 


and, if « < 1 , 

lim (I -x)**"* 4> («, x) = r (1 — <). 

X^l 

(Appell, Comptet Rendus^ Lxxx^Tl.) 


/, 


fiO 


~ c* -x 


8. If X, a, and « be real, and 0<a< 1, and «> 1, and if 

n ^nirix 

shew that 

<#• (^. “> *) - r (,) /„ 1 _ 

and 

r(.) f I 

1-X, ^)J 


^(x, a, !-<) = 




(Lerch, Acta Math, xi.) 


9. 67 evaluating the residues at the poles on the left of the straight line taken as 

contour, shew that, if it > 0 , and | arg y | < Jir, 


c->' 


1 /■*+*» 


and deduce that, if it > ^, 


f rC«).(ffx)‘'‘C(2«)rfw«ar(x), 

J k-ooi 


and thence that, if a is an acute angle, 

Jo (0 flfi=»rcosia —iTre**“{l +2tv(c*«)}. 

(Hardy.) 

10. By differentiating 2?i times under the integral sign in the last result of example 9, 
and then making a -»• ^fr, deduce from example 17 on p. 124 that 


2*" 


By taking n large, deduce that there is no number such that ^ (0 is of fixed sign 
when t > tof and thence that ({s) has an infinity of zeros on the line <r« J. 

(Hardy.) 


[Hardy and Littlewoo<l, Pi'oc. London Math. Soe, xix. (1920), have shewn that the 
numliCr »)f zeros on the line o-ssi for which 0 < i < T is at least 0 (7^ as T-^ * ; if the 

Riemaiin hypothesis is true, the number is ~ T log T- ^ 7'+O(log70; «ee 

«»7r 

Landau, Pnmzahlen., I. p. 370.] 
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THE HYPERGEOMETRIC FUNCTION 


14T. The hyjpergeoinetric seHes. 

We have already (§ 2*38) considered the hypergeometric series* 



a.b ^ a(a + l)6(i + 1) a (a + 1) (a + 2) 6 (6 + 1) (i + 2) , 
l.c 1.2.c(c+l) 1.2.3.c(c + l)(c + 2) 


from the point of view of its convergence. It follows from § 2 38 and § o 3 
that the series defines a function which is analytic when |^| < 1. 


It will appear later (§ 14 53) that this function has a branch point at z = 1 
and that if a cutf (i.e. an impassable barrier) is made from +1 to + oo along 
the real axis, the function is analytic and one-valued throughout the cut 
plane. The function will be denoted hy F(a, b; c; z). 

Many important functions employed in Analysis can be expressed by 
means of hypergeometric functions. ThusJ 




log(l + z) = zF{\, 1; 2; -z), 
lim F{1, yS; 1; z/^). 

0'^:c 


Example. Shew that 


^ b; a = — /’(a+ 1, fr + 1; c+ 1 ; 



1411. The value% of F{a, 6; c; 1) tohen R (c — a ^ b) > 0. 

The reader will easily verify, by considering the coefficients of .r" in the 


• The name was given by Wallis in 1055 to the series whose nth term is 

n {'» + 5} {rt+ 26} ... {rt »- (n “ 1) 

Euler used the term hypergeometric in this sense, the modern use of the term being apparently 
due to Kuramer, Journat/Ur Math. xv. (1.S30). 

t The plane of tlie variable z is said to be cut along a curve when it is convenient to consider 
only such variations in z which do not involve a passage across the curve in question ; so that 
the cut may be regarded as an impassable barrier. 

X It will be a good exercise for the render to construct a rigorous proof of the third of these 
results. 

§ This analysis is due to Gauss. A method more easy to remember but more difl'icult 
to justify is given in § 14*G example 2. 
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various series, that if 0 ^ < 1, then 

c jc — 1 — (2c ~ a —h ~\) x\ F{a^ h \ c \ x){c~ a)(c— h) xF (a, 6; c + 1; a:) 

= c(c — 1)(1 — ic)/’(a, 6; c — 1; a;) 


= c(c-l) 


00 


1 + 2 (u„ - w„^,) 

nsl 


where XLn is the coefficient of a:" in F{a, b ; c — 1; a;). 

Now make a:—>1. By § 3*7l, the right-hand side tends to zero if 


00 


1+2 (un~iin-i) converges to zero, i.e. if >0, which is the case when 

n^l 

R (c ~ a ~ b) > 0. 

Also, by § 2'38 and § 3'71, the left-hand side tends to 

c(tt + 6 - c)if"(a, 6; c; 1) + (c- a) {c-b)F(a, 6; c + 1; 1) 
under the same condition; and therefore 


c (c — a — 6) 
Repeating this process, we see that 


F{a, 6; c; 1) = 


|”n* (g —<^ + n)(c-6+ 7t) ; 
,=o (c + n) (c — a ~ 6 + n)J 


F(a, b,c-¥m\ 1) 


.. "“‘(c— a + n) (c — 6 + n)) .. . 

[Ill Jlo (7T-n)(c-a-6+n)} ; c + m; 1), 


if these two limits exist. 


. . . r(c) r (c — a — 6) . 


But (§ 1213) the former limit is p p if c is not a negative 

integer; and, if u„ (a, b, c) be the coefficient of a:" in F(a, b; c; x), and 
m > I c I, we have 


(a, 6; c + m; 1) - 11 ^ 2 1 u„ (a, 6, c + m) ( 


I 

00 


$ 2 i*n(la|, |^|, m-|c|) 


ab I 


oo 


< “ I + I * I + ™ ^ “ I ® 

Now the last series converges, when m > |c| + |a| +16| — 1, and is a positive 
decreasing function of m\ therefore, since {m —|c|)“’—>0, we have 


and therefore, finally. 


lim /’(a, 6 ; c + 771; 1)= 1; 

h r- r(c)r(c-a-6) 
^)~r(c-a)r(e-6)' 
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14’2. The differential equation satisfied by F {a, h ; c\ z). 

The reader will veri^ without difficulty, by the methods of § 10-3, that 
the hypergeometric series is an integral valid near ^ = 0 of the hypergeometric 
equation • 

— z) + {c — (a + 6 + 1 ) z| ^ — abu = 0 ; 

from § 10*3, it is apparent that every point is an ‘ordinary point’ of this 
equation, with the exception of 0 , 1 , qo , and that these are ‘ regular points.’ 

Example. Shew that an integral of the equation 

i» 

?«/*(a + a. 6 + a; 0 -/S+I; z). 

14’3. Solutions of Riemanns P-equation by hypergeometmc functions. 

In § 10*72 it was observed that Riemanns differential equation^ 

dz^ (j—a ^—6 z c ) dz 

aa'(a — b) (a — c) ^^{b — c)(b — a) yy'(c ~ a) (c — b) 

-r-r-+- • 

z— a z — o z — c 

■ 

X_H 0 

{z — a) (^ — 6) {z — c) 

by a suitable change of variables, could be reduced to a hypergeometric 
equation; and, carrying out the change, we see that a solution of Riemann’s 
equation is 

a + y9 + 7 , a + y?' + 7 ; l+o — a'; 

provided that a — o' is not a negative integer; for simplicity, we shall, 
throughout this section, suppose that no one of the exponent differences 
a — o', —>9', 7 — 7 ' is zero or an integer, as (§ 10*32) in this exceptional 

case the general solution of the differential equation may involve logarithmic 
terms; the formulae in the exceptional case will be found in a memoiri by 
Lindelbf, to which the reader is referred. 

Now if o be interchanged with o', or 7 with 7 ', in this expression, it must 
still satisfy Riemann’s equation, since the latter is unaffected by this change. 

* This equation was given Gauss. 

t The constants are subject to the condition o + a' + ^ + /3' + 7 +y' = l. 

t ^cta Soc. Seient. Feunieae, xiz. (1698). See also Klein's lithographed Lectures, Veber die 
fiypergeometriiche Funktion (Leipzig, 1894). 


(z — a) (c — 6)1 
{z - 6 ) (c - a)J 
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We thus obtain altogether four expressions, namely, 

(^7 i^ja' + ^ + r a' + /9' + v; l + a'-a; [" _ ^ ’ 

+ ^ + a + ^'+y; ! + «-«'; ' 

"‘=C-3 (^3" iJ-ja' + ^ + y. c'+^+y; 1+ «'-«; [“- 3 ) 5 ^- 651 ’ 

which are all solutions of the differential equation. 

Moreover, the differential equation is unaltered if the triads (a, a, a), 
h\ ( 7 . 7 ', c) are interchanged in any manner. If therefore we make 
such changes in the above solutions, they will still be solutions of the 
differential equation. 

There are five such changes possible, for we may write 

(6, c, al, (c, a, 6j, (a, c, 6|, \c, b, a}, {6, a, c] 

in turn in place of (a, 6, c|, with corresponding changes of a, cl , /9, /S', 7 , 7 '. 

We thus obtain 4 x 5 = 20 new expressions, which with the original four 
make altogether twenty-four particular solutions of Riemann’s equation, in 
terms of hypergeoinetric series. 

The twenty new solutions may be written down as follows: 

^{/3+'y+«.^ + y+«; 1 + /3-/3'; 

(H)‘ ^ ,+a, y+«; 1+. 

C-^r ^ 1^+7 + -'. ^+y+«'; 1+^-^'; ’ 

^'+y+«'; 1 + ■ 

“>=(j-a 7 C -^7 + “ + 7 + a' + ^; 1 + 7 -y; 

“■» = C-^)’ ({7 + “ + ^. 7' + «'+ ^; 1 + 7'- 7; JL3S-S ■' 

{7 + « + ^'. 7 + «' + ^'; I + 7 - 7'; ' ’ 
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“"-(s)’(sr —Vi 


«”-(S)’{S)''''f+ n-v-Vi 

-- or (O" *■ |v^ ^1+y- ,i oot ■ 


' - - (O' or *■ {« ♦ •+ ^ + •■+ y 1 +»- fl-i |£go!) • 

--(or (or isoi- 

— (Or (O "■{«+• *v. ^1 

, - - (or (or *■ I'V * • +v. «■+ .' + y i 1 * fl' -ft fcfOj} ■ 

By writing 0, 1 — C, A, B, 0, C - A - B, x for a, a, B, B\ r 7 '. 
(^ —6 )(c- a) obtain 24 solutions of the hypergeoinetric 

equation satished by F(A, B \ C; x). 

The existence of these 24 solutions was first shewn by Kuinmer*. 


14'4. Relations between particular solutions of the hypergeometiic equation. 

It has just been shown that 24 expressions involving hypergeornetric 
series are solutions of the hypergeornetric equation; and, from the general 
theory of linear differential equations of the second order, it follows that, if 
any three have a common domain of existence, there must be a linear relation 
with constant coefficients connecting those three solutions. 

If we simplify u,, Uj, u^\ u„, in the manner indicated at 

• Journal fflr Math. xv. (18S6), pp. 89-83, 127-172. They are obtained in a different manner 
in Foreyth’a Trtnti$e on Differmtial EquationM^ Chap. vi. 
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the end of § 14 3, we obtain the following solutions of the hypergeometric 
equation with elements A, B, C^x'. 

y, ~F{A, B\C\x\ 

y, ^ F {A - C B - 0-^l;2-C;x), 

y, ={l-xf-^-^F(C-B, C-A-,C;x), 
y, = (- xy-^{l - xf-^~^F{\ ~B,\-A;2-C\x), 
y„ = ^(^, 5; A-^B-G-\-l-l-x), 

F{C-B,G~A', G-A-B-^\- l-x), 
y,, = {-x)-^F(A, A-G+l;A-B-^l; x-^), 

F{B, 5-^ + 1; x~^). 

If I arg(1 — a?) I < TT, it is easy to see from § 2 o3 that, when | .f | < 1, the 
relations connecting yj, y^, y* must be y^=y^, y^ = y^, by considering the 
form of the expansions near «c= 0 of the series involved. 

In this manner we can group the functions w,,... into six sets of four*, 

VIZ. ^13 > ^16 J ^14 > ^6 > ^1t\i ^23) ^6f ^ > ^23 > J Wjl ^ » 

^io> ^8. ^i8j such that members of the same set are constant multiples of 
one another throughout a suitably chosen domain. 

In particular, we observe that u,, u^, tt,s, u,8 are constant multiples of a 
function which (by §§ 5*4, 2'53) can be expanded in the form 


{z - a)“ 


40 


1 -f 2 en{z ^ a)" 

n = l 


when 1^ —tt| is sufficiently small; when arg(^ —a) is so restricted that 
(z — a)« is one-valued, this solution of Rieraann’s equation is usually written 
P‘*'. And P'^’, P*^’; P*y\ P”'* are defined in a similar manner when 


^ — a 


^ — 61, \ z — c \ respectively are sufficiently small. 


To obtain the relations which connect three members of separate sets 
of solutions is much nmre difficult. The relations have been obtained by 
elaborate transformations of the double circuit integi-als which will be obtained 
later in § 14-61; but a more simple and singularly elegant method has recently 
been discovered by Barnes; of his investigation we shall give a brief account. 


14'6. Barnes contour integrals for the hy'pergeometric function^. 


Consider 



r (c + s) 


(- zyds. 


where |arg(—^)| <7r, and the path of integration is curved (if necessary) to 
ensure that the poles of r(a + 5)r(i-f s), viz. s = — a — — 6— n (« = 0, 1, 2, ...), 


* The special formula 

F(/!. 1; C,z) = j^f(^C-A, 1; C; 

which is derivable from the relation counectiug U] with u^s, v/A-i discovered in 1730 by Stirling. 
Methodns Differentialis, prop. vri. 

t Proc. London Math. Soc. (2), vi. (1908), pp. 141-177. Refereucea to previous work on sinaiiar 
topics by Pincherle, Mellin and Barnes are there given. 
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lie on the left of the path and the poles of r(—s), viz, 5 = 0, 1, 2, lie on 
the right of the path *. 

From § 13 6 it follows that the integrand is 

0 [| 5 exp (- arg {~z),I{s)-w\ T (s) [)] 

as 5 —>00 on the contour, and hence it is easily seen (§ 5*32) that the integrand 
is an analytic function of z throughout the domain defined by the inequality 
I arg ,51 ^TT — 3, where B is any positive number. 

Now, taking note of the relation F (- 5 ) F (1 + 5 ) = - tt cosec sir, consider 

1 t F(a + 5 ) F(6 + 5 ) 7r(— zy , 

27n Jc F(c + s) F(1+ 5 ) sinsTr 

where 0 is the semicircle of radius iV + ^ on the right of the imaginary axis 

with centre at the origin, and N is an integer. 

Now, by § 13'6, we have 

r(a+a)r(6+«) 7r (-zy ^Q (- 
F(c + 5 )F(1+5) sin stt '' ’ sin stt 


as iV*—> 00 , the constant implied in the symbol 0 being independent of arg 5 
when 8 is on the semicircle ; and, if s = 0 and \z\< 1, we have 

(— zf cosec STT = 0 j^exp ■ cos ^ log [ 5 | — sin 6 arg (— z) 

-{n + g)7r|sin^||j 

= 0 j^exp • + cos ^ log 1^1 - ^iV + ^^SIsin^ljj 


0 j^exp + 1^ logl^ljj 

0 [exp j-2-is(i7 + i)}] 


0^\e\^l7r, 




Hence i/ logj^l is negative (i.e. \z\< 1), the integrand tends to zero 
sufficiently rapidly (for all values of 0 under consideration) to ensure that 

j -*0 as iV —>00 . 

r +r i, 

by Cauchy’s theorem, is equal to minus 27ri times the sum of the residues 
of the integrand at the points 5 = 0, 1, 2,... i7. Make > 00 , and the last 


Now 


* It is aasamed that a and 6 are auoh that the contoor can be drawn, i.e. that a and b 
are not negative integers (in which case the hypergeometric series is merely a polynomial). 
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three integrals tend to zero when | arg (— z) | ^ tt — S, and \z\< 1, and so, in 
these circumstances, 



r (a + s) r (6 + 5) r (— s) 
r (c + 5) 


{—zyds= lim 


I r(a + «)r(fc + n) ,„ 
,=0 r (c + r) . n! 


the general term in this summation being the residue of the integrand at 
s = n. 


Thus, an analytic function {namely the integral under consideration) exists 
throughout the domain defined by the ineq uality \ arg z | < tt, and, when \z\< 1, 
this analytic /auction may he represented by the series 

I r (a + ri)r(6 + n) 

»=o r(c + n).nl 


The symbol F{a, b\c \ z) will, in future, be used to denote this function 
divided by T (a) F (6)/r (c). 


14 51. The continuation of the hypergeometric semes. 

To obtain a representation of the function F {a, b ; c; z) in the form of 
series convergent when | z | > 1, we shall employ the integral obtained in 
§ 14*5. If D be the semicircle of radius p on the left of the imaginary axis 
with centre at the origin, it may be shewn* by the methods of § 14'5 that 



r (g + z) r (6+z) r (— s) 

r {c+s) 


(— z)*c?z—♦O 


as p —>00 , provided that | arg (— z) | < tt, | z | > 1 and p—^oo in such a way 
that the lower bound of the distance of B from poles of the integrand is 
a positive number (not zero). 


Hence it can be proved (as in the corresponding work of § 14*5) that, when 
arg (— z) I < TT and [ z | > 1, 


1 rr (a + z) r(6 + 5) r(- .y 

27nj r(c + z) ^ 


* r (g + «) r (1 ~ c + g + n) sin (c — g — n) tt 
n=o r (1 + 7i) r(l — + g + n) cosn7rsin(6 — g — n) tt ' 


OD 

+ 2 


n-0 


r (6 + Tt) r (1 — c + 6 + n) sin (c - 6 — Tt) tt 
r (1 -I- n) F (1 — g + 6 + Ti) cos mr sin (g — 6 — ti) tt 


(- z)-»-». 


the expressions in these summations being the residues of the integrand at 
the points $ = — a — n, s~ — b — n respectively. 

It then follows at once on simplifying these series that the analytic 


* In considering the asymptotic expansion of the integrand when |«| is large on the oontonr 
or on D, it is simplest to transform V (a + s). F (& + »), r(c + .) by the relation of § 12-14. 
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14*51, 14*52] 

continuation of the series, by which the hypergeometric function was originally 
defined, is given by the equation 


(c-a) 

r(6)r(a-6) 

Vic-b) 


(- z) ^ F{b, l-c + b;l-a + b\ 


where 1 arg {~z)\< tt. 

It is readily seen that each of the three terms in this equation is a solution 
of the hypergeometric equation (see § 14*4). 

This result has to be modified when a - 6 is an integer or zero, as some of the poles of 
r(o+s)r(^+«) are double poles, and the right-hand side then may involve logarithmic 
terms, in accordance with § 14*3. 

Corollary. Putting 6=c, we see that, if j arg (- «) I < "■, 

where (1 — as z-^0, and so tho value of | arg (1 -5) 1 which is less than n always 

has to be taken in this equation, in virtue of the cut (sec § 14*1) from 0 to +oo caused 
by the inequality I arg (- z) | < it. 

14*52. Barnet Umnia thaty if the path of integration is curved so that the poles of 
r (y-#) r(d— a) lie on the right of the path and the poles of T {a-\-s)T ifi + s) lie on the left*y 
then 

f (r - 0 r ^ 

Write I for the expression on the loft. 

If (7 be defined to be the semicircle of radius p on the right of the imaginary axis with 
centre at the origin, and if p-*-oo in such a way that the lower bound of the distance of 
C from the poles of r{y-j) r(d- a) is positive (not zero), it is readily seen that 

= cosec (y-«)»r cosec (d-s)n 

= 2, I/(,)!)], 

as I «|-*>ao on the imaginary axis or on C. 

Hence the original integral converges; and j^-*-0 asp-^cc y when/2 (a + jS+y+ 8- 1)<0. 

Thus, as in § 14'6, the integral involved in J is -2»ri times the sum of the residues of the 
integrand at the poles of r(y-«) r(d —<); evaluating these residues we gett 

/= 2 r(Q+y+n)r(g+y+ft) 


+ J r (a + d + w)r(/3 + »+n) 


/iE>o r(a + l)r(l+y-d + n) sin (d -y) „=o r(n*fl)r(l+3 —y+n) sin (y — 8) w * 

* It is supposed that a, /9, y, S are such that no pole of the first set coincides with any pole 
of the second set. 

t These two series converge (§ 2*38). 
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And so, using the result of § 1214 freely, by § 1411 : 


1 


r(a + d)rO+«) 


/'(a + A 3 + a ; 1-y + a; 1) 


8in(y-d)7r [ r(l-y + a) 

r(a+y)r(ff + -y) 
r(i-a-t.y) 

_tiT(l-a-^-y-a) f r(a + a)r(j 3 + a) T (o+y) T (/3 + y) 


/*(a + y,/3+y; l-ft + y; 1)| 


sin (y — a) JT 


i 


__!±2L_1 

rci-a-y)r(i-^-y) r(i-a-d)r(l-)3-a)/ 
r(«+y)r(^ + y)r(a+a)r (3 + a) . 

r(a + ^+y + 8 )sin (a + /3 + y + a)„- 3 in(y- 8 ) 7 r^**“^“‘''’'^”'®'" 0 + y)«- 

— sin (a + 8 ) TT sin O + 8 ) jt}. 

But 2 sin (n +y) JT sin (^ + y) tt — 2 sin (a + 8 ) tt sin (3 + 8 )jr 

= cos (a -^) jr - cos (a+j3 +2y) jr-cos (a-j3)n- + co 3 (a + /3+28)ir 
= 2 sin(y- 8) TT 8 ili(a + /9 + y + 8 ) ir. 

Therefore /= r (.+y) r (g + y) r (o + 8 ) r(3 + 8 ) 

r(o+j34-y + 8 ) ’ 

which is the required result; it has, however, only been proved when 

A(o +(8 + y + 8 - 1 )< 0 ; 

but, by the theory of analytic continuation, it is true throughout the domain through 
which both sides of the equatioti are analytic functions of, say, a; and hence it is true for 
all values of n, fi, y, 8 for which none of the poles of r(a + #) r O + i), gua function of s, 
coincide with any of the poles of r (y — «) r (8 - «). 

Corollary. Writing « + !:, a-I-, 3 —-t, y + Ir, 8 + 1: in place of o, /9, y, 8 , we see that 
the result is still true when the limits of integration are — I:±qo i, where k is any real 
constant. 

14*53. TAc conti^ion between hypergeometric function* of z and of \—z. 

We have .seen that, if | arg (— ^) | <tr, 

1 /’ •* f I /'-*+■ i -i 

= 12 ^ 7 ./r( 4+0 r (r -0 r (c-a- 1 - 0*1 

^ r(-.)(-r)« 

by Ba„,o.s’lemma, r(e-a)r(e- 6 ) ’ 

If k \)e so chosen that the lower bound of the distance between the z contour and the 
t contour is positive (not zero), it may l»o shewn that the order of the integrations* 
may be intei'changcd. 

Carrying out the interchange, we see that if arg (1 -«) be given its principal value, 

r(c-a)r(c- 8 )r(a)r( 8 )F(a, 6 ; c; 2 )/r(c) 

= jllZ >- (“+‘) r ( 6+0 r - 6 - 0 - 0 r (- a) (-*)• *} rfi 


1 

= ^ I r(a + or(6 + or(c-a~8-or(-0(i-*)*df. 

2nt J 


* Methods bimilar to those of § 4*51 may be used, or it may be proved without much difficulty 
that conditions established by Bromwich, Infinite Serie$, § 177, are satisfied. 
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Now, when ( arg (1 — s) | < 2jr and | I - «[ < 1, this last integral may be evaluated hy the 
methods of Barnes’ lemma (§ 14-52); and so we deduce that 

r(o-ci)r(c-5)r(a)r(5)F'(a. 6; c; *) 

= r(c)r(a)r(fr)r(c-a-6)^(a, b ; a-f6-c + l ; l-z) 

+ r(c)r(o-a)r(c-5)r(a + 6-c)(l-*)"-“-*/'(c-a, c-6; c-a-b + l; l-z), 

a result which shews the nature of the singularity of /’(a, 6 ; c ; 2 ) at 2 = 1. 

This result has to be modified if c—a -6 is an integer or zero, as then 

r(a+or(6+or(c-o-6-or(-o 

has double poles, aud logarithmic terms may appear. With this exception, the result is 
valid when j arg ( - 2 ) | < w, | arg (1 - 2 ) | < tt. 

Taking |2|<1, we may make 2 tend to a real value, and we see that the result still 
holds for real values of z such that 0 < 2 < 1. 

14'6. of Riemanns equation hy a contour integral. 

We next proceed to establish a result relating to the expression of the 
hypergeometric function by means of contour integrals. 

Let the dependent variable w in Riemanns equation (§ 107) be replaced 
by a new dependent variable I, defined by the relation 

M = (z - a)* {2 ~hY{z~ c)y I. 

The differential equation satisfied by I is easily found to be 

IlL + [ l+g-g^ ^ 1 1 + 7 - 7 ) dl 

dz* \ z — a z~b ^ z-c ) dz 

^ (« + ^ + 7) Ka + ^ + 7 + 1)^+ Sa(a+;Q'+ y-l)| ^ ^ 

which can be written in the form 

+ li (\ - 2)(\- 1) Q'^ (z) + (X - \)K (2)1 / = 0, 
where / x = 1 - a - >9 - y = a' + + 7 ^ 

\q{^) = {z- o) {z - &) (-2 - c). 

lii ( 2 ) = S (a + + 7 ) (2 - i») (z - c). 

It must be observed that the function I is not analytic at », and consequently the 
above differential equation in I is not a case of the generalised hypergeometric equation. 

shall now shew that this differential equation can be satisfed by an 
integral of the form 

/— j (f- a)“'+^+T-* {t - _ cY+S+y'-l 

provided that C, the contour of integration, is suitably chosen. 
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For, if we substitute this value of I in the differential equation, the con¬ 
dition* that the equation should be satisfied becomes 

(t _ a)“'+^+r-> {t - 6)«+^ {t - c)-+^+T''-> {z - = 0, 

c 

where 

Jd- = (X - 2) (z) + (< - ^) q (z) + 1 (< - zY Q" (z) ■ 

. , 

-{■ (t — z) (i? (z) + (t — z) R' (z)] 

= (\- 2 ) lQ(t)-(t-^zy}+(t^z) lR{t)-(t~zy’Z(a'-\-0-^y)] 

= — (1 a + 0 -i- y)(t — a) (t— b)(t — c) 

+ %{a 0 -]-y)(t~-b)(t — c) {t — z). 

where 

V=(t- (t - by-'P'-^y (t - c)“+^+i'' (t - 

The integral I is therefore a solution of the differential equation, when 
C is such that V resumes its initial value after t has described C. 

Now 

V~(t ~ a)“'+^+y”* (f — — c)*+^+y'“' {z — f/, 

where [/ = (t - a) (t - b) (t — c) (z - t)~'. 

Now 1/ is a one-valued function of t; hence, if O be a closed contour, it 
must be such that the integrand in the integral / resumes its original value 
after t has described the contour. 

Hence finally any integral of the type 

{z - a)“ {z - 6)3 (2 - c)y f (t - a>«+y+* -'(«- 6)y+*+^'-'(i - c)“+^+y'-' (z-ty^-^^y dt, 

where C is either a closed contour in the t-plane such that the integrand 
resumes its initial value after t has descm.bed it, or else is a simple cui've such 
that V has the same value at its termini, is a solution of the differential equation 
of the general hyper geometric function. 

The reader is referred to the Tueiuoirs of Pochhanmier, Math. Ann. z.xxv. (1890), 
pp. 495-526, and Hobson, Phil. Trans. 187 a (1896), pp. 443-631, for an account of the 
methods by which integrals of thi.s type are transformed so as to give rise to the relations 
of 14-51 and 14'53. 

Example 1. To deduce a real deBnite integral which, in certain circumstances, 
represents the hyj>ergeometric scrie.s. 

* The diflerentiatioDB under the sign of integration are legitimate (§ 4-2) if the path C does 
nut depend on z and does not pass through the points a, b, c, z\ if C be an infinite contour or if 
C’ passes through the points a, b, e or z, further conditions are necessary. 


It follows that the condition to be satisfied reduces to 


dV 


dt = 0. 
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The hypergeometric series F{a, 6; c; «) is, as already shewn, a solution of the ditlorei. 
equation defined by the scheme 

r 0 00 1 \ 

^ ■! 0 a 0 2 - . 

T- . , ll —c b <f-a- 6 j 

It in the integral 

which is a constant multiple of that just obtained, we make 6->'CO (without paying 
attention to the validity of this process), we are ied to consider 


/, 




Now tli6 liniiting forro of V in question is 

and this tends to zero at f = 1 and (= oo , provided R (c) > R (4) > o. 

We oecordingly consider f f—(( - > (t-z)-» rf,, „.|.ere r is not* positive and 

greater than 1. 


In this integral, write ( = w~i; the integral becomes 

u*-> (1 - (1 - uz)~«(iu. 

He are therefore led to expect that this integral may be a solution of the differential equation 
for the hypergeometric scries. 

Tlje r^der will cosily see that if R(c)> R (5) > 0, and if arg « =arg (1 - «) =0, while the 

branch of 1 - .s si«cified by the fact that {l-«z)-.^l as «--0, the integral just 
found is » o j 

r(i!) 

This can be proved by expandingf (1 — «z)-a in ascending powers of z when | 2 | < 1 and 
using 5^ 12*41. 


Example 2. Deduce the result of § 1411 from the preceding example. 

14-61. Determination of an integral which represents /><•>. 

c integral which represents the particular solution /*<'’> 

(S 14*3) of the hyporgeometne differential equation can be found. 

We have seen (§ 14*6) that the integral 
l = {z-af‘ {z~bf + 

the differential equation of the hypergeometric function, provided C is a closed 
contour such that the integrand resumes its initial value after t has described C. Now the 
.singularities of this integrand in the f-planu are the points a, t, c, 2 ; and after describing 
the .louble circuit contour (i? 12*43) symbolised by (6 + , c + ,, c-) the integrand returns 
to its original value. 

* This ensures that the point t-=\fz is not on the patli of integration, 
t The justification of this process by § 4*7 is left to the reader. 
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Now, if 2 lie in a circle whose centre is a, the circle not containing either of the points 
and c, we can choose the path of integration so that t is outside this circle, and so 
I 2 — a I < I ^ ~ « I for all points t on the path. 

Now choose arg( 2 -a) to be numerically less than n and arg (2 —6), arg( 2 -c) so that 
they reduce to* arg(a-6), arg(a-c) wheu 2 -^a; fix arg(^-a), arg(<-6), arg(^-c) at 
the point N at which the path of integration starts and ends ; also choose arg (t to 
reduce to arg ((-a) when 

Then = + 

(.-c)>=(a-o)’'|l+y + 

and since we can expand (i — 2 )“*“^“^ into an absolutely and unifonnly convergent series 


we may expand the integral into a series which converges absolutely. 

Multiplying up the absolutely convergent series, we get a series of integer powers of 
2 —a multiplied by Consequently we roust have 


7= (a-6/ (a-c)> J 


(A + , c + , 6 — , c^) 




We can define P^\ P^\ P^''^ by double circuit integrals in a similar 

manner. 


14‘7. Relations between contiguous hypergeometric functions. 

Let P(^)be a solution of Riemann’s equation with argument ^.singularities 
a, b, c, and exponents a, a\ >3, y, y. Further let P (z) be a constant 
multiple of one of the six functions P‘“', P*^', P^P, P‘’^^ Let 

P/+i,m~i(^) denote the function which is obtained by replacing two of the 
exponents, I and m, in P(^) by / + 1 and m - 1 respectively. Such functions 
Pi+i,in-i (^) are said to be contigiious to P (z). There are 6 x 5 = 30 contiguous 
functions, since I and m may be any tw'o of the six exponents. 

It was first shewn by Riemannt that the function P(z) and any two of 
its ccnitiguoua functions are connected by a linear relation, the coefficients in 
which are polynomials in z. 

There will clearly be ^ x 30 x 29 = 435 of these relations. To shew how 
to obtain them, we shall take P {z) in the form 


P {z) = {z-^ayKz- bf {z - c)y j^(t - (t - 

{t - c)-+p+>'-i (t - zf-^-y dt, 

where C is a double circuit contour of the type considered in § 14*61. 


* The values of arg (a - &), arg (a - e) being fixed. 

t Abh. der k. Get. der U'u$. *u Gdtlingen, 1857; Ganss had previously obtained 15 relations 
between contiguous hypergeometric functious. 
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First, since the integral round C of the differential of any function which 
resumes its initial value after t has described C is zero, we have 

0 =/p ^ - a)“'+'>+r(« _ b)’+f‘+y-'(i - c)»+s+/-> {t - dt. 

On performing the differentiation by differentiating each factor in turn, 
we get 

(a' + + 7) P + (« + + 7 ” 1) + (a + + y - 1) 

_ (o + ^ + 7) T> 

jzn O+I.y'-I* 

Considerations of symmetry shew that the right-hand side of this 
equation can be replaced by 

(a+ ^ + 7 ) ^ 

These, together with the analogous formulae obtained by cyclical inter¬ 
change* of (a, a, a) with ( 6 , /9, and (c, 7 , 7 '), are six linear relations 
connecting the hypergeometric function P with the twelve contiguous 
functions 

-F^+I.y'— 1 ) 'Fy+i,«'-i» P 0 + 1 ,V-i, -Fy+l.fl'-i, 

-Fa'+l.y'-I. -Pfl'+l.y'-I* P -Fy+I,*'-!, Py+i,p'„i. 

Next, writing t-a^{t-b) + {h -«), and usingf to denote the result 
of writing a' — 1 for a' in P, we have 

P — P «'_I, p'+l + (6 — O) Pa'_i. 

Similarly P = P.-_,,y+, + (c - a) P.._,. 

Eliminating Pa'_i from these equations, we have 

(c - 6 ) P -t- (a - c) P.'_,.p +1 + (6 - a) P.'_,,y+, = 0 . 

This and the analogous formulae are three more linear relations con¬ 
necting P with the last six of the twelve contiguous functions written above. 

Next, writing (t-z)^{t - a)~{z ~ a), we readily find the relation 
P = P^+i.y -1 -{z- a)“+i {z -hY{z- c)y 

XI (e - ay>+>+*'-» {t - {t - cU, 

which gives the equations 

{z - a)-* {P - (z - by' P/»+,.y-i) = {z~ b)-' [P-{z- c)-‘ Py+,.,'_,} 

= {z-cy' (P-(^-a)->P.+,.,._.l. 

* The interchange is to be made only in the integrands; the contour C is to remain 
unaltered. 

f Pa'-i in not a fanetion of Biemann's type since the sum of its exponents at a, 6, e is not 
unity. 
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These are two more linear equations between P and the above twelve 
contiguous functions. 

We have therefore now altogether found eleven linear relations between 
P and these twelve functions, the coefficients in these relations being rational 
functions of Hence each of these functions can be expressed linearly in 
terms of P and some selected one of them; that is, between P and any two of 
the above functions thei'e ex'ists a linear relation. The coefficients in this 
relation will be rational functions of z, and therefore will become polynomials 
in z when the relation is multiplied throughout by the least common multiple 
of their denominators. 

The theorem is therefore proved, so far as the above twelve contiguous 
functions are concerned. It can, without difficulty, be extended so as to be 
established for the rest of the thirty contiguous function-s. 

Corollary. If functions be derived from P by replacing the e.xporients a, o', y. y 
by a + p, n' + j, (9 + r, > + ?, y' + «, where p, q, r, t, u are integers satisfying the 

relation 

then between P and any two such functions there exists a linear relation, the coefficients 
in which are polynomials in z. 

This result can be obtained by connecting P with the two functions by a chain of 
intermediate contiguous functions, writing,down the line^tr relations which conjiect them 
with P and the two functions, and from these relations eliminating the intermediate 
contiguous functions. 

Many theorem.s which will l>e established subsequently, e.g. the recurrenceTormulae 
for the Legendre functions (§ 15‘21), are really cases of the theorem of this article. 
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Miscellaneous Examples. 


1. Shew that 

/’(a, 5 +1; c; z) — F(ayb; c; z) = — F(a + \, b+1; c +1 ; z). 

c 

\ 

2. Shew that if a is a negative integer while j9 and y are not integers, then the ratio 
F(a, /3; a + /3+l - y; 1 -x)-i-F(a, 0; y ; x) is independent of a*, and find its value. 
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dP d* P 

3. If P{ 2 ) be a hypergeometric function, express its derivates and linearly in 

terms of P and contiguous functions, and hence find the linear relation between P, ~ , 

cn 

d-P 

And i-c- verify that P satisfies the hypergeometric dift'ei'ential equation. 

4. Shew that i ; I ; 4^(l - 2 )} satisfies the hypergeometric equation satisfied by 
i ; 1; i)- Shew that, in the left-hand half of the lemniscate | 2 (1 - «) [ = |, these two 

functions are equal; and in the right-hand half of the lemniscate, the former function is 
equal to /’(i. 1 ; \ -z). 

5. If .^1,+ 1, 6 ; c; a-), = ^'(a - 1, i ; c; .f), determine the 15 linear relation.s 

with polynomial coefficients which connect F{a, 6; c; x) with pairs of the six functions 

+ t -^o-j » ^6 —> ^r + 1 — ' (Gauss.) 

6. Shew that the hypergeometric equation 

is satisfied by the two integiuls (supposed convergent) 

J ~ V1 - z)> - ^ ■ ^ ( 1 - xr) ~ (fz 

[V"‘(l-«)*-^{l-(l-x) 

7. Shew that, for values of x between 0 and 1, the solution of the equation 

^(l-*)^+|(« + /9+l)(l-2r)^-a/3i, = 0 

i; (1 - 2x)*)+ 5(1 - 2:r)/’{J (»+1). *(3+1): (1-2^-)=), 


and 


IS 


where A , B are arbitrary constants and F{a, /3; -y; x) represents the hypergeometric series. 

(Math. Trip. 1896.) 

8. Shew that 

j ..-.1 

rC^-o-^HXy) 

”r(y-«)r(y-/3) 

where k is the integer such that ifr^.ft(a-f-/3 — y)<^-hl. 

(This specifies the manner in which the hypergeometric function becomes infinite when 
•^-►1 -0 provided that a+3 — y is not an integer.) (Hardy.) 


Shew that, when R(y-a-^)<0, then 

c - r(y)n“-^^-> 


1 


as u 


^’••(«+/9-y)r(a)r(/3) 

CD ; where denotes the sum of the first n terms of the series for F(a, /3; y; 1). 

(M. J. M. Hill, Proc. London Math. Boc. (2), v.) 
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10. Shew that, if y,, be iiidependeot solutiooe of 


then the general solution of 






cb^ ( 


dx 


+ 


4e}g + {4/-« + 2g. = 0 


is z=Ay.^^-k-Byxy 2 -\-Cy^y where Ay By C'are constants. 


11. Deduce from example 10 that, if a + + 


(Appell, Comptea RenduSy xci.) 


{F(a &• c- r>1«- r(c)rC2c-l) * r(2a + ») r (a +6-<-n) T (264-«) 

^ ^ r(2a)r(26)r(a + 6)n!o n\ T{c-\-n)T{2c~\+n) 

(Clausen, Jownud fUr Math. III.) 

12. Shew that, if [ x ] < i and | J(1 — x) 1 <^, 

F{2a,2^\ a+^ + ^-y 4.r(l~a:)}. (Kuinmer.) 

13. Deduce from example 12 that 

14. Shew that, if and R{a)< 1, 

/■(a, 3a-l; 2a; - = 3^° ' ^ exp .rt (3a - 1 )} V ( i ) ’ 

^’(a,3a-l; 2a; - a.) = 3?* ' ^ exp {}«• (1 - 3a)} . 

(Watson, Quarterly Journal, XLI.) 


15. Shew that 


(Heymann, ZeiUchrift fur Math, und Pkys. XLiv.) 

16. If (l-;r)“+^->'i?’(2a, 2^; 2y ; x)=1+Bx + Cj^+D x^+ 
shew that 

B’ia, $; y+^i x)Fiy-ay y-^i y+l; x) 

-II ^ Bxi y-y^^ - cx^i y(y+^)(y+^> jnr3+ 

y+l ^(y + i)(r+|) (y+i)C> + 3)(y + f) 

(Cayley, Phil. May. (4), xvi. (1858), pp. 356-357. See also Orr, Camb. Phil. 
Trans, xvii. (1899), pp. 1-16.) 

17. If the function F(a, /S', y; x, y) be defined by the equation 


F{ay 0, ffy y \ Xy y) = 


r(y) 


-- [*u*‘>(l-tt)y “''^(l-tAr) ^(l-uy)^^'du, 

“«)yo 


r(a)r(y 

then shew that between P'and any three of its eight contiguous functions 

/•(oil), F (0± l)y Fi 0 l ± l)y Fiy±l), 

there exists a homogeneous linear equation, whose coefficients are polynomials in x and y. 

(L© Vavasseur.) 
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18. If y—a —/3<0, shew that, as -0, 




and that, if y —a —/3 = 0, the corresponding approximate formula ia 




(a+$) 

o)r(/3) 




(Math. Trip. 1893.) 


19. Shew that, when | .r | < 1, 








“a - 1 . <1*^ I 




= _4e*i'*sin air sin (y-o) «■.—|S ; y; x), 


where c denotes a point on the straight line joining the points 0, x, the initial arguments 
of V—X and of i' are the same as that of .r, and arg (1 — as iz-^O. 

(Pochhararner.) 

20. If, when | arg (1 —x) j < 2»r, 


^ . !r (-«) r (i+.))* (1 - .r)‘ 


and, when | arg x | < 27r, 




by changing the variable « in the integral or otherwise, obtain the following relations : 

.fi'(x) = ^' (1 ~x), if I arg (1 —x) 1 < n-. 

jr(l — x) = A''(x), if|argx|<7r. 

A'(x) = {l -x)“i A' if I arg (1 -x) | <Tr. 


if I arg .c|<jr. 


Ar(i-x)=x-iA'(-^:^), 

A:'(x)=x"i/r(i/.v), 

A" (1 -x)=(i -x)“i A" 1 -•"■)!< 


if I argx I < ir 


(Eames.) 


21. With the notation of the preceding example, obtain the following results 

2.rAT' (a:) = - |l„g_ 4 log 2 + 4 (1 - | ^ i)| , 

when I XI < 1, | arg .r j < «■; and 

/r (x) = + i(-X) - i AT (l/,r) + ( -X) - 4 JT'(l/A 
when I arg (— x) | < ir, the ambiguous sign l»eing the same as the sign of I (x). 


(Barnes.) 
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22. Hypergeomctric series in two variables are defined by the equations 


■^i(a ; ; y\ x, y) = 


2 Jhn+n^ni^n 
m, n •' ym + n 




F2{a; dy ^; y, y'] r, y) = 


Fsia, a\ y; r,y) = 


Fi (n, 3 ; y, ; .V, y) = 


2 

n Ttl \ n \ y,„ y„ 

2 pm„,. 

n 1 W ! y,„ ^ „ 


^*fn ♦ n + n 


w«. nTn \ n \ y,„y,| 




X X 


where a,„ = n (rt + l)... (o + m - 1V and 2 means 2 2 . 

n», »j nt “0 'I -0 

Obtain the difiTerential equations 


.r (1 - .r) - 2.ry -y2 {y - (a + ^ + I) x}- (a-I-1) 3 /- 0 ^/=; = 0, 

and four similar equations, derived from the.se by interchanging x with y and a, /3, y with 
<*'> /3'> y' when a, j3', y' occur in the corresponding serie.s. 

(Appell, Conxptta R/trxduSy JC.) 

23. If a is negative, and if 

a» -v+u, 

where v is an integer and a is po.sitive, shew that 

r{x + a) + n + 


where 


«„ = Oi-n), 

H ! 


G g(-g)-g(-/0 

x+« 


(Herulite, Jotimal fiir Matk. xcil.) 


24. When « < 1, shew that 

r(x)r(a-.r) 


r (a) 


» /? * fi 

_ 2 ‘^'y _ 2 * 

„=,x + « 


where 


/?« = 


( — )"a(a + l)...(a + n — 1) 


25. When a>l, and i/ and a are re.spectively the integral and fractional ^»arts of 
a, shew that 

r(x)r(a-x) _ * G ( x) p,. * g(a')p„^n 


r(a) 


« = t .r+?t „=i x-a —/j 


Lx—a X— a-1 x-o-v+lj 


1 
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where 


and 


( — )'*a(a+l)...(a + 7l-*l) 


P«= 


n\ 


(Hcm^ite, Journal fiir Math, xci!.) 


26. If 


a.*(.p+l)(y+y + 7i-l){y+t> + 7i) 


• • • 1 


XI + 1) . /> 

0)-l y<y+l)(x+..)(.f+i.+ l) 

where n is a positive integer and ... are binomial coefficients, shew that 

/ r ( y) r 0/ - a-+ n) r (J -H;) r (v + » ) 

/h y. ^^‘“r(y-T)r(y+n)r{v)r(x+f+M)’ 

(Saalsclmtz, Zeitschri/t fiir Math, xxxv ; a ntimber of similar results are given 
by Dougall, Proc. Edinburgh Math. Soc. xxv.) 

.7. If 

shew that, when /2(5 + f-fa~-l)>0, then 

,, . , ^ ,x r(i)r(d)r(0r(6 + €-ga-i) 

F(a,a-8+l,o-* + l; 8, f ; l)-2 ‘ p j j • 

(A. C. Dixon^ Proc. London Math. Soc. xxxv.) 

28. Shew that, if H (a) < then 

a (o + 1) ... (q + H ^ ^ _ 

n ! 

(Morlcy, Proc. London Math. Soc. xxxiv.) 

29. If 


- fa(a+l)... (a + H-in\ T (1 - Sa) 


-y)‘-'(l - Xj/)"'-!-''dxdj/ = B(,i, j, k, I, m), 

shew, by integrating with respect to r, and also with respect to y, that P {i,J, l\ I, m) is a 
symmetric function of i+J.J + ^i ^ + 1, l + m, m + i. 

Deduce that 

8.*; 1 )-^ r (8) r (c) r (8 + . - a-3 - y) 

is a symmetric function of 8, *, 8 + <“n-/3, 8 + «—/3-y, 8 + €- y-fl. 

(A. C. Dixon, Proc. London Math. Soc. (2), il. (1905), pp. 6-16. For a proof of 
a special case by Barnes’ methods, see Barnes, Quarterly Journal^ XLI. 
(1910), pp. 136-140.) 

30. If 


71, a + n; y; x) = 




rf'‘ 


y (y+1) ... (y + 7t-l) 

shew that, when n is a large positive integer, and 0< x < 1, 




1 


K 


r(y) 


(Hin»* ’'(co3<^)i' “ *coH{{2rt + a)<^-i7r(2y~l)} + 0^^^^), 


n*~^ Jit 
where a =8in*<^. 

(This result is contained in the great memoir by Darboux, “Sur I'approxi- 
mation des fonctions de tr8s grands nombres,” de Math. (3), iv. 

(1878), pp. 5-56, 377-416. For a systematic development of hyper¬ 
geometric functions in which one (or more) of the constants is large, see 
Canib. Phil. Trane. XXII. (1918), pp. 277-308.) 


CHAPTER XV 

LEGENDRE FUNCTIONS 


15*1. Definition of Legendre polyn<miials. 

Consider the expression (1-2xAwhen \ '2zh-h'\<\, it can be 

expanded in a series of ascending powers of 2zh-h'. If, in addition, 

I 2*/! I + i A I' < 1, these powers can be multiplied out and the resulting series 

rearranged in any manner (§ 2 52) since the expansion of [1 - {| 2aA | +1A j^)]- J 

m powers of \2zh\ + \h\‘‘ then converges absolutely. In particular, if we 
rearrange in powers of h, we get 

(I - 2sA + A=)- i = P, (x) + hP, (x) + A‘P,(a) + h'P,(z)+ 

where 


PoW = l. Pi{s) = z, = P.W = |(6^_3^), 

P 4 ( 2 ) ~ 0 - 302* + 3), Pj ( 2 ) = g (632* - 7 O 2 * + ) 62 ). 

and generally 


Pn (e) = 


(271)! 


2". (71 !)> 


m 


z" - 


”(»-!) , «(«-I)(7t-2)( 7t 

2(271-1) 2.4. (271 - 1)(271- 

(271-2r)! 


3) 


-■t 


2 (-y __ 

r=o 2“. r! (n — r)! (?i - 2r)! 


.n—Dr 


where m = g n or g (n — 1), whichever is an integer. 


If a, 6 and a be positive constants, 6 being so small that 2a6 + 6 * ^ I - d, the expansion 
of (1 - + 4») ■ i converges uniformly with respect to a and 4 when U | ^ a, 14 | ^ 6 . 

The expressions Po ( 2 ), P. ( 2 ), .... which are clearly all polynomials in 2 

are kno^vn as Legendre polynomials*, P^{z) being called the Legendre 
polynomial of degree n. 


It will appear later (§ 15*2) that these i>olynomiaU are particular case.s of a more 
extensive class of functions known as Legendre functions. 

Example 1 . By giving z special values in the expression (1 - 2r4 +4*)" i, shew that 

^7.+.(0)=0, Pt,(0)=(-)» 

2 .4( 2 n) 


* other names are Legendre eoejieienu and Zonal Harmonies. They were introduced into 
analysis in 1784 by Legendre, par dtVer# savans, x. (1705). 
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shew that 


1.3.(2«)(2«-2) I 

^2.4.(2n-l)(2n-3) ^ j 


Deduce that, if ^ be a real angle, 


1 t 2n-l ( l-(2n) . 1 .3. (2«)(2n-2 ) \ 

/»„(coatf)|^ *2. *4*...^ V'‘'2. (2n-l)‘ *^2.4. (2 h- 1) (2n-3)' ‘"J 


= i’n(l). 

SO that I Pn (cos 1 $ 

ExampU 3. Shew that, when 2 = - J, 

i>, = i^o Pj, - /^l -Pj. -1 + A Pt„ -! - • • • + •?'o ■ 

1611. Rodrigues'* formula far the Legendre polynomials. 
It is evident that, when n is an integer. 

d" , « 1 \„ f $ / . \r _!L!_ ,an-3rl 


(Legendre.) 


(Clare, 1905.) 


- 1)“ = 57n (-)’■ ,.!(n-r)! 


) 


m 


n\ 


1 (^Y - (_2!Li!r)’ 

,,ro^ ' r!(?i-r)! (n-2r)! 




where ? 7 i = | n or ^ (n - 1), the coefficients of negative powers of « vanishing. 
From the general formula for P„ (z) it follows at once that 

W = 2^ 

this result is known as Rodrigues’ formula. 

ExampU. Shew that Pn (0 = 0 kaa n real roots, all lying between ± 1. 

1612. Schldjliaf integral for P„ (z). 

From the result of § 15'11 combined with § 5*22, it follows at once that 

1 f ff’—IV* 

" 2m Jc^*(t- r)’‘+' 

where (7 is a contour which encircles the point z once counter-clockwise; this 
result is called Schldfli’s integral formula for the Legendre polynomials. 

• Corretp. iur F^cole poly technique t iii. (1814-1816), pp. 361-366, 
t SohUai, Ueber die twei Heine'iehen Kugel/unetionen (Bern, 1881). 
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1513. Legendres differential equation. 

We shall now prove that the function u = {z) is a solution of the 

differential equation 

which is called Legendres differential equation for functions of degree w. 

For. substituting Schlafli’s integral in the left-hand side, we have, 
by § 5-22, 

« (« + 1)-Pn (.) 


dz 


= Ic \-(n+2)(e-l) + 2(n+l)t(t-c)] 

(n + l) f d ((>-!)"+■] 

and this integral is zero, since {t* — (t — resumes its original value 

after describing C when n is an integer. The Legendre polynomial therefore 
satisfies the differential equation. 

The result just obtained can be written in the form 

d f,_ ..dPn(z) 


dz 


(1 - + n (» + 1) Pn{z) - 0. 

. 


It will be obsen'ed that Legendre’s equation is a particular case of Riemann’s equation, 
defined by the scheme 

— 1 GO 1 > 

0 n + 1 0 zl. 

0 - tt 0 j 

Example 1. Shew that the equation satisfied by ^ defined by the scheme 


P< 


-1 

oo 

1 

— r 

« + r+l 

— r 

0 

-n-hr 

0 


Example 2. If z*=»;, shew that Legendre’s differential equation takes the form 

f ^ M I 

rfij* (27 l-7/rf7 47(1—7) 

Shew that this is a hypergeometric equation. 

Example 3. Deduce Schliifli’s integral for the Legendre functions, as a limiting case of 
the general hypergeometric integral of § 14-6. 

[Since Legendre’s equation is given by the scheme 

[-1 * 1 

Pi 0 H + 1 0 z), 

0 -n 0 


15-13, 15-14] 
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the integral suggested is 

taken round a contour C such that the integrand resumes its initial value after describing 
it; and this gives SchlaBi’s integral.] 

1614. The integral properties of the Legendre polynomials. 

We shall now shew that* 


= 0 

I ^ {z) P„ {z) dz - 


2 

2n+l 


(mi^n), 
{m = n). 


Let (u), denote ^ ; then, if r^n, l)")r is divisible by 1)“ ^ 

and so, if r < n, \{z^ — l)”]r vanishes when z~ \ and when z — —\. 

Now, of the two numbers m, n, let m be that one which is equal to or 
greater than the other. 

Then, integrating by parts continually, 

I' iruiu’-irin* 

= ((is’-iru-, 


= (_)”>J‘ (z-- 1)”* ((i* - l)")„+m dz. 


• A 

since |(P - irU-n, vanish at both limits. 

Now. when m>n, 0. since differential coefficients of (z^ - !)» 

of oitler higher than 27 i vanish; and so, when m is greater than n, it follows 
from Rodrigues' formula that 

^ A 


^Pm(2)Pn («) dz = 0. 

When m = n, we have, by the transformation just obtained, 

I' -1)“1» -1)”1» dz = (-)" f (p - D" ^ (p - 

[I 

= (2n)!j ^(l-zTdz 

= 2.(2n)! f‘(l-z>)"dz 

Jo 

= 2.12nl!f 8in“-^>ddd 


(z’-ll-dz 


= 2.{2n)!f 8in“-^>ddd 

J 0 

zz. 2.4. ...(2n) 
^2-W-3.5.„(2n + l)’ 


* These two results were given by Legendre in 1784 and 1789. 
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where cos Q has been written for z in the integral; hence, by Rodrigues’ 
formula, 

i-i ‘ (2V7*!)*(27i + l)!~2;m • 

We have therefore obtained both the required results. 

It follows that, in the language of Chapter xi, the functions (n +J)i are normal 
orthogonal functions for the interval ( -1, 1). 


Example 1. Shew that, if .r>0, 


J (cosh2j:-i) i /*,(r)= (n +J)-> 

(Clare, 1908.) 

Example 2. If /= / /»,„ (r) {z) dz, then 

0 


(i) /-l/(2n+l) 

(ii) 7=0 


(iii) /= 


(-r*' 


n! wt! 


2« + «“i(«-m)(n + m + l) (»»!)V 0* 


16'2. Legendre funciiom. 


(m«n), 

(wi —n even), 

{n = 2i/ + l, m = 2/i). 

(Clare, 1902.) 




Hitherto we have supposed that the degree n of P„ (z) is a positive 

integer, in fact, P„ ( 2 ) has not been defined except when n is a positive 

integer. We shall now see how can be defined for values of n which 

are not necessarily integers. 

An analogy can be drawn from the theory of the Gamma-function. The eipresaion 
r! aa ordinarily dehned (viz. as z(z-1) (z-2)... 2.1) has a meaning only for positive 
integial values of z ; hut wheu the Gamma-function has been introduced, z ! can be defined 
to be r (z-Pi), and so a function z ! will exist for values of z which are not integers. 

Refeniag to § 1513, we see that the differential equation 
is satisfied by the expression 

Virile 

even when n is 7iot a positive integer, provided that C is a contour such that 
(f’— 1)”+* (< — resumes its original value after describing C. 

Suppose then that n is no longer taken to be a positive integer. 

The function (<»-has three singularities, namely the ^ 
points t = l, < = — 1, f = and it is clear that after describing a circuit round 
the point t = l counter-clockwise, the function resumes its original value 
multiplied by ; while after describing a circuit round the point t = ^ 

counter-clockwise, the function resumes its original value muItipUed by 
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If therefore 0 be a contour enclosing the points t = \ and < = but 

not enclosing the point < = -l.then the function (^« -1)"+^ (i-^) " * will 
resume its original value after t has descnbed the contour C. Hence, 

Legendre^s differential equation for functions of degree n, 


dt, 


is satisfied by the expression 

2« (t - zW' ‘ 

for all values of n ; the many-valued functions will be specified Precisely 
by taking A on the real axis on the right of the point t = 1 (^d on the 
right of®, if ^ be real), and by taking arg(t- 1 ) = arg(« +1) = 0 and 

larg(i —^)|<7r at , , r j 

This expression will he denoted by P„ (r), and will be termed the Legendre 

function of degree n of the first kind. 

We have thus defined a function P„ (.), the definition being valid whether 
n is an integer or not. 

The function P (t) thus dehned is not a one-valued function of . ; for we might take 
two contours as shewn in the figure, and the integrals along them would not be the same; 



. n in. r,.,.tonr inteeral unique, make a cut in the ( plane from - 1 to - oo along the 
to ^ke the CO ^ ^ ^ j 

.“r a..< a.a. 

not vary continuously. 

It follows, by § 5-31, that i>n W « analytic throughout the cut plane. 

16*21. The Recurrence Formulae, 

We proceed to establish a group of formulae (which are really ^rticular 
cases of^the relations between contiguous Riemann P-functions which weie 
shewn to exist in § 14-7) connecting Legendre functions of different degrees. 

If C be the contour of § 15*2, we have* 

1 r r n + 1 r (t’-l)” .a 

* We write P^' (2) fo** 


dt. 
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Now j (t^ - _ 2 (n + 1) t (t^ - l)n (n + l)(i*_l)n+l 

dt {t - z)n+% 

and so, integrating, 

0-9 f 1 )" f (<=*-1)”+* 

Jc(t-2Y+^ Jc (t-zY+^ 

Therefore 


lA + S 


dt 


^ f 

^^^^yri}c{t-zY 


% 

Consequently 


^)" rff I r (<--i) 

(< - zY “ 2"+^-rt' Jc(t- zy 


in+1 


di — 


,n+* 2"+>7rijc? 


J, 


(<’ 


-1)” 


P„+. (^) - zP„ (^) = ^ dt .(A). 


. 

Differentiating*, we get 

n+i (^) — zP 'n {z) — Pn {z) — nP„ (z), 

so P'_ —/a. I 1\D /•.\ 


n+1 \z) ~ zP n{z) — Pn (z) = nP„ (z), 
^'n4..W-^P'„W = (n+l)P„(^) . 
This is the first of the required formulae. 

Next, expanding the equation 

c , . Jcdt] (i-z)" 

WP finrl fkiQf '■ ' ^ 


we find that 


Writing (t^ _ i) + j for and (t — z)-hz for t in this equation, we get 


(„ + !)[ + (J;^dt-nzf ^^,dt^0. 

J c(t-zY Jc (t-zY Jc(t-zY*^ 


'Jc(t-zY 

Using (A), we have at once 


n^i 


(m + 1) [Pn+i (z) - zPn (z)] + nP„_, (z) - TlzPn (z) = 0. 

That is to say 

(n + 1) P^i (z) - (2n + 1) zPn {z) 4- nP„-i (z) = 0.(II), 

a relation! connecting three Legendre functions of consecutive degrees. This 
is the second of the required formulae. 

We can deduce the remaining formulae from (1) and (II) thus : 

Ditferentiating (II), we have 

. (rt + 1) [P'„+, (z) - zP\{z)] - n [zP'^ {z) - P'„_, (^)l - (2/1 + 1) p^ (^) ^ 0. 
Using (I) to eliminate P'„+, {z\ and then dividing by{ n, we get 

zP'n (z) - P'„_i (z) = nPn (z) .(IHj. 

• The process of diflferentiatiog under the sign of integration ib readily justified by § 4-2 

t This relation was given in substance by Lagrange in a memoir on Probability ilUc. 
Taurin^juia, v. (1770-1773). pp. 167-232. rronaoiiity. mi**, 

t li n = 0. we have Po{ 2 ) = l, P_, (r) = l. and the result (III) is true but trivial. 
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Adding (I) and (III) we get 

P Vi (^) - P «-> (^) = (2n + 1) Pn (^) 


..(IV) 


Lastly, writing n — 1 for n in (I) and eliminating P'n^i ( 2 ) between the 
equation so obtained and (III), we have 


(2^ -l)P'n {z) ~ nzPn {z) - nPn-l (z) 


(V). 


The formulae (I)—(V) are called the recurrence formulae. 

The above proof holds whether n is an integer or not. i.e. it is applicable to the general 
Legendre functions. Another proof which, however, only applies to the case when n is 
a positive integer (i.e. is only applicable to the Legendre polynomials) is as follows : 

Write V'=(l-2A2+A2)“i 

Then, equating coefficients* of powers of h in the expansions on each side of the 
eq\iation 


we have 


f) V 

(1-2A2 + A2)^=(2-/0 K, 


which is the formula (II). 

Similarly, equating coefficients* of powers of A in the expansions on each side of the 
equation ’ 


we have 




dz 


dt 


which is the formula (III)- The others can be deduced from these. 
Example Shew that, for all values of 

o^ 


Exomple 2. If 


siicw that 




(Hargreaves.) 


= and [' .tr„(x)dx = 0. (Trinity, 1900.) 

dx J -I 


Example 3. Provo that if in and n are integers such that both being even 

or both odd, 

^^L^}dz = m(7n + l). (Clare, 1898.) 

j -1 dz dz 

Example 4. Prove tliat, if m, n are integers and m ^ w, 

/Y-*? JH 




x{l+( -)"^’'‘i. 

(Math. Trip. 1897.) 


The reader is recommended to justify these processes. 
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16 211. The expression of any polynomial as a s&ries of Legendre 
polynomials. 

Let/„ {z) be a polynomial of degree n in z. 

Then it is always possible to choose a,, ... On so that 

/„ (z) = a«Po (z) + a,P, {z) + ... (z), 

for, on equating coefficients of z^, ... on each side, we obtain equations 

which determine On, tin-ii ••• uniquely in turn, in terms of the coefficients of 
powers of z in /„ (z). 

To determine Oq, Oj, ... a^ in the most simple manner, multiply the 
identity by Fr(z), and integrate. Then, by § 1514, 
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when r — 0, 1, 2, ... n; when r >n, the integral on the left vanishes. 

Example I. Given = + iz) + ...+a^P„ to determine Oo, a,, ... a„. 

(Legendre, Exercices de Calc. Int. ii. p. 352.) 

[Equate coefficients of on both sides ; this gives 

2". (n !)» 

(2n)! • 

Let so that, by the result just given, 

(2m + l)! * 

Now when n-m is odd, is the integral of an odd function with limits ±1, and so 
vanishes; and also vanishes when n- 7» is negative and even. 

To evaluate /*,„ when n —m is a positive even integer, we have from Legendre's 
equation 

m (m +1) (,) ^ {(1 - 2*) />„' (.)) dz 

= -[ 2 "{I -2>)i>„'(2)JWn|[_2—■(l-2»)i>.'(2)<i2 

= n [2*-'( 1 Wj -nj _{{n-l)2>-*-(n + l)2-}y>„.(2)rf2, 
on integrating by parts twice; and so 

Therefore 

/ - njn-l) 

-'•■•'‘'-(ij-m) (n + m + 1) 

^_ «(«-!) . .. (m + 1) 

(n-m)(n-2-fn)... 2. {n + m + l)(7i + m- 1)... (2m + 3)’ 

by carrying on the process of reduction. 
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Consequently 




n ! + ! 


(In - !(n+ni + l)! ’ 
and so a„asO, when n~m is odd or negative, 

(2m + l) 2* n! (in + 4m)! , a ^ 

a«=^- 7 ;- z —TTT—^ ; when n — m is even and positive.] 

(^-^m)!(n + m + l) J ^ ■* 

Example 2. Express cos nd as a series of Legendre polynomials of cos d when n is an 
integer. 

Example 3. Evaluate the integrals 


I' ^ zP, (z) i*.*, (.) dz, l\^P. {‘) A.. (z) dz. 


Example 4. Shew that 


j\x-zr){P:(z)Ydz=^J^. 


(St John’s, 1899.) 


(Trinity, 1894.) 


Example 5. Shew that 


n/**(co8d)= 2 cosrtfP,.,.(cos^). 

r*l 


(St John’s, 1898.) 


Example 6. If ii,«J (1 where m<n, shew that 

(n-m) (2n + 2m+l) tt, = 2n*«,.|. (Trinity, 1895.) 


16*22. Murphy's expression* of Pn (z) as a hypergeometric function. 

Since (§ 15*13) Legendre’s equation is a particular case of Riemann’s 
equation, it is to be expected that a formula can be obtained giving Pni^) in 
terms of hypergeometric functions. To determine this formula, take the 
integral of § 15*2 for the Legendre function and suppose that 11 — ^ | < 2; to 
fix the contour C, let B be any constant such that 0 < S < 1, and suppose that 
z is such that 11 — x | ^ 2 (1 - 8); and then take (7 to be the circlet 


i-fi*2-a. 


Since 


1-x 

1-f 


2-28 

2-8 


< 1, we may expand (t —into the uniformly 


convergent series J 
{t - X)—» - (f - l)-^> 


l + (n + l) 


z — I fn + 1) (n + 2) /X — IV^ 


f-1 


+ 


2! 


(.mi*- 


Substituting this result in Schlafli’s integral, and integrating term-by- 
term (§ 4*7), we get 

^ 2 (X-D-(« + !)(« +2)... (n + r) («^-l)" 

^ rZo H Ja {t - 

“ (^ - 1)'. (» + !)(« +2)...(n + r) f d' 

= -2MH)^ ^ ■ 


* Eleetrieity (1838). Marphy’s resalt was obtained only for the Legendre polynomials, 
t This circle oontaine the points ( = 1, t — x. 

Z The series terminates if n be a negative integer. 
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by § 5*22. Since arg(f + 1) == 0 when ^ = 1, we get 


(n — 1)... (n — r 4-1), 

(»1 


and 80 , when |1 — — S)<2, we have 

P V (n + 1) (« + 2) ... (71 + r).(-n)(l-n) ... (r —1 - 70 A 1 V 

" ^ ^ r=0 (r \y I2 " 2 

= F(^n + l.-n; 1; 

This is the required expression; it supplies a reason (§ 14’53) why the cut 
from — 1 to — 00 could not be avoided in § 15'2. 

C<yrollari/. From this result, it is obvious that, for all values of n, 

P„(0 = -P-n-l(0- 

Note. When a is a |)ositive integer, the result gives the Legendi‘e polynomial as 
a polynomial in 1 - ^ with simple coefficients. 

Example 1. Shew that, if vi be a pasitive integer, 


^4n(^) ) ^ r(2CT+n+2)_ ^ (Trinity, 1907.) 

) dz^*^ {»« + !) 1 

Example 2. Shew that the Legendre polynomial (cos d) is equal to 

(-)"/’Cn + l, -n; 1; cos^id), 

to cos-ld/’C-n, -7i; 1; tan*^^). (Murphy.) 


r{2m+7i+2) 


and to 


COS' 


15'23. Laplaces integrals* for Pn (^)* 

We shall next shew that, for all values of n and for certain values of z, 
the Legendre function Pn represented by the integral (called 

Laplace s first integral) 


if (^ + (^* - 1)^ cos d<f>. 
TT Jo 


(A) Proof applicable only to the Legendre polynomials. 
When 71 is a positive integer, we have, by § 1512, 




dt. 


where C is any contour which encircles the point z counter-clockwise. 
Take G to be the circle with centre z and radius —1 |1, so that, on C, 
t = z + (z^ — 1 e^, where <p may be taken to increase from — tt to tt. 


• Mteaniqu^ Livre xi, Ch. 2* For the contoar employed in this section, and for 

some others introduced later in t>ie chapter, we are indebted to Mr J. Hodgkineon. 
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Making the substitution, we have, for nil values of 2 , 

1 r - /|2 - 1 + e ^\ |2 + 1 + ( 2 ^- 1 )^ 


= ■ 


2'‘+‘7rt 


= ^ J (^ + (^ - 1)^ cos <li\^ d(f> 

- “ f l^' + (^’ — 1)‘^ cos <^1” d<l>. 

fr J 0 

since the integrand is an even function of <p. The choice of the branch of 
the two-valued function ( 2 -- 1)^ is obviously a matter of indifference. 


(B) Proof applicable to the Legendre f unctions, where n is unrestricted. 

Make the same substitution as in (A) in Schlafli’s integral defining 
Pn{zf, it is, however, necessary in addition to verify that f = 1 is inside the 
contour and e = - 1 outside it, and it is also necessary that we should specify 

the branch of ( 2 + ( 2 ^- D^cos^)", which is now a many-valued function of <f>. 

The conditions that < = 1, < = -l should be inside and outside C re¬ 
spectively are that the distances of 2 from these points should be less and 

greater than 1 2 * - 11 ^. These conditions are both satisfied if| 2 -l|<| 2 -Hl|, 
which gives R ( 2 ) > 0, and so (giving arg 2 its principal value) we must have 

larg 2 |< ^TT. 

Therefore P„ (i) = ^ /' [^ + (*“ “1)* <=os (/>]" d<l>, 

where the value of arg [2 -I- ( 2 * — 1)^ cos <^| is specified by the fact that it 
[being equal to arg(t“ - 1) - arg(^- 2 )] is numerically less than tt when i is 
on the real axis and on the right of 2 (see § 15 2). 


Now as 0 increases from -n- to it, z + co80 describes a straight line in the 

Argand diagram going from 1)* to z + (22-1)^ and back again ; and since this line 

does not pass through the origin*, arg + cos<^>l does not change by so much as 

TT on the range of integration. 

Now suppose that the branch of {z + (z^~ 1)^ cos </>*’* which has to be taken is such that 
it reduces to (where i- is an integer) when = 


Then 


• n 


^TT J 


where now that branch of the many-valued function is taken which is equal to when 
d> = irr. 

Now make 2 -.-I by a path which avoids the zeros of since P^(z) and the 

integral are analytic functions of z when [ arg z | < ^, t docs not change as 2 describes the 

path. And 80 we get = 


* It only does so if 2 is a pure imaginary; and such values of 2 have been excluded. 
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Therefore, when | arg ^ | ^ tt and n is unrestricted, 


'^nW = ^/ {z + {z^ - cos <l>]^ d<f}, 

where arg [z + (z^ - l)i cos <^} is to be taken equal to arg z when ^ tt. 

This expression for which may, again, obviously be written 

^ U + - 1)^ cos <^j» d<l>, 

is known as Laplace's first integral for Pn{z). 

Corollary. From § 15-22 corollary, it is evident that, when | arg r | < ^n-, 

^.W=- {' --, 

’^•'0 {« + («*-1)3 COS4>)«+* 

a result, due to Jacobi, Jow-nal fiir Math. xxvi. (1843), pp. 81-87, known as Laplaces 
second integral for P* («). 

Example 1. Obtain Laplace’s 6rat integral by considering 


2 /'{2+(i*-l)icos<A}*rfA, 

nsO yo T 9 


and using § 6-21 example 1. 

Example 2. Shew, by direct differentiation, that Laplace’s integral is a solution of 
Legendre’s equation. 

Example 3. If « < 1, | A j < 1 and 


(1 —2Aco8d+A*)“*« 2 Ancosnd, 

HsO 


shew that 


2 sin srt 


/..Ti 


A** *•+•-! 


x)*(l-xA»)* 


dx. 


(fiinet) 


Example 4. When x>l, deduce Laplace’s second int^ral his first int^ral by 
the substitution 

{*-(x*-l)icostf} (z + (<»-l)*cos<^}=rl. 

Eixample 5. By expanding in powers of oos^, shew that for a certain range of 
values of r, 

- f*{x+(x*-l)4cos^}"<f^=**/’(-4n, i—^n; 1; l-s“*). 
w J 0 

E.xample 6. Shew that Legendre’s equation is defined by the scheme 

0 00 1 1 

-J» i + in 0 

L| + Jn -^n 0 J 

where z = ~^)- 

15*231. The MehZer-Dirxeklet integral* for P»(r). 

Another expression for the Legendre fiinction as a definite integral may be obtained ii* 
the following way: 

• Diriohlet, Journal /(tr Math, xvii. (1837), p. 36; Mehler. JIfalA. Ann. t. (1872), p. 141. 
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^I*(s) = - / {« + cos- 1 )i}• 

w / 0 

In this integral, replace the variable </> by a new variable A, detined by the equation 

A*5r + (i*- l)i cos 


and we get 






(*•- 1)1 




the path of integration is a straight line, arg h is determined by the fact that 4=2 when 
0 = and (1 —2Ai + A®)“^— -i( 2 ®-l)isin^. 


Now let 2 =cos ; then 


‘ h'(\-2/u+h^-idh. 


Now (0 being restricted so that - ^n<0<^w when n is not a positive integer) the 
path of integration may be deformed* into that arc of the circle |A(=1 which passes 

through 4 = 1, and joins the points 4 = e"^, 4 =se** since the integrand is analytic throughout 
the r^on between this arc and its chord t. 


Writing A=e^ we get 


Pn (cos 0) 


-T- 

^ J -*(20 


.(rt+i)** 


COS <^ — 2 cos 




and so 


^ {2(cos0 —cosd)p 


it is easy to see that the positive value of the square root is to be taken. 

This is known as Mekler'g gimplifiedjorm of DirichUes intcyral. The result is valid for 
all values of n. 

Example 1. Prove that, when n is a positive integer, 

^ {2(cos cos^)}» 


(Write »r —^ for and «■ —0 for in the i-csult just obtained.) 


Example 2. Prove that 


(cos 


(L2_ 


( 4 *- 24 cosd + 1 )^ 


dL 


the integral being taken along a closed path wh 
a suitable meaning being assigned to the radical. 


= e^^, and 


* If 9 be complex and i2(co8d)>-0 the deformation of the contour presents slightly greater 
difficulties. The reader will easily modify the analysis given to cover this case. 

t The integrand is not analytic at the ends of the arc but behaves like {h - near 

them; but if the region be indented (§ 6'23) at and the radii of the indentations be mode to 
tend to zero, we see that the deformation is legitimate. 
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Hence (or otherwise) prove that, if $ lie between Iw and Jw, 


(cos $) = - 


4 2.4... 2n /co8(n^ + 0) 


coa 


"•3.5 ... (2n + l) 


(2 8in^)^ 2(2»+3) (2sintf)T 

^ 1*.3* cos {nd + 5<f}) 

2.4. (2n + 3) (2n+6) (2 sin $)^ 


V+ ..... 

where <f> denotes — |ir. 

Shew also that the first few terms of the series give an approximate value of (cos $) 
for all values of $ between 0 and «■ which are not ncsarly equal to either 0 or n. And explain 
how this theoi'em may be used to approximate to the roots of the equation P„ (cos^)=0. 

(See Heine, KvgelfunktioTieny r. p. 178; Darboux, Comptes Rendus, lzxzii. (1876), 
pp. 365, 404) 

16 3. Legendre functions of the second kind. 

We have hitherto considered only one solution of Legendre's equation, 
namely Pn(^)- We proceed to find a second solution. 

We have seen (§ 16‘2) that Legendre’s equation is satisfied by 


I 


1)" dt, 


taken round any contour such that the integrand returns to its initial value 
after describing it. Let i) be a figure-of-eight contour formed in the following 
way: let z be not a real number between ± 1; draw an ellipse in the f~plane 
with the points ± 1 as foci, the ellipse being so small that the point t = z ia 
outside. Let A be the end of the major axis of the ellipse on the right 
of i = 1. 

Let the contour D start from A and describe the circuits (1 —, — 1 -b), 
returning to A (cf. § 12’43), and lying wholly inside the ellipse. 

Let I arg ^ | ^ tt and let | arg (r — f) | » arg 2 as ^ > 0 on the contour. Let 
arg(i-f 1) = arg(i — 1) — 0 at .4. 

Then a solution of Legendre's equation valid in the plane (cut along the 
real axis from 1 to — oo ) is 


Qn (^) - 


f 


dt, 


4l sin TITT ; i> - O”'*’' 

if n is not an integer. 

When R (n + 1) > 0, we may deform the path of integration as in § 12*43, 
and get 

Qn (*) = ^. /! , (I - «*)” 

(where arg (I = +0 = ^)j will be taken as the definition of 

Qn{z) when n is a positive integer or zero. When n is a negative integer 
— 1 ) Legendre's differential equation for functions of degree n is 
identical with that for functions of degree m, and accordingly we shall take 
the two fundamental solutions to be Pm(^). Qm(^). 

Qn (^) w called the Legendre function of degree n of the second kind. 
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I5‘31. Expansion of Qn (^) cw a power^series. 

We now proceed to express the Legendre function of the second kind as 
a power-series in 

We have, when the real part of n + 1 is positive, 

Q„a) = Jr; r (1 - n-(i<. 


Qn (^) = - «*)” - <)-“-* dt. 

Suppose that | ^ | > 1. Then the integrand can be expanded in a series 
uniformly convergent with regard to t, so that 




(n 1)... (n + 2s) 


28 \z^ 


f\l 

- ® J 


where r = 2s, the integrals arising from odd values of r vanishing. 

Writing t^ — n, we get without difficulty, from §12 41, 

The proof given above applies only when the real part of (n + 1) is positive 
(see § 4*5); but a similar process can be applied to the integral 

L '''■ 

the coefficients being evaluated by writing | (i*— lyv' dt in the form 

J D 


( 1 -) 


/•(- 1 +) 

(1 - V dt -H (1 - V dt ; 


and then, writing and using §12*43, the same result is reached, so 

that the formula 

n l''(^ + l) Ip/I .11 .3l\ 

Qn (^) gn+i r (n + J) (2 ” 2 ' 2 ^ ” "I" 2 ' z^j 

is true for unrestricted values of n (negative integer values excepted) and for 
all values* of z, such that | ^ | > 1, | arg^ | < tt. 

Example 1. Shew that, when n is a positive integer, 


Qn{z) 


{-2)''n! d 




When n is a positive integer it is unnecessary to restrict the value of arg z. 
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[It is easily verified that Legendre’s equation can be derived from the equation 

(1 - 2 *) ^ 4 .2 (n -1) z ^+2«uj=0, 

by differentiating n times and writing u = • 

Two independent solutions of this equation are found to be 

and 

It follows that ^ 1(2*-!)"^ (t»* —c?v| 

is a solution of Legendre’s equation. As this expression, when expanded in ascending 
powers of commences with a term in 2 “**”*, it must be a constant multiple* of ^«(«); 
and on comparing the coefficient of in this expression with the coefficient of 2 ”"“* in 
the expansion of ( 2 ), as found above, we obtain the required result.] 

Example 2. Shew that, when u is a positive integer, the Tjegendre function of the 
second kind can be expressed by the formula 

§„(2)t-2"n! j j j — J 

Exampli 3. Shew that, when n is a positive integer, 

ii^y. 

[This result can be obtained by applying the general integration-theorem 

ri‘r, - 

to the preceding result.] 

15*32. The recurreTtce-formulae for ( 2 ). 

The functions P^{z) and Q^{z) have been defined by means of integrals of precisely the 
same form, namely 

taken round different contours. 

It follows that the general proof of the recurrence-formulae for i**{ 2 ), given in § lft-21, 
is equally applicable to the function ( 2 ); and hence that the Legendre function of the 
secoTid kind eatiafiee the recurrenceformvlae 

+1 (*) - (*) = (« + !)«» (*). 

(n +1) +1 («) - C2n + l)zQm (2) + (0=0, 

(0-(2n + 1) (2), 

( 2 * - 1) Q^n (*) = nzQn (») - (*)• 

Example 1. Shew that 




^,(2)-i2lOg^-l, 


2-1 


and deduce that 


and that 


e.W=4^*Wiog^J-a*, 

12 2* 3* 


(n-1)* 


.^=X,ogi±I-l 

En{g) * * 2-1 2 - 32- 62 - 72-...-(2n-l)2* 

* Pa( 2 ) contains potitive powers of 2 when n is an integer. 
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Example 2. Shew by the recurrence-formulae that, when n is a positive integer*, 

iP„ (i) log ^ («) = A-i (*), 

where /^.j (g) consists of the positive (and zero) lowers of z in the expansion of 
log^^ in descending powers of z, 

[This example shews the nature of the singularities of ( 2 ) at ± 1, when n is an integer, 
whioh make the cut from to -pi necessary. For the connexion of the result with 
the theory of continued fi*actiona, see Gauss, Werke, iii. pp. 165-206, and Frobenius, 
Journal fUr Math, Lxxui. (1671), p. 16; the formulae of example 1 are due to them.] 


16*33. The Laplacian integral^ for Legendre functions of the second kind. 
It will now be proved that, when (n -p 1) > 0, 


Qn (^) = f (« + ( 2 = — 1 cosh 0]-^-^ dB, 

J 0 


where arg [z -p {z^ — 1)* cosh B] has its pi-incipal value when ^ — 0, if n be not 
an integer. 

First suppose that z>\. In the integral of § 15‘3, viz. 


write 


(*) = ^ /'/I - dt, 

e* (2 + 1)4 + (^ - l)i ’ 


SO that the range (— 1,1) of real values of t corresponds to the range (— 00 , 00 ) 
of real values of B, It then follows (as in § 15-23 A) by straightforward 
substitution that 

Qn(^)=l f {Z + (Z’- l)i cosh ffj-’'-'M 
J —flO 

= J {z + (z* — 1)^ coah dB, 

since the integrand is an even function of B. 

To prove the result for values of z not comprised in the range of real values greater 
than 1, we observe that the branch points of the integrand, gua function of z, are at the 

points ±1 and at points where x-p(«*- 1)1 coshd vanishes; the latter are the points at 
which z= ± coth d. 

Hence $„(x) and {s+(z^- 1)^ cosh are both analytic^ at all points of the 

plane when cut along the line joining the points z^ ± 1. 


* If -1 <«< 1, it is apparent from these formulae that (z + Oi) - (z - (H) = - ir/P„ (z). 

It is convenient to de^iu Q,(z) for such values of z to be i<?„(r-t-0t) + JQ„{z-0t). The 
reader will observe that this function satisfies Legendre’s eqoation for real values of z. 
t This formula was first given by Heine; see his Kugel/unktiomn, p. 147. 
t It is easy to shew that the integral has a nniqne derivate in the ont plane. 
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By the theory of analytic continuation the equation proved for positive values of ^ — 1 

persists for all values of z in the cut plane, provided that arg { 2 +( 2 *— l)^co 3 h^} is given 
a suitable value, namely that one which reduces to zero when 2 — 1 is positive. 

The integrand is one-valued in the cut plane [and so is Qn(zy] when n is a positive 

integer; but arg {2 + ( 2 ^ — 1)^ cosh B) increases by 2^ as arg 2 does so, and therefore if 71 be 
not a positive integer, a further cut has to be made from 2 = -1 to 2 = - 00 . 

These cuts give the necessary limitations on the value of 2 ; and the cut when n is not 
an integer ensures that arg {z + ( 2 =* -1 = 2 arg {(z-f-1 + (2 - 1 has its principal value. 

Example X. Obtain this result for complex values of 2 by taking the path of 
int^ration to be a certain circular arc before making the substitution 

where 6 is real 

Example 2. Shew that, if z > 1 and coth a= 2 , 

Qh («) ^ 

where arg {z-( 2 *-l)i cosh «}=0. (Trinity, 1893.) 

15*34. Neumann''z* formiUa for §^( 2 ), when n iz an integer. 

When n is a positive integer, and z is not a real number between 1 and —1, the 
function (z) is expressed in terms of the Legendre function of the firet kind by the 
relation 

which we shall now establish. 

When 1 2 |> 1 we can expand the integrand in the uniformly convergent series 

PM 2 

_ * 1*0 ^ 

CoDsequently 

sf' 2 y^Pniy)dy. 

*y_i 2 —y ^ J -\ 

The integrals for which m —n is odd or negative vanish (§ 16*211); and so 

U' 

^J-l «—y ^m=o J -I 

-1 s {n+2m) ! (n + m) ! 

m ! (2n-p2m+l) ! 

= Qn CA 

by § 15*31. The theorem is thus established for the case in which| 2 |>l. Since each 
side of the equation 

represents an analytic function, even when 1 2 1 is not greater than unity, provided that 2 is 
not a real number between -1 and +1, it follows that, with this exception, the result is 
true (§ 5*6) for all values of 2 . 

* F. Neumann, Journal filr Math, xxxvu. (1848). p. 34. 
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The reader should notice that Neumann’s formula apparently expi'esses ^ & 

une>valued function of «, whereas it is known to be many-valued (§ 15‘32 example 2). 
The reason for the apparent discrepancy is that Neumann’s formula has been established 
when the z plane is cut from - 1 to +1, and («) is oru-vahud in the cut plane. 

EjximpU 1. Shew that, when - 1 ^ ^ 1, | $«(?) | ^ |/(z) [-»; and that for other 

values of z, | (z) 1 does not exceed the larger of j z - 1 | -*, | z -b 1 | 

Example 2. Shew that, when n is a ^rasitive integer, ^„(z) is the coefficient of h" in 
the expansion of (1 — 2hz -f A^) “ 4 arc cosh | ~— — I. 

l(z»-l)il 

[For, when | A | is sufficiently small, 


2 h*Qn {i) 

HsO 


^ 2 — r r ^~ ^ 

«=o2j., z-y 27-, {z~y) 

= (1 — 2Az -f A*) ” 4 arc cosh ^^ I. 

ifz*-n4i 


.(z*-l)4 

This result has been investigated by Heine, Ku^elfu/il-tiojien, i. p. 134, and Laurent, 
Journal de Math. (3), I. p. 373.] 

16*4. Heines^ development of {t — as a series of Legendre poly- 
no^nials in z. 

We shall now obtain an expansion which will serve as the basis of 
a general class of expansions involving Legendre polynomials. 

The reader will readily prove by induction from the recurrence-formulae 
(2nt 1) iQ^ (f) - (m -bl) it) - (f) = 0, 

(2m +1) zPn {z)-{m + l) P,„+, {z) - mP,n~i (z) = 0, 


that 


= i (2m + 1) P,„ (z) (0 + ^ (P„^. (^) Q„ (t) - P„ (z) («)). 

Using Laplace’s integrals, we have 
^n+i {z)Qn{t)-Pn{^)Qn^At) 

lg + (p-1)^C0S<^]» 

Jo Jo -b (i> _ 1)4 cosh u)"+* 

cos^- |f + (f* — 1)^ coshi/j“*]d^rfw.. 

Z-b( 2 *-l)^C 08 <^> 

Now consider -r- 

;-b(^* — 1)* cosh u 

Let cosh a, cosh a be the semi-major axes of the ellipses with foci +1 which pass 
through z and t respectively. Let $ be the eccentric angle of z j then 

2 as cosh (a-bi^), 

i z ± (z* - 1 )4 cos ^1 = 1 cosh (o -b i0) ± ainh (a -b iB) cos ^ | 

= (cosh* a — sin* 0 + (cosh* a — cos* 0) cos* 0 ± 2 sinh a cosh a cos 0)4. 

This is a maximum for real values of 0 when cos 0= +1; and hence 

I z±(z*—1)4 COS0 I* < 2 cosh* a - 1 + 2 cosh o (co.sh*a— 1)4=exp (2a). 

Similarly | -1)4 cosh u | ^ exp a. 


* Journal /Ur Math. xui. (1851), p. 72. 
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where 


Therefore 

I -Pn+l (^) Qn (0 - Pn (z) Qn+l (0 I ^ ©Xp [u (a “ «)) [ ( Vdipdu, 

JQ Jo 

z — 1)^ cos <l> 


y\ 


+ I — 1)^ cosh u] 


Therefore | P„+i (z) Q„ (i) - (z) Q„+i (^) | —> 0, aa n —> oo, provided a < a. 

And further, if t varies, a remaining constant, it is easy to see that 

the upper bound of | f V’d(f>du is independent of t, and so 

J 0 J 0 


^ n+l (z) Q„ (<) - P„ (z) Q„+, (<) 

tends to zero uniformly with regard to t. 

Hence if the paint z is in the interior of the ellipse which passes through 
the point t and has the points + 1 for its foci, then the expansion 

J_= i (in+\)PA^)Qn(t) 

I ^ Z n*0 

is valid; and if t be a variable point on an ellipse with foci + 1 such that z is 
a fixed point inside it, the expansion converges uniformly with regard to t. 

16*41. Neumann's'* expansion of an arbitrary function in a semes of 
Legendre polynomials. 

We proceed now to discuss the expansion of a function in a series of 
Legendre polynomials. The expansion is of special interest, as it stands next 
in simplicity to Taylor’s series, among expansions in series of polynomials. 

Let f{z) be any function which is analytic inside and on an ellipse C, 
whose foci are the points z = ±1. We shall shew that 

f(z)^a,,P,{z)-\-a,Pi{z)-\-a^PA^) + a,PA^) + --’> 

where a^, a^, a^, ... are independent of z, this expansion being valid for all 
points z in the interior of the ellipse C. 

Let t be any point on the circumference of the ellipse. 

Then, since E (2n + 1) Pn (^) Qn (0 converges uniformly with regard to t, 

nsO 

/<« - B 1 Ip' '*> «■<'>/'" ■" 

= i anPn(s), 
n = 0 

where 


* K. Neumann, Ueber die Entwickelung einer Funktion nock den Kugelfunktionen {Halle, 
1862). SeealsoThom^, Jotfrruxl/ttrilfatA. lxvi. (1866), pp. 837-343. Neumann also gives an ex- 
pAQsioov in Legendre fonctions of both kinds, valid in the annulos boonded hy two ellipses* 
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00 


This is the required expansion ; since 2 (2n + 1) Pn(z) Qn{t) may be proved* 

n=o 

to converge uniformly with regard to z when z lies in any domain C' lying 
wholly inside C, the expansion converges uniformly throughout C\ 

Another form for an can therefore be obtained by integrating, as in 
§ 15*211, so that 

a« = (n + J ^ f{x) P„ (x) dx. 

A form of this equation which is frequently useful is 




which is obtained by substituting for Pn {x) from Rodrigues’ formula and 
integrating by parts. 

The theorem which bears the same relation to Neumann’s e.Npansion as Fourier’s 
theorem bears to the expansion of § 9‘11 is as follows : 

Let f{t) be dejined when — 1 $ < $ 1, and let the integral of <^\ —^^d be 
abtolutelg convergent; aleo let 

a^=(n + k) I ^/(t)I\(e)dt, 

Then lOTiPnfc) i» convergent and hoe the eum 1 {/(JJ+0) + /(2‘-0)} at any point x, for 
which - 1 <.v< 1, if any condition of the type etated at the end of § 943 is satisfied. 

For a proof, the reader is referred to memoirs by Hobson t and Burkhardtj. 

Example 1. Shew that, if /> (^ 1) be the radivis of convei^gence of the series 2 c„ 2 ’‘, then 
2 CnP„( 2 ) converges inside an ellipse whose semi-axes are \ (p —p'*). 

ExampUi. If = where y>;f> 1, 

[Substitute Laplace’s integrals on the right and integrate with regard to </>.] 

Example 3. Shew that 

^ 

(Frobenius, Journal fur Math. Lxxiii. (1871), p. 1.) 

16’6. Fei'vers associated Legendre functions ( 2 ) and ( 2 ). 

We shall now introduce a more extended class of Legendre functions. 

If m be a positive integer and — J <.^< 1, n being unrestricted^, the 
functions 


* The proof is similar to the proof in § 15-4 that that convergence is uniform with regard to ^ 
t Proe. London Math. Hoc. (2), vi. (1908), pp. 388-.895; (2), vii. (1909), pp. 21-39. 

Z MUnchener SiUungsbcrichte, xxxtx. (1909), No. 10. 

S See p. 817, footnote. Ferrers writes TJ'' ( 2 ) for P„"* (*). 
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will be called Ferrers’ associated Legendre functions of degree n and order m 
of the first and second kinds respectively. 

It may be shewn that these functions satisfy a differential equation 
analogous to Legendre’s equation. 

For, differentiate Legendre’s equation 

/u times and write v for . We obtain the equation 

1 

(1 — ^ — 2^ (m + 1) ^ + (n — m) (n + m + 1) u = 0. 

Write w = (l — V, and we get 




dz 


n(n + l) — 


m 


1-2' 


w — 0. 


This is the differential equation satisfied by P„’"( 2 ) and 

From the definitions given above, several expressions for the associated Legendre 
functions may be obtained. 

Thus, from Schlafii’s formula we have 

f.-n (1 -- dt, 

where the contour does not enclose the point t— - 1. 

Further, when n is a positive integer, we have, by Rodrigues’ formula, 

P..M ">(.«-!)■ 

" 2"n! « * 

Example. Shew that Legendre’s associated equation is defined by the scheme 

0 oc 1 


P. 


n + 1 ^ 

[ - ^ ~n -\m 


(Olbricht.) 


16*51. The integral properties of the associated Legendre functions. 
The generalisation of the theorem of § 15*14 is the following: 

When n, r, m are positive integers and n>m, r>m, then 


/ 




Pr^{z)dz 


-0 (r^n), 

2 (n + m)! 

(r = n). 


2n + 1 (n — m)\ 

I’o obtain the first result, multiply the differential equations for P„’“( 2 ), 
Pr”'{z) by Pn"*(^) respectively and subtract; this gives 

d - P„’- (z) 

+ (n-r) (ft + r + l)P,"*(^)P„w(j) = o. 


dz 


(1 - P) 
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On integrating between the limits -1, +1, the result follc|WS when » 
and r are unequal, since the expression in square brackets vanishes at each 

limit. 

To obtain the second result, we observe that 

p^«+. (^) = (1 - (1 - Z^) - ‘ PrT {z ); 


squaring and integrating, we get 

[' {P.r^‘(z)]‘dz=f_^ [(1 -P) +2mzP„”'(r)—^ 


+ 




IPn" (^)l 


dz 


- - f./- <'> i 1" - 

A % JB A 


+ 


j'^~jJPn’"(z)]^d2. 

on integrating the first two terms in the first line on the right by parts. 
If now we use the differential equation for P„" (z) to simplify the first 
integral in the second line, we at once get 

I (^)l* dz ~ (n~ m) (n + 7n +1) j ^ n'" (^)l* 

By repeated applications of this result we get 


f* 1P„”* {z)Ydz-{n-in + l){n~m + 9.) ...n 

J - \ 


X (n + m) (n + m — 1)... (n + 1) J j 


and so 


/*! . , 2 (a + wi)! 

j _^lP«’"Wl'<^*=2irn (n-m)!' 


16-6. Hobson's definition of the associated Legendre functions. 

So far it has been taken for granted that the function (!-«'')*'" which 
occurs in Ferrers’ definition of the associated functions is purely real; and 
since, in the more elementary physical applications of Legendre functions, it 
usually happens that -!<«<!, no complications arise. But as we wish 
to consider the associated functions as functions of a complex variable it is 
undesirable to introduce an additional cut in the z-plane by giving arg (1 z) 

its principal value. 

Accfyrdingly, in future, when z is not a reed numbei' such that - l<z<l, 
we shall follow Hobson in defining the associated fvnetims by the equations 

where m is a positive integer, n is unrestricted and arg z, arg (^ +1), arg (^ — 1) 
have their principal values. 
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When m is unrestricted, is defined by Hobson to be 

F(rr^)(rrTj ^i-n,n + \;\~m-,h-h); 

and Barnes has given a definition of (z) from which the formula 

(»+«)«• r(7i + w + i)r(I) 

Binnfl- 2’‘*‘r(Ji+§) ^n + m + i 

umy be obtained. x /-(i« + Jm+1, in + i« + J; , + J , ,-») 

Throughout this work wo sh^ll t^ko to bo a positive integor. 

16‘61. Expression of Pn'^(z) as an integral of Laplace*s type. 

If we make the necessary modification in the Schlafii integral of § 15‘6, 
in accordance with the definition of § 15*6, we have 

D m/ \ («+1) (n + 2) ... (n+ m) i». 

Pn'"(l) =- 2 "+i^- - (z' - 1)^ <<■ - 1)" (<- dt. 

Write t = ^ + _ 1)1 e.*_ as in § 15-23; then 

p„ (^) ^ (” + ^)(" + 2)-(« + m) _ j a™ /•*'*• t^ + (e»-l)*cos»|» , 

Stt ' J. {(^'-1 )*«<♦)’» 

where a is the value of ^ when t is at .4, so that 

|arg(«*-l)l + a I < TT. 

Now, as in § 15*23, the integrand is a one-valued periodic function of the 
real variable with period 27 r, and so 

+ r + (P- I)i cose-""*d^. 

Hit J —» 

Since -h (^* — 1)^ cos is an even function of <f>, we get, on dividing 
the range of integration into the parts (- tt, 0) and (0, w), 

( 2 ) = (»+ f ^ 1 ^4 CQg ^jn (jog 

TT 7 0 

The ranges of validity of this formula, which is due to Heine (according as 
71 is or is not an integer), are precisely tho.se of the formula of § 15*23. 

Example. Shew that, if (arg z | < Jb-, 

n (7i—1)... (n- jn+1) f * coam<pdif> 

^ /o («4.(2»-1)4 C0S^}'* + '* 

where the many-valued functions are specified as in § 15*23. 

15*7. The addition theorem for the Legendre polgnomiale*. 

Let 2 saj«:' — (x*-l)icos<», where j*, x', « are unrestricted complex numbers. 

* Legendre, Calc. Inf. u. pp. 262-269. An investigation of the theorem based on physical 
reasoning will be given snbseqaently (§ 16'4). 
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Then we shall shew that 


01=1 


First let R {:iif) > 0, so ihat 


x+ (^ -1 cos (o) — if>) 


y+(y»-i)i COB<f> 
range 0 < ^ < 2ir. If be its upper bound and if | A (< if"**, then 

+ —1)^ cos 


is a bounded function of </> in the 


S A"-, 

•=0 {y + {«'*- 1)3 cos^}"'*’* 


r^ard 


1=0 { 4 :' +008 <#)}*♦* J-*n= 


A" {x + (x* - 1 cos (a) - <^)} 
0 {x' + (x'*-1)4co3<^}"** 


dd> 


/ 


dS 


*■» x^ + (x^- 1)^ coe^ —A {x+(x*— 1)^ cos 

Now, by a slight modification of example 1 of § 6'21, it follows that 

d<b 


I 


2fr 


A+BcoB<f> + CB\n<f> jgs — 

where that value of the radical is taken which makes 

U-(^*-S*-C«)4|<|(S2 + C‘)i|. 


Therefore 


/ 


dd) 


-• j?' + (x^-l)i C 0 S(^-A {x+(^- 1)^ coa («-<#>)) 

2fr 


[(x^ - Ax)* — {(4?** -1 )^ - A (x*- l)i COB «»)*—{A (x*- 1)1 sin 
2n 


j-. 


d<h. 


(1-2A2+A*)! * 

and when A-^0, this expression has to tend to 27r Pq (x*) by § 16-23. Expanding in powers 
of A and equating coefficients, we get 

1 {x+(x*—1)1 cos (w-0))" 

{x' + (x'*-l)l cos 0)- + * 

Now Pi^it) is a polynomial of degree n in co8», and can consequently be expressed in 

the form Mo+ * -dmcosm^, where the coefficients ij,... are independent of u ; 

msl 

to determine them, we use Fourier’s rule (§ 912), and we get 

A„=- [’' (?) cos 7no> 

V J -w 

^ f" rf* —1)1 COB (m - 0)}* cos m at 

2*r*j-wLi-» (x'+(x'*—1)1 cos J 

^1 /■* r f " (x + (x* - 1 )1 cos (« - 0)}“ UPS wto 

Li-» {x' + (x^-l)lc 08 <^}"*> “J ^ 

rf' lx+(.r* - 1 )1 cos if.}" cos m (<A + 1 /^) 

iy + (x^-l)lcO80}»+' J 

on changing the order of integration, writing <a = <f> + ^ and changing the limits for ^ 
from ±rr —<^to +ir. 
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Now j { 4 :+(x*—1)* C03 sin since the integrand 

and so, bj § 15-61, 


A f* 

"* 7r(n + m)! / 


cos m(f>. Pn" 

{ 3 / + —1)^ cos <p} 


n+l 


d<f> 




Therefore, when | arg ^ \ <^ir, 

Pn (^) = Pn {■*-’) P n (-J^) + 2 J ( — )*" | P^ (J?) {of) COS »1W. 

But this is a mere algebraical identity in x, x’ and cos w (since n is a positive int^er) 
and 80 is true independently of the sign of /?(x'). 

The result stated has therefore been proved. 

The corresponding theorem with Ferrers’ definition is 

P,{xx' + (l-x2)i(l-x'3)ic0S«} = P„(x)P,.(x') + 2 2 

fn=l (^ + ^0 i 

15*71. The addition theorem for the Legendre functxone. 

Let X, x* be two constants, real or complex, whose arguments are numerically less than 
4ir; and let (x+ l)i, (j/ + l)i be given their principal values; let « be real and let 

2 =x:i/-(x»-l)i(x'*-l)i cos iO. 

Then loe ehall ehew thaty if j arg « | < ^tt for all value* of the real variable «, and n be 
not a potitive integei'y 

Pn ( 2 ) = Pn (-V) Pry (x') + 2 2 ( - )»* (^) {^) WS WlO). 

m=i r(n + m4'l) 

Let cosh a, cosh d be the semi-major axes of the ellipses with foci ± 1 passing through 
X, x' respectively. Let /9, /S' be the eccentric angles of x, of on these ellipses so that 

— 4ir<)3<4»r, <bir. 

Let a + i^ca^, a + iff = 1', 80 that x=cosh x'=cosh 

Now as CO passes through all real values, R (z) oscillates between 

R (xx*) ± (x2 - 1 )i (x** - 1 = cosh (a ± d) cos (/3 ±ff)y 

HO that it i* neceuary that ^±ff be acute angle*potitive or negative. 

Now take Schlafli’s integral 

1 /’(!+.«+) (r*-!)** . 

+ } A ’ 

and write 

^ ainh ^ cosh - cosh g sinh ) + cosh ^ cosh - e'** sinh | sinh 4f 

cosh +e * sinh 

The path of as increases from - «• to tr, may be shewn to be a circle; and the 
reader will verify that 

^ _ J _ 2 \d cosh If + sinh 4g} {sinh cosh If - e*" cosh sinh } 

co.shif+ e**3inh4f 

^ ^ 2 (e* sinh -hcosh Ig} {cosh cosh Ig' - e"“ sinh sinh 4^} 

cosh + sinh 

{e^cosh^f +ainh 1^1 {e*" sinh ^ sinh* 4^* + ® ainh $ cosh* cosh ^ sinh 

cosh.\f + e'* sinh if ' 
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feince* I cosh j > | sinh |, the argument of the denominators does not change when 
increases by 2n-; for similar reasons, the arguraents of the first and third numerators 
increase by 2Tr, and the argument of the second does not change; therefore the circle 
contains the points /*■!, t — and not /= — 1, so it is a possible contour. 

Making these substitutions it is readily found that 

and the rest of the work follows the course of § 15-7 except that the general form of 
Fourier’s theorem has to be employed. 

Example. Shew that, if n be a positive integer, 

$,{xy + (x»-l)i(y*-l)icoaw} = ^,(x)/>„(;r') + 2 2 (x) (x) cos 

when « is real, R(x') ^0, and | - l)(x+1)| < | (x-1) ( 4 ^ + l)|. 

(Heine, Kugel/unkti(men \ K. Neumann, Leipziger Ahh. 1886.) 


15*8. The function^ *'(«). 

A function connected with the associated Legeudre function /*»’"(*) is the function 
(«), which for integral values of n is defined to be the coefficient of 4" in the expansion 
of (1 — 24« + 4*)“*' in ascending powers of 4. 

It is easily seen that Cn** (z) satisfies the dififerentiai equation 


, (2»* + l)« dg 
dz^'*' zs-l dz 


n {n+2u) 
r*-! 


y»o. 


(1 




For all values of n and v, it may be shewn that we can define a function, satisfying 
this equation, by a contour integral of the form 

/1_^2)» + —i 

C (i-z)--*-' 

where C is the contour of § 15 2 ; this corresponds to Schlafli’s integral. 

The reader will easily prove the following results : 

(I) When n is an integer 


cv (z) = 


n ! (2n + 2v - 1) (2?t + 2i/ —2 )... (7i+2i') 
since P„(«)=:C'n^(«), Rodrigues’ formula is a particular case of this result. 


(11) When r is an integer, 


('Or- 


1 


(2r-l)(2r-3)...3.1 dz 


-rPM. 


whence 


n-r 






(2r-l)(2r-3)...3. 1 
The last equation gives the connexion between the functions C'„*'(«) and Pn {z). 


* This follows from the fact that co8/9'>0. 

t This function has been studied by Oe^^enbauer, Wiener fiUtungeberiehte, lxx. (1874), pp. 434- 
448; Lxxv. (1877), pp. 891-896; xovii. (1888), pp. 259-316; cu. (1893), p. 942. 
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(Ill) Modifications of the recurrence-formulae for P^{t) are the following: 




W. (*) “ (n-1 + 20 J « - 2. (1 - .») O'-* {z). 
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Miscellaneous Examples')*. 

1. Prove that when n is a positive integer, 


2. Prove that 




(Math. Trip. 1898.) 


is zero unless m —n= ±1, and determine its value in these cases. 

(Math. Trip. 1896.) 

3. Shew (by induction or otherwise) that when n is a positive integer, 

(2» + l) JV.«Wrf^ = l-^i’.*-2z(P,* + />a’‘+- + P’.-i)+2(P,P,+/’,P3 + . 

(Math. Trip. 1899.) 

4. Shew that 

zP,'(z) = (^) + (2n - 3) P. _ , (z)-K271 - 7) . 4 (*) + -. 


(Clare, 1906.) 


5. Shew that 


*’‘P."(*)=«(n-l)P«(z)+ 2 (2n-4r-t-l){r(2a-2r-H)-2}P,.^(r), 

•_ m 


r=l 


where p = or | (n — 1). 


(Math. Trip. 1904.) 


* Before etudyieg the Legendre function P,, (^) in this treatise, the reader ehonld consult 
Hobson’s memoir, as some of Heine’s work is incorrect. 

t The fonctions involved in examples 1-30 are Legendre polynomials. 
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6. Shew that the Legendre polynomial satisfies the relation 


( 


A- 


1 )• ^ = n (n - 1) (n +1) (» + 2) rfz J (j) dz. 


(Trin. Coll. Dublin.) 


7. Shew that 


/ 


i'Pn^.\ (^) ^.1 -1 “ (2h -1) (2n +1) (2n + 3) ■ 


(Peterhouse, 1905.) 

8 . Shew that the values of J (1 - s*)* Pm'" (*) Pn (*) dx are as follows: 

(i) 8n (n +1) when m - » is positive and even, 

(ii) -2n(n*-l)(n-2)/(2n + l) when mr=n, 

(iii) 0 for other values of m and n, (Peterhouse, 1907.) 

9. Shew that 

Bin''dP,(8mtf)= 2 (-)•■cos'-(cos d). 

r=o r . rj. 

(Math. Trip. 1907.) 

10. Shew, by evaluating /*n(co8 tf) cW(§ 151 example 2), and then integrating by 

n ^ , j . , ^ fl . 3... (n-2)] * 

parts, that j (^) arc sin ^is zero when n is even and is equal to jr | 2 ~ 4 "—(n + 1)/ 

when n is odd. (Clare, 1903.) 

11. If m and n bo positive integers, and m ^ n, shew by induction that 

1.3.5...(2m-l) 


where 




m I 


(Adams, Proc. Payal Soc. xxvn.) 

12. By expanding in ascending powers of u shew that 

where is to be replaced by (1 — z^) after the differentiation has been performed. 

13. Shew that i^„(z) can be expressed as a constant multiple of a determinant in 
which all elements parallel to the auxiliary diagonal are equal (i.e. all elements are equal 
for which the sum of the row-index and column-index is the same); the determinant 
containing n rows, and its elements being 

11 11 1 

"3^ 3*’ 5’ 6** ■2n-l^’ 

(Heun, Gtitt. Nach. 1881.) 


14. Shew that, if the path of integration passes above < = 1, 

-(1-<»)-■ 


(Silva.) 


15. By writing cot d'-acot^-Acosec^ and expanding sin ff in powers of A by Taylor’s 
theorem, shew that 

P, (oos «) = ^ cosec- ♦ ‘ e ■ {Math. Trip. 1893.) 
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16. By considering 2 shew that 


n=o 


(Glaisber, Proc. London Math. Soc. vi.) 

17. The equation of a nearly spherical surface of revolution is 

r = 1 + a {Pi (cos 6 ) + P 3 (cos 5) +... + P** _ i (cos )}, 
where a is small; shew that if be neglected the radius of curvature of the meridian is 


n—1 


l+a 2 {n(4m+3)-(m + l)(8ni + 3))P8„ + ,(co8^). 


m —0 


(Math. Trip. 1894.) 


IS. The equation of a nearly spherical surface of revolution is 

r=a {1 + €p„ (cos d)}, 

where «is small. 

Shew that if be neglected, its area is 

19. Shew that, if k is an integer and 

(l-2A^+A*)-**= S a„P„W, 

then 


(Trinity, 1894.) 




/lU 2*(*”^>(2n+l) 0 . d\ 

"""(1-A*)k-'^ 1.3.6...(-t-2) \ 




+ n + *fr-2 


where x and y are to be replaced by unity after the differentiations have been performed. 

(Routh, Proc. London Math. Soc. xxvr.) 

20. Shew that 

f' _ [P. W P.-1 W - -P.-i W P. (2)) . 

„!. 2-5^ S [^- (5 W + W)]= - »• (Catalan.) 

21. Let x2+y*+2*s=r*, the numbers involved being real, so that —1</*<1. 

Shew that 

where r is to be treated as a function of the independent variables x, y, z in performing 
the differentiations. 

22. With the notation of the preceding example (cL p. 319, footnote *), shew that 


/-)*r»** 0" /1\ 

(n + 1 ) P,(M)+Mf,'(M)- ^ - 4 r ^ W • 


23. Shew that, if | A | and j«| are sufficiently small, 

1-A* 


(l-2Ax+A*)* 


= 2 (2n+l)A*P,(x). 
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24. Prove that 


2n + l 


Pf, ♦ 1 (^) -1 (*) “ A-l (*) ^- + I = B (n + 1) *■ 


(Math. Trip. 1894.) 


25. If the arbitrary function /{x) can be expanded in the series 

/(ar)« I OnPnis), 

HaO 

converging uniformly in a domain which includes the point .r=l, shew that the expansion 
of the integral of this function is 


- 3- . ( 2^1 - ^ 3 ) 


(Bauer.) 


26. Determine the coefficients in Neumann’s expansion of in a .series of Legendre 

polynomials. (Bauer, Journal fiir Math, lvi.) 

27. Deduce from example 25 that 

ir * (1.3.5...(2n-l)l* 


arc sm 




(Catalan.) 


28. Shew that 


Qn (^) = I log ^ ("> 

+ \ Pn-S («) P-i {«) + ... + \ Pu («) ^n-1 (2)|- . 
(Schlafli; Hermite, Teixeira J. de Sci. Math. vi. (1884), pp. 81-84.) 


29. Shew that 


«• (*>=2^! ’ >” 1^1} - 5 « '”8 ■ 


Prove also that 


e„w=i/’.wiog^J-/»-.w. 


where* , ( 2 ) = , ( 2 ) + g^ZT)+ 5 ^r|) - 

n(n+l} /z-l\ , , l^ n(n-l)(n+l)(n+2) / 2 -IVI 




^l•+(^n-l) Jj 2 J ‘ 2} 1*2® V 2 

1 1\ n(n-l)(.n-2)(n + l)(n + 2)(n+3) / 2 -iy 






1 *2^ 




. . ,11 1 

where 


(Math. Trip. 1898.) 


30. Shew that the complete solution of Legendre’s differential equation is 


y^APM^DP^{z) 



dt 

(«*-!)(/», (0)*’ 


the path of integration being the straight line which when produced backwards passes 
through the point ^=0. 


* The first of these expressions for /„_i (z) was given by Cliristoffel, JOtirntd /Hr Math. lv. 
(1868), p. 68, and he also gives p. 72) a generalisation of example 28; the second was given 
by Stieltjes, Corresp. d*Hemtite ft tie Siielfjet, 11 . p. 59. 
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31. Shew that 


{2 + (2»-1)V=2 


ffl=0 


where 




a{a~2m + i) r(ffl-4)P (w-Q-j) 
2fr 7n!r(m-a + l) 


(Schlahi.) 


32. Shew that, when ^(n+l)>0, 


and 


/ « A-»-l 

- -dh, 

(1-2Az + AS)5 

a-2A2 + A2)^ 


(1-2A2 + A2)i 


33. Shew that 




n + l) f 

~m + l) J I 


cosh mu 


rin-m + l)Jo {z + (22-l)ico3htt}"** 
where the real part of {n +1) is greater than m. 


du, 


(Hobson.) 


34 . ObUin the expansion of P„ {z) when | arg « | < «■ as a series of powers of l/z, when 
n is not an integer, namely 


tr 


2'T(n + i) _« i\ 

= r(n + i)r(4)^ V 2 ’ 2> ^ * W 


[This is most easily obtained by the method of § 14*51.] 

35 . Shew that the differential equation for the associated Legendre function 
is defined by the schemes* 


p. -in m -in P- -Jn im 0 *' 

+ i -m 4?* + ^ / -im 4 

(Olbricht) 

36. Shew that the differential equation for C',,*' (?) is defined by the scheme 


-1 


pJ^-v « + 2v h- 


y Z 


— n 


37. Prove that, if 


(2n4-l)(2n + 3)...(2n + 2.t-l) 


2 (2n + l) 2n + 3 

then ys='P»+*- 2n-l 1 ^ 

_ 3(2n + 3) . 3(2»+5) (2w+3)(2n + 5) 

y3-P»*3 2n-l 2n-3 '•"* (2n-l)(2n-3) •“*’ 

and find the general formula. (Math. Trip. 1896.) 


See also § 15*5 example. 
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38. Shew that 

^ r(n+m+l) r cos|(H + 4)tf-^Tr + ^mn-; ^ V-4m^ co8{(n+-|ff+^m7r l 
•Jir r(n + ^) L 


+ 


(2 6in^)i 2(271 + 3) (Ssintf)^ 

(I* — 4m*) (3* — 4771*) U 08 {(n +1) ^ — Jtt + Itjitt} ^ "] 

... I, 


2.4.(27t + 3)(2n + 5) (2sin^)^ 

obtaining the i-anges of values of m, n and 0 for which it is valid. 

(Math. Trip. 1901.) 

39. Shew that the values of n, for which (cos 0) vanishes, decrease as 0 increases 
from 0 to tr when m is positive; and that the number of real zeros of /*«“’" (cos d) for 
values of 0 between - ir and n is the greatest integer less than ti - m +1. 

(Macdonald, Proc. London Math. Soc, xxxi, xxxiv.) 

40. Obtain the formula 


— f fl — 2A{cos<i>co3 6 + sin o) sin </) cos(d'— d)}+A*] 2 A*Pn (cos u) P^ (coa <P). 

hrj^n'- «=o 

(Legendre.) 


41. If/(x)»x*(x^0) and /(zr)=-z**(x<0), shew that, if /(x) can be expanded 
into a uniformly convergent series of Legendre polynomials in the range (-1, 1), the 
expansion is 

/W = iP. (-) - i. ( - )^ If! 

(Trinity, 1893.) 

1 


42. If 
shew that 


C,*' {xXi - (:c* - l)i (A'i* - 1)^ cos 4#.} 

r( 2 »»-i) « ^4*r(7»-x+i){r(»-+x)}*(2i/+2x-i) 


r(7i+2;r+X) 


X (:r»- i)i* (X|*- 1)** r;!;;; (x) (x.) c;-*(co8<^) 

(Gegenbauer, Wiener Sitzunffsberichtef cii. (1893), p. 942.) 


43. If 


(i)=(/3 - 3te +1) - i rdt, 


where ei is the least root of i* —3/2+ 1=0, shew that 

(271 +1) (T, ♦ I - 3 (271 - 1) Jo-H -1 + 2 (71 -1) <r„ _ 2 =0, 


and 


wheio 


4 (42^ - 1) <r,'" + 1442*<7n" - 5 (1271* - 2471 - 291) aj - (n - 3) (27t - 7) (271 + 5) <t„ = 0, 

c?Vn (r) 


^ Of _ 

Cn — 


dP 


, etc. 


44. If 
shew that 


and 


(Pincherle, Pendiconti Lxncei (4), vii. (1891), p. 74.) 
(A=-3Ai + l)-i= I P„(.-)A», 

IISSO 

2(71+1) -3(271 + l)2«„ + ;27t-l)«„_3 = 0, 

71 + .R'n _2 — itiZi,'= 0, 


4 (42* -1) + 9e2*iZn" - 2 ( 1271*+247t - 91) ^«' - 71 (271 + 3) (27t + 9) =0, 

fl etc 

"" dP * 

(Pincherle, Mem. let. Bologna (6), i. (1889), p. 337.) 


where 
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obtain the reciurence-formula 

(n+l)(2n-l) J„(x)-{{4n2_i)x+l} (:r) + (7i- 1) (271+ 1) ^„_ 2 (x)=0. 

(Scbendel, JouraaX fiir Math. Lxxx.) 

46. If n is not negative and m is a positive integer, shew that the equation 

(j:^-l)^ + (27i + 2)a;^=m (r/i+2rt+l)y 


has the two solutions 

when X is not a real number such that — 1 ^ x ^ 1. 
47. Prove that 




m e 1 + 1\« 


48. If 


n=m (n + m) 


msO • 


] n dx**”* \ 2 / * 

(Clare, 1901.) 


shew that ^o,n(i*)= (<^‘'’“*)| =«*^n «)» 

where P„ (x, a) is a polynomial of degree n in x ; and deduce that 

^n + i {^, a) = (x+a)i^*(x, ®)- 


49. If (x) be the coeflScient of «" in the expansion of 
in ascending powers of z, so that 

_ . ^ . 3x*-A* 


(Trinity, 1905.) 


F^{s) = h = 


, etc., 


shew that 


(1) (x) is a homogeneous polynomial of degree « in x and A, 

(2) (n^l), 


(3) 




(x) <ir=0 




( 4 ) If y^a^Fo (x) + ai/|(x) + a 2 / 2 (x) + ..., where ao» «i» « 2 i ••• are real constants. 


then the mean value of t— in the interval from x«= —A to x— +A is a,.. 

a«2» 


(L^ut^.) 


50. If Fm (x) be defined as in the preceding example, shew that, when —A <x<A, 
^ .V . v_... A*” / irx 1 2»rx . 1 3jrx . \ 



/ wx 

1 2»rx 

1 

m2-_ 

JT*" 


— *55= COS —T- + 

2*^ A 



f . irx 

1 . 2irx 

1 


A 


+ 3a»+i 


, 


A 

3»rx . 
s,n^ + 


• • • 


(AppelL) 
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THE CONFLUENT HYPERGEOMETRIC FUNCTION 


161. The confluence of two singvlaiities of Riemanns equation. 


We have seen (§ 10’8) that the linear differential equation with two 
regular singularities only can be integrated in terms of elementary functions; 
while the solution of the linear differential equation with three regular 
singularities is substantially the topic of Chapter xiv. As the next type 
in order of complexity, we shall consider a modified form of the differential 
equation which is obtained from Riemann’s equation by the confluence of 
two of the singularities. This confluence gives an equation with an irregular 
singularity (corresponding to the confluent singularities of Riemann s equation) 
and a regular singularity corresponding to the third singularity of Riemann s 
equation. 

The confluent equation is obtained by making c co in the equation 
defined by the scheme 


P. 


0 


5 + m 
1 

V2 ^ 


00 c 

— c c —A; z 

0 h 


The equation in question is readily found to be 


d^u . du (k ^ i —m’\ 


w = 0 



We modify this equation by writing u = and obtain as the 

equation* for 


d^W 

dz^ 


-4 + J + 


k i — 


ir = 0 .(B). 


The reader will verify that the singularities of this equation are at 
0 and 00 , the former being regular and the latter irregular; and when 2m 
is not an integer, two integrals of equation (B) which are regular near 0 and 
valid for all finite values of z are given by the series 




1 + 


\ + m-k (h + 'm-k)(^ + vi-k) 
1 !(2m + 1) 2 !(2 t7i + l)(2m + 2) 


-J 




* This 6qtifttion wm giv6n by WhittftkOT, Jfullttift Avi^iccTi Mdth, Soc» x. (1904)^ pp* 125*134* 




338 


THE TRANSCENDENTAL FUNCTIONS 


[chap. XVI 


■ r+l!(l-2m)^+ 2!(l-2m)(2-2m) ^+-r 

These series obviously form a fundamental system of solutions. 


[Note. Seriea of the type in {} have been considered by Kuminer*and more recently 
by Jacobethalt and BamesJ; the special series in which ir=0 had been investigated by 
Lagrange in 1762-1765 (Oeuvret, i. p. 480). In the notation of Kumnier, modified by 
Barnes, they would be written ±2m + l; i}; the reason for discussing 

solutions of equation (B) rather than those of the equation z^~(z-o)^~av=0 of 

which i/^i (a; p; r) is a solution, is the greater appearance of symmetry in the formulae, 
together with a simplicity in the equations giving various functions of Applied Mathe¬ 
matics (see § 16*2) in terms of solutions of equation (B).] 


16 * 11 . Kummer's formulae. 

(I) We shall now shew that, if 2m is not a negative integer, then 

= (- z). 

that is to say, 


1 l!(2m + l) ^ 2!(2m + l)(2m + 2) 

= 1 --i±^L±_* . . (i + ^ + ^*)(4 + m + A) , 

l!(27rt + l) 2l(2m + l)(2m + 2) ^ ■“* 

For, replacing by its expansion in powers of z, the coefficient of in 
the product of absolutely convergent series on the left is 


tl 

n! 




- n ; 2m + 1; 


r\ — r (2m 4-1) r (m 4- + A? -f n) 
7 n ! r (7?i + i + A:) r (2m + 1 + n) * 


by § 14*11, and this is the coefficient of 2 " on the right§; we have thus 
obtained the required result. 


This will be called Rummer's first formula. 

(II) The equation 

-Jf.,.„W=«i+”‘|i+J^ 2^7^T(^TT)(^T2)7r(^T^}■ 

valid when 2m is not a negative integer, will be called Rummer's second 
formula. 

To prove it we observe that the coefficient of *»»+"»+♦ in the product 

2m-fl; z), 


* Journal filr Math. xv. (1896), p. 139. 
t Math. Ann. lvi. (1908), pp. 139-154. 

X Tran*. Camb. Phil. Soc. xx. (1908), pp. 253-379. 

§ The reenlt is etill true when m + J -i- fc ia a negative integer, by a alight modification of the 
anal 76 u of § 14'11. 
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of which the second and third factors possess absolutely convergent expansions, is (§ 3'73) 

n ! (2m + l) (2m + 2)... (2m + n) ^ 

^ (t + m)(j+m). (n-m+il, -n + J-m; 1), 

n! (2m + l)(2m+2)...(2m + n) ^ ^ ^ 


by Kummer’s relation* 

/’(2a, 2^; a+/S+i; = a + ^+J ; 

valid when 0$x< and so the coefficient of (by § 14T1) is 

(i + m) (f+ m)... (n- m + ^) r (-n+j-w) r(^) 

n! ( 2 m+l)( 2 m + 2)... (2m + n) r (i-m - in) r(^-^n) 

_ r(i-m)r(i) __ 

“n! (2m+l)(2m+2)... {2m+n) r(4-it0’ 

and when n is odd this vanishes; for even values of n (= ip) it is 

_ r(i-m)(-i)(-S)...(i-/>) _ 

2 p\ 2 **’(m + J)(m + |)...(m+;?-i)(m + l)Cm + 2 )...(m+/))r(i-m-p) 

I.3...(2p-1)_1_ 

"2/>! 2^(m+ l)(m + 2)... (m+;)) 2 «*».p! (m + 1) (m + 2)... (m+p) ' 


16‘12. Definition'f of tfiefunction 

The solutions 3f*,±m(«) of equation (B) of § 16T are not, however, the 
most convenient to take as the standard solutions, on account of the 
disappearance of one of them when 2m is an integer. 

The integral obtained by confluence from that of § 14*6, when multiplied 
by a constant multiple of isj 








dt. 


It is supposed that argx has its principal value and that the contour is so 
chosen that the point t = ~‘Z is outside it. The integrand is rendered one¬ 
valued by taking | arg (- f) | ^ w and taking that value of arg (1 -f- tjz) which 
tends to zero as f — 0 by a path lying inside the contour. 

Under these circumstances it follows from § 5 32 that the integral is an 
analytic function of x. To shew that it satisfies equation (B), write 




* See Chapter xxv, examples 12 and 13, p. 296. 

t The fuuotion was defined by means of an integral in this manner by Whittaker, 

loc. eit. p. 125. 

X. A suitable contour has been chosen and the variable t of § 14*6 replaced by - 1 . 
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and we have without difficulty* 


^-« 




+ m/i . 


= 0 , 




since the expression in () tends to zero as i -► + x ; and this is the condition 
that should satisfy (B). 

Accordingly the function defined by the integral 

( 0 +) . . / t\^-i + 




m 


z) 


‘Hi 


is a solution of the differential equation (B). 

The formula for (z) becomes nugatory when A: — | — m is a negative 
integer. To overcome this difficulty, we observe that whenever 


R 




^0 


and k — ia not an integer^ we may transform the contour integral into 

an infinite integral, after the manner of § 12*22; and so, when 


-K (A; - ^ ^ 0, 






This formula suffices to define in the critical cases when 

'fn.-k^ — k is a positive integer, and so is defined for all values of 

k and m and all values of t except negative real valuesf. 

Example. Solve the equation 

in tcmm of functions of the type («), where a, 6, c are any constants. 


dhi 

d? 


16-2. Expression of various functions by functions of the type (z). 

It has been shewn J that various functions employed in Applied Mathe¬ 
matics are expressible by means of the function Wjc^j^ (z) ; the following are a 
few examples: 


• The differentiationB under the sign of integration are legitimate bv § 4-44 corollary, 
t When 2 is real and negative, may be de6ned to be either »'x ,„(2 + 00 or 

in (2 - Oi), v^hichever ie more convenient. 

X Whittaker, IlidUtin American Math. Soc. x; this paper contains a more complete account 
thaD U given hero. 
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16*2] 

(I) The Error function* which occurs in connexion with the theories of 
Probability, Errors of Observation, Refraction and Conduction of Heat is 
defined by the equation 


Elrfc 


where x is real. 




,-t* 


dt, 


Writing < = x*— 1) and then w = slx in the integral for j (^). 
we get 




" dw 


*1 

= 2a;ie4-'*| e~*^ds, 

and so the error function is given by the formula 

Erfc (x) - ^ x~ ^e~ W^^ (a;*). 

Other integrals which occur in connexion with the theory of Conduction 
of Heat, e.g. f e " ~ dt, can be expressed in terms of error functions, and 

J a 

so in terms of functions. 

Example. Shew that the formula for the error function is true for complex values of x. 

(II) The Incomplete Qamma function, studied by Legendre and othersf, 
is defined by the equation 

7 (n, x)= f r-'e~‘dt. 

Jo 

By writing t = a-x in the integral for („ _ i), (ir), the reader will 

verify that 

7 (n, a:) = r (n) - a-i -1) e - Ifj (x). 

(III) The Logarithmic-integral function, which has been discussed by 
Euler and others^, is defined, when | arg (- log 2\\<Tr, by the equation 

* This name is also applied to the function 

Erf(x) = J%-‘’rf/ = ^-Erfc(x). 

t Legendre, Exercicet, i. p. 839; HoSevar, Zeittchrift /Hr Math, und Phys. xxi. (1876), p. 449; 
Sohldmilch, ZeiUchri/t Jiir Math, und Phyt. xvi, (1871), p.261; Prym, Journal fUr Math. Lxxxn. 
(1877), p. 105. 

t Euler, In$t. Calc. Int. i.; Soldner, Monatliohe Correipondeiu, von Zacb (1811), p, 182; 
Brie/wechttl zwiichen Gauze und Beztel (1680), pp. 114-120; Bessel, Konigtherger Archiv, i. (1812), 
pp. 869-405; Laguerre, Bulletin de la Soc. Math, de France, vir. (1879), p. 72; Stieltjes, Ann. de 
Vf'.cole norm. $up. (3), iii. (1886). The logarithmic-integral function is of considerable importance 
in the higher parts of the Theory of Prime Numbers. See Landau, Primzahlen, p. 11. 
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On writing s — log z ~ u and then m = — log t in the integral for 

it may be verified that 

\i{z) = -{-log z)-^z^W_^q{~ log z). 

It will appear later that Weber’s Parabolic Cylinder functions (§ 16'5) and 
Bessel s Circular Cylinder fiinctions (Chapter xvii) are particular cases of the 

IPfc.tn function. Other functions of like nature are given in the Miscellaneous 
Examples at the end of this chapter. 

[Note. The error function has been tabulated by Encke, Berliner aat. Jakrhick, 1834, 
pp. 248-304, and Burgess, Trane. Roy. Soc. Edin. xxxix. (1900), p. 257. The logarithmic- 
integral function has been tabulated by Bessel and by Soldner. Jahnke und Erode, 
Funktionentafiiln (Leipzig, 1909), and Glaieher, Factor TabUe (London, 1883), should also 
be consulted.] 


16’3. The asymptotic expansion of IT* (x), 'when \ z\is large. 

From the contour integral by which Trjfc,ni(^) was defined, it is possible 
to obtain an asymptotic expansion for Wk,m(z) valid when |arg^| < tt. 

For this purpose, we employ the result given in Chap, v, example 6, that 


( 




where 


(t, z) = 1)- (X ») (l + !)* (1 + 

n! \ z/ Jo 


Substituting this in the formula of § 16*12, and integrating term-by-term, 
it follows from the result of § 12*22 that 


TT, „ = e - {1 + [f - - ^>*1 + ■ ■ ■ 


... \m'- (k - n + \y \ 

n I z^ 




provided that n be taken so large that R — A; — ^ > 0, 


and so 


Now, if I arg ^ | $ tt - o and \z \ >1, then 

1 $ 1 (1 + «/z) I $ 1 + ^ 

1(1 +f/^)|^sina 


R {z) > 0) 

-R(^)^or 


Rn (t, Z) I < 


\(X-l)...(X-n) 


n! 


(1 +0‘*'(coseca)'*t 


f 


* It iB BuppoBed that X IB real; the inequality has to be slightly modified for complex values of 


1 
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Therefore 


Rn {t, Z) I 


n! 


since 


(1 + 0'^*(cosec I (tiz) 1"+' (1 + + 1)“'. 

1 + It < 1 + <. 


Therefore, when I ^ I > 1, 


1 


r (— At + ^ + 7n) } 0 


f A 


= 0^ 


I j* ^-* + i + m + n^| 

[Jo 


- n -1 --1 


e 'dt 


* 0 (r-«-0» 

since the integral converges. The constant implied in the symbol 0 is 
independent of arg^, but depends on a, and tends to infinity as a->0. 

That is to say, the asymptotic expansion of W^ 4 ,,n(^) is given by the formula 


m {z) ^ i 


00 


1+ X 

ns 1 






for large values of\z \ when | arg ^ < tt - a < w. 


16 ’ 31 . The second solution of the equation for Wk,m{z)- 

The differential equation (B) of § 16T satisfied by is unaltered if 

the signs of z and k are changed throughout. 

Hence, if | arg(—.?) | < tt, W-h^mi—z) is a solution of the equation. 

Since, when | arg z | < tt, 

whereas, when | arg (- z) | < tt, 

the ratio Wt,m{z)/W^i^n{- z) cannot be a constant, and so Wk,m(z) and 

form a fundamental system of solutions of the differential 

equation, 

16-4. Cmtour integrals of the Mellin^Bames type for (z). 

Consider now 

, r(s)r(-«-A:-m + J)r(-s-i + TO + i)^j_ 

^-r(-*-m + i)r(-^- + m + i) 

where | arg ^ [ < | w, and neither of the numbers ± m + ^ is a positive integer 
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or zero*; the contour has loops if necessary so that the poles of r(s) and 
those of r s - A; — m + - j r i + m + are on opposite sides of it. 

It is easily verified, by § 13-6, that, as s-too on the contour, 

and so the integral represents a function of z which is analytic at all pointsf 

in the domain | arg ^|<57r“a<?7r. 

2 2 

Now choose iV so that the, poles of F 5 — A- - ni + 

are on the right of the line ■R(s) = — N — ^ ; and consider the integral taken 

round the rectangle whose corners are + fi, — ^ ± fi, where f is positive^ 

and large. 

The reader will verify that, when (arg^|^| 7 r —a, the integrals 




-A’-J-fi 


-A-t + fi 

{i 


tend to zero as f—; and so, by Cauchy’s theorem, 

P' r (s) r (- s - A- - m + 4 ) r (- a - A- + »» + ^) 

= e- j i R„ 

(nsU 

1 r'^-i + ”‘r(s)r(-s-Ar-TO + 4 )r(-s-A + 7n + 4 ) ,, 
'^^■Trd r(-A:-n» + 4)r(-A- + ,n + 4) 

where R„ is the residue of the integrand at s = — n. 

Write s = — N — \ + it, and the modulus of the last integrand is 

|2r^- 

where the constant implied in the symbol 0 is independent of z. 

Since / 1 1 converges, we find that 


(it=0 

• Id the^c cases tlie series of § 16*3 teriuiimtcri aud »„(r) in a combination of elementary 
functions. 

+ The integral is rendered one-vniued wluni li {z)< 0 hy sj)ocifyiiig argi. 

X The line joining muy have loops to av<ud poles of the integrand as explained above. 
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But, on calculating the residue "e get 

D _ r(n - A- - m + ^) r(n - A- + +4) 


{-r 


H! r (- A* - Hi + 4) r (- A'+ 7 H + 4) 

^ 4P| jPi ... + ^y\ 


n\2^ 


and so I has the same a^ym^toti'c expaimon as ir* ^( 2 ). 

Further I satisfies the difierential equation for lFi ,„( 2 ); for, on 

substituting j T(s) V (— s — fc — m + ^ V ^—s — k -h m -k- z^ds for v in 

the expression (given in § 16T2) 


d^v 


di 


dv 




we get 

XI 


J (s) r s- i'~ m + r s -1: + m + 

— j r(s + 1) r s- m + r(~s~~k + m + }^ z*-*-^ds 


- (Hr CD 


7a + o') r s — ^’ + m + ? 1 z^ds. 


Since there are no poles of the last integrand between the contours, and 
since the integrand tends to zero as U | x , s being between the contours, 
the expression under consideration vanishes, by Cauchy’s theorem; and so 
I satisfies the equation for Wi;^,„(z). 

Therefore 1= A + 

where A and B are constants. Making 12 i x when 7? ( 2 ) > 0 we see. from 
the asymptotic expansions obtained for / and (+ 2 ), that 

yl=l. B = 0. 

Accordingly, by the theory of analytic continuation, the equality 

r=Wk.,nU) 

persists for all values of 2 such that .arg2|<7r; and, for values* of arg2 

such that TT ^ I arg 2 | < .^ tt, Wjc^,„ ( 2 ) may be defined to be the expression /. 

£ 

Example 1. Shew that 

11- e"** f'’* r(s-/-)r(-.«-»i+ 4 lr(-< + m+A) ,j 

r(-I--m + A)r(-';( + »( + i) ■ 

taken along u .suitable c«mtonr. 

• It would have been possible, by modifying the path of integration in § 16-3, to have shewn 
that that integral could be made to define an analytic function when ' arg: But tlie 

reader will see that it is uunccessiiry to do so, as Barnes' integral affords a .simpler defmitiou 
of the function. 
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Example 2. Obtain Bames’ int^ral for by writing 

for (1 in the integral of 16*12 and changing the order of integration. 

16 * 41 . Relations between and Mic,±m{^)’ 

If we take the expression 

jf’(s) = r(»)r(-«-/t-TO + 0 + 

which occurs in Bames’ integral for write it in the form 

_ 


r (s + A: + m + J) r (« + A: — m + J) cos (s + Ar + wi) TT cos (« + A - m) TT ’ 

we see. by § 13*6, that, when R («) > 0, we have, as || , 

F{8) = 0 ^ ^ ^ y sec (5 + ^' + m) “TT sec {s + k — m) ir. 

Hence, if |argz|<| 7 r, Jf(s) z*ds, taken round a semicircle on the 

right of the imaginary axis, tends to zero as the radius of the semicircle 
tends to infinity, provided the lower bound of the distance of the semi¬ 
circle from the poles of the integrand is positive (not zero). 

r('-k~m-i-i)r(~k+m +J) ’ 
where SR' denotes the sum of the residues of F(s) at its poles on the 
right of the contour (cf. § 14*5) which occurs in equation (C) of ^ 16 4. 

Evaluating these residues we find without difficulty that, when 


Therefore 


arg ^ <5 TT, 


and 2 m is not an integer*. 


Example 1. Shew that, when | arg (- «) | < 3"* and 2m is not an integer, 

r(-2m) w /X. r(2m) ^ . 


W. 


*,m 


(Barnest.) 


Example 2. When -<arg 2 <^tt and - a»r <arg(-r)< Jw, shew that 

_ .. r(2m+l) jmh. ( r(2m-H) (t + „,+A-)w»r , , 

* When '2m is an integer some of the poles are generally double poles, and ihelr residues 
involve logarithn>s of r. The result has not been proved when A- - ^ ± m is a positive integer or 
aero, but may be obtained for such values of k and m by comparing the terminating series for 
with the series for 

t Barnes’ results are given in the notation explained in § 16*1. 
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£xample 3. Obtain Hummer’s first formula (§ 1611) from the result 
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Ztti j.*, 


r (n - «) r* fl/j. 


(Barnes.) 


It is 


16’6. The parabolic cylinder functions. Webers eqxtation. 
Consider the differential equation satisfied by z~^Wj^ _ 




d , 

d{wz^)\ 

■ + ^ 
1 

1 .2^, 


zdz 1 

zdz \ 


* 

2* 

/ 


wz 


i = 0; 


this reduces to 

Therefore the function 


d?w 

dz* 


+ 


2* - \ 
4 


= 


satisfies the differential equation 

(”+§-^’)-D»W = 0. 


d^Dn {z) 

dz^ 


Accordingly i)„(z) is one of the functions associated with the parabolic 

cylinder in harmonic analysis*; the equation satisfied by it will be called 
Weber 8 equation. 

From §16*41, it follows that 

r(- i) + 
r(-in) 




•-iS*’) 




when |argz|<®7r. 


But = 




ia + l 






ze 


i^r 


-in* 

2 • 2 ’ 2 ^ 


2 2"'2*2M' 


and these are one-valued analytic functions of z throughout the 2 -plane. 
Accordingly i)„( 2 ) is a one-valued function of 2 throughout the 2 -pIane; and, 

by § 16'4, its asymptotic expansion when | arg 2 | < | tt is 

e~^^^z 




(n-1) n(n-l)(n-2)()i-.3) 

2z^ 2 . 42 * 


16*61. The second solution of Weber’s equation. 

Since Weber's equation is unaltered if we simultaneously replace n 
and 2 by -n-1 and ±12 respectively, it follows that D.„_,(i 2 ) and 
T>~n-i (- iz) are solutions of Weber’s equation, as is also i)„ (- 2 ). 

Weber, Math. Ann. i. (1869), pp. 1-36; Whittaker, Ptoc. London Math. Soc^ xxxv. (1908) 
pp. 417-427. 
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It is obvious from the asymptotic expansions of Dn(z) and 
valid in the range — | tt < arg ? < | tt, that the ratio of these two solutions is 
not a constant. 

16’611. The relation between the functions Dn(^), (± 

From the theory of linefir differential equations, a relation of the form 

Dn (z) = a (iz) + (- iz) 

must hold when the ratio of the functions on the right is not a constant. 

To obtain this relation, we observe that if the functions involv'ed be 
expanded in ascending powere of z, the expansions are 

r(i-in)+ r(-§«) 


and 


“1 r(i + i«) ra + in) 


+ b 




and so 


Comparing the first two terms we get 

a = (2ir) - i r (h + 1 ) e^"”. b = (27r) " i T (n + 1) e " 




16'62. The general asymptotic expansion of Bn (z)- 

So far the asymptotic expansion of W for large values of ^ has only 

been given (§ 16-5) in the sector | arg ^ | < | ^. To obtain its form for values 

of arg ^ not comprised in this range we write - fo for ^ and - n -1 forn in 
the formula of the preceding section, and get 

D„U) = a-' D „(-.) + (--)• 

' Now if - TT > arg ^ > iwe can assign to -z and - iz arguments between 

+ ? w; and arg (- 1) = arg z-ir, arg (- iz) = arg c - ^ w; and then, applying 
the asymptotic expansion of § 16’5 to Dni—z) and w), we see that, 

if ®7r> arg^ > ^tt, 




n(« —1) » (n — 1 ) (a — 2) (?i — 3) 




\/(27r) n^i -n~l. 


1 4- 


2.4^^ 

(« + l)(n + 2) 
2^ 


• « * 


(n + 1)(» + 2)(n T-3)(n + 4) 


I 
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This formula is not inconsistent with that of § 16'5 since in their common range of 
validity, viz. ^ir <argz< |»r, el* 2 - 2 '*-1 ia o for all positive values of wi. 

To obtain a formula valid in the range — |tt> arg ^ tt, we use the 
formula 

D„ (e) = e- D„ (- z) + ^ (iz). 

and we get an asymptotic expansion which differs from that which has just 
been obtained only in containing e"”*’* in place of 

Since Dn(z) is one-valued and one or other of the expansions obtained 
is valid for all values of arg z in the range — tt < arg z the complete 
asymptotic expansion of Z)„ (z) has been obtained. 


16 ' 6 . A contour integral for («). 


Consider J c"** !**( —c?/, where | arg(-() I $ ; it represents a oue-valued 
analytic function of z throughout the 2 -pIane (§ 5*32) and further 

the differentiations under the sign of integration being easily justified; accordingly the 
integral satisfie.s the differential equation satisfied by • ^^d therefore 


e- 


0 - - i‘“ (- 0-"-' rf'=« A, (j)+6/>-,-. («), 


where a and 6 are constants. 

Now, if the expression on the right be called £\{z), we have 


^«(0) 


fCH-) , , no+j , . 

j AV(0)=j c-4'*(-«)■" 


To evaluate these integrals, which are analytic functions of n, we suppose first that 
R («) < 6; then, deforming the paths of integration, we get 


£n(0)’^ — 2iaiTi(n + l)irj e 


2”l”i’sinnjr j e 

Jo 




= 2 " 4'* i sin (nir) r (— 4 m)- 

Similarly jS*,' (0) = - 24 - 4» t sin (iifr) T (4 - 4h). 

Both sides of these equations being analytic functions of «, the equations are true for 
all values of n; and therefore 

6=0, a = ?l^i-:i^,"^2-4"isin(K,r)r{-4n) 
r(4) 24" 

= 2*T( —n) sinwTT. 

TAere/ore Z>„ (.-) = - e " i*" f e “ ’ 4*' (- 0""' > 

Zni J , 
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16*61. Recurrence formulae for Dn 
From the equation 



after using § 16*6, we see that 


n -1 


- dt 


0‘” + (n + 1) (- 




^n+i (^) - z Dn ( 2 )+n i>n-i (-2) = 0. 

Further, by differentiating the integral of §16*6, it follows that 

( 2 ) + \ zDn ( 2 ) - {z) = 0 . 


Example. Obtain these results from the ascendiug power series of § 16*5. 


167. Properties of Dn ( 2 ) when n is an integer. 

When n is an integer, we may write the integral of §16*6 in the form 


■Dn (^) = - 


(- O"-'* 


%-ni J 


dt. 


If now we write t = v^ z, we get 

n ! e 




A4(2) = H" 


27ri 


f 


(*+) 




(v^z) 


M+I 


dv 





a result due to Hermite*. 

Also, if m and n be unequal integers, we see from the differential 
equations that 

Dn (z) Dm" (z) - Dm (z) D/' (z) + (m - u) Dm (z) D„ (z) = 0, 

and so 



i)„ (2) D„(z)dz==[ D„ {z) DJ (z) - D„ (z) D„' (^)] " 



by the expansion of § 16*5 in descending powers of z (which terminates 
and is valid for all values of arg^ when n is a positive integer). 

Therefore if m and n are unequal positive integers 



Dm ( 2 ) Dn ( 2 ) 


ci^ = 0. 


* CompU$ Rendtu, Lvni. (1864), pp. 266-273. 
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On the other hand, when m = n, we have 

(n + l)[ [Dn{z)Ydz 

J >00 
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' dz 


‘ dz 


= zD„ (z) i)„. {z)-D„^, (z) D„'{z) 

= f {-Dn+I (2))" dz, 

J 

on using the recurrence formula, integrating by parts and then using the 
recurrence formula again. 

It follows by induction that 

f lD„(z)Ydz = nl f {Do(z)Ydz 

J J ^9 

= n! f e~^^^dz 
J 

= (27r)^n!, 

by § 12'14 corollary 1 and § 12’2. 

It follows at once that if, for a function f{z\ an expansion of the form 

/(^) = a»DoW + aiAW+ ... + a„I>„0)+ ... 

exists, and if it is legitimate to integrate term-by-term between the limits 
— X and X , then 




REFERENCES. 

A. Erd^lyi, Math. ZS. XMI (1936), p. 125: xui (1937), p. 641: Math. Ann. cxin (1936), 
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Miscellaneous Examples. 


1. Shew that, if the integral is convergent, then 




r(J + 7n+it)r{i + m 


-^) J 


2. Shew that = lim + ^ + m~i+p; 27n + l: z/p). 

p^«0 


3. Obtain the recurrence formulae 

4. ‘ Prove that W^^^{z) is the integral of an elementary function when either of the 

numbers is a negative integer. 

5. Shew that, hj a suitable change of variables, the equation 

(02 + bgx) ^ + (Oj+fij j:) ^ + (oo + 6o-r) y=0 
can be brought to the form 

derive this equation from the equation for F{a, b; c; x) by writing x=^^lb and making 
6-^ 00 . 


6. Shew that the cosine integral of Schliimilch and Besso {OiomaU di McUemcUichey 
VI), defined by the equation 

is equal to JV_ + 

Shew also that Schlomilch’s function, defined {ZHUchrift fUr }(ath. und Physiky iv. 
(1859), p. 390) by the equations 


is equal to 


S(vyz)= f + = r — duy 

Jo ;» 

, 4-1 j. w. 


7. Express in terms of functions the two functions 


Si (z) = IJ dt, Ei (2) = I" ~ di. 


8. Shew that Sonine’s polynomial, defined {Math. Ann. xvi. p. 41) by the equation 




^•8 


j 0!'“(n-l)! (m+n-1)! l!‘*’(n-2)! (m + n-2)! 2! 


is equal to 




nl (m + n)! 


n + im + i, im 


(4 
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9. Shew that the function defined by Lagrange in 1762-176r) {Oeuvres, i. 

p. 520) and by Abel (OejuTw, 1881, p. 284) as the coefficient of /<"* in tlie expansion of 
(1 -^)“> is equal to 

10*. Shew that the Pearson-Cunningham function {Proc. fio)ja! Soc. Lxxxi. p. 310), 
Wn.n. U), defined as 


e ^(-?)” L (K+i»i) (M-iwO (h+A»i) (n + i,n-l)(H-im) («-A//i-l) 
r(«-4m + l) \ z 


is equal to 


r(«-A«»+i) 




y 


11. Shew that, if |args|<^?r, and |arg(H-/) | :$ rr. 


Dn (Z) = 


r(4n + l) /■(->+) 


2 - i (» - 1) 


-j: 






(■\Vhittakcr.) 


12. Shew that, if n be not a positive integer and if | arg z t<K then 

w = ili ^ jl, — (''2-' -" 

and that this result holds for all values of arg a if the integral he j \ 
enclosing the i)oles of r (-;) but not those of r — ^«)- * 


the contours 


13. Shew that, if I arg a I < iff, 


/ 


r(-m)r(im-in + l)ai 


i»« + i ; im-i« + l; l-ifl-i), 


14. Deduce from csample 13 that, if the integral is convergent, then 

J*e-3*’ (j) ch~U2)-'- r (.« +1) si.i (i - i„0 .r. 

(Watson.) 

15. Shew that, if n be a positive integer, and if 

then Ea {x)= ± ^/(2ff) r (w +1) c ‘ „_i (+ (.r), 

the upi>er or lower signs being taken according as the imaginary pait of .r is positive 
or negative. (Watson.) 

16. Shew that, if n be a positive integer, 

(.r) - (- )>* 2” + 2 (2ff) ~ i [ w” e “ cos 

J 0 Sill 

where p is or ^(n- 1), whichever is an integer, and the cosine or sine is taken as n is 
even or odd. (Adamoff.) 


* The results of examples 8, 9, 10 were communicated to us by Mr Bateman. 
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Shew that, if n be a positive integer, 

w=( - y* (U) - J (Vn)"+M*’«- 4" 




where 


and 


Ji={ <T{v)^{3ev^n)dVj 

J 0 olu 

<r (i>) = e4 " (1e-"(”-1)'. 


(Adamofif.) 


18. With the notation of the preceding examples, shew that, when x is real, 

•A “ "•i n ~ t e ~ I-'* [x ^n ); 


while lA satisfies both the inequalities 




Shew also that as v increases from 0 to 1, tr(v) decreases from 0 to a minimum at 
v=\-hi and then increases to 0 at vr i ; and as v iucrea'^es from 1 to oo, o- (v) increases 
to a maximum at 1+A^ and then decreases, its limit being zero; where 

2 \/(2T,) < *■ < • i \/(J;) << v/(^) ■ 

and |<r(l-A,)| < ^71 “ t, <r (l+Aj) < .dnwhere A = 0 0742.... (Adamoflf:) 

19. By employing the second mean value theorem when necessary, show that 

£>n (X)=V2. Wnf a - [^cos (xn^ - , 

where <u„(x) satisfies both the inequalities 

3 ' 35 ... igt , 1 1 

^ » l"•^(0)|<5n X, 


"n (x) 


x\Jn 


(Adamoff.) 


when X is real and n is an integer greater than 2. 

20. Shew that, if n be positive but otherwise unrestricted, and if jn be a positive 
integer (or zero), then the equation in x 

has m positive roots when 2m-l<n<2m + l. (Milne.) 



CHAPTER XVII 


BESSEL FUNCTIONS 


171. The Bessel coefficients. 

In this chapter we shall consider a class of functions known as Bessel 
functi&ns or cylindrical Junctions which have many analogies with the Legendre 
functions of Chapter xv. Just as the Legendre functions proved to be parti¬ 
cular forms of the hypergeometric function with three regular singularities, so 
the Bessel functions are particular forms of the confluent hypergeometric 
function with one regular and one irregular singularity. As in the case of 
the Legendre functions, we first introduce* a certain set of the Bessel functions 
as coefficients in an expansion. 

For all values of z and ^ (< = 0 excepted), the function 



can be expanded by Laurent’s theorem in a series of positive and negative 
powers of t. If the coefficient of V\ where n is any integer positive or 
negative, be denoted by it follows, from §5 6, that 



To express Jn W as a power series in z, write u = ^tjz ; then 

n r(0+) 




t 


—n—I 


f Z^) 

exp 


since the contour is any one which encircles the origin once counter-clockwise, 
we may take it to be the circle | ^ | = 1; as the integrand can be expanded 
in a series of powers of z uniformly convergent on this contour, it follows 

from § 4*7 that 




\r /j rro+l 




27n r=0 ^ 

Now the residue of the integrand at ^ = 0 is ((« by § 61. when 

n-fr is a positive integer or zero; when n + r is a negative integer the 
residue is zero. 

Therefore, if a is a positive integer or zero, 


Jn{z)= 2 


r=o r!(n + r)I 


= ji-— 

2”n! I 2M(n-f 


+ 


• • • 


+ 1) 2‘.1.2(h + 1)(h + 2) 

This procedure 10 due to Schldmilcb* Zeili^chri/t jUr Math, und Phys. n. (1857)* pp« 137-165. 
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whereas, when n is a negative integer equal to — m, 

r^m r!(r-?«)! ,% (7n+«)!5! * 

and so Jn (z) = (z). 

The function Jn(z), which has now been defined for all integral values 
of w, positive and negative, is called the Bessel coefficient of oitier n; the 
series defining it converges for all values of z. 

We ahall aee later (§ 1V2) that Bessel coefhcients are a particular case of a clfiss of 
functions known as Be$sel functions. 

The series hj which •/„(r) is defined occuis in a memoir by Euler, on the vibrations 

of a stretched circular membrane, Novi Comm. Acad. Petrop. x. (1764) [Published 1766], 

pp. 243-260, an investigation dealt with below in § 18'51; it also occurs in a memoir 

by Lagrange on elliptic motion, Hist, de VAcad. R. des Sci. de Berlin^ xxv, (1769) [Published 
1771], p. 223. 

The earliest systematic study of the functions was made in 1824 by Bessel in his 
Vntersuchung des Theils der planetuTischen Storungen uelcher atte der Bewegung der Sonne 
entsteht {Berliner Ahh. 1824); special ca.ses of Bessel coefficients had, however, appeared in 
researches published before 1769; the earliest of these is in a letter, dated Oct. 3,1703, from 
Jakob Bernoulli to Leibuiz*, in which occurs a series which is now described as a Bessel 
function of order J ; the Bessel coefficient of order zero occurs in 1732 in Daniel Bernoulli’s 
memoir on the oscillations of heavy chains. Comm. Acad. Sci. Imp. Petrop. vi. (1732-1733) 
[Published 1738], pp. 108-122. 

In reading some of the earlier papers on the subject, it should be remembered that the 
notation has changed, what was formerly wi itteu (z) being now written .7^ (2z). 

Example 1. Prove that if 


26(1+^) 

sin 62=^171 (r) + .lj,/2(«) + d3.f3 («)+.... 

(Math. Trip. 1896.) 

[For, if the contour D in the n-plane be a circle with centre « = 0 and radius large 
enough to include the zeros of the denominator, we have 



the series on the right converging uniformly on the contour; and so, using § 4*7 and 
replacing the integrals by Bessel coefficients, we have 



— (2)+d3./3(«) + ^3y3(z)+- 


* Published in Leibnizena Gea. Werke, Dritte Folge, in. (Halle, 1855), p. 75. 
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In the integral on the left write —a = eo that as u describes a circle of 

radius t describes an ellipse with semiaxes cosh 0 and siuh /3 with foci at - a ± i’; then 
we have 




the contour being the ellipse just specified, which contains the zeros of + Evaluating 
the integral by § 61, we have the requiied result.] 

Example 2. Shew that, when n is an integer, 


an 

»/»Cy + «)= 2 


in = - * 


(K. Neumann and Schlafli.) 

[Consider the expansion of each side of the equation 

(y+^) (^“7)} 0 ~ 01'^ 

Example 3. Shew that 

gitfiys^ _ 4. 2{ cos <l)Ji{z) + 2i- cos 2(^/2 («) + ••• ■ 

Example 4. Shew that if = 

Jo (r)=Jo W Jo (y)-2/2 (.r) Ji (y) + S./* {x)Ji(y)-.... 

(K. Neumann and LomraeL) 

17*11. Bessel’s differential equation. 

We have seen that, when n is an integer, the Bessel coefficient of order n 
is given by the formula 

From this formula we shall now shew that Jn{^) is s- solution of the 
linear differential equation 


+ + (l-”-:)y=0, 

dz^ 2 dz V ^ / 


which is called Bessel’s equation for functions of order n. 

For we find on performing the differentiations (§ 4 2) that 


^!^>+ 1 W 

dz^ z dz \ ^'/ 




n rcJ+J (, n +1 z"^ 

r-'h--7- + ^, 


: exp {t - 3 dt 


[0+) d 

dt 


^-«-*exp 


= 0. 

since t~^~' exp (f — z'^j^t) is one-valued. Thus we have proved that 

dz* 2 dz V ^ / 


The reader will observe that .z = 0 is a regular point and z=x an 
irregular point, all other points being ordinaiy points of this equation. 
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Example 1. By differentiating the expansion 


f| ^ « 


with regard to z and with regard to t, shew that the Bessel coefficients satisfy BessePs 
equation. (St John’s, 1899.) 


22 


Example 2. The function P,™ [l — j satisfies the equation defined by the scheme 

4«2 « 0 ^ 

P-l n+1 2 * 

— 

shew that J„^ (z) satisfies the confluent form of this equation obtained by making ?i -*- « 


17*2. 

integer. 


The soltUion of Bessel’s equation when n is not necessarily an 


We now proceed, after the manner of § 15*2, to extend the definition of 
Jn( 2 ) to the case when n is any number, real or complex. It appears by 
methods similar to those of § 17 *11 that, for all values of n, the equation 


dz^ ^ z dz^ 



is satisfied by an integral of the form 

y = exp [t - dt 

provided that exp (i — ^7^0 resumes its initial value after describing C 
and that differentiations under the sign of integration are justified. 

Accordingly, we define {z) by the equation 

♦»i r(o+> / -ax 

Jr. {Z) = J __ r-- exp {t - -J dt. 


the expression being rendered precise by giving argz its principal value and 
taking | arg ^ | < tt on the contour. 

To express this integral as a power aeries, we observe that it is an 
analytic function of z\ and we may obtain the coefficients in the Taylors 
series in powers of z by differentiating under the sign of integration (g 5*32 
and 4*44). Hence we deduce that 


Jrri‘) = 


by § 12-22. 


^ 5 

r=o 2'*+*^r! r (H + r + 1) * 
This is the expansion in question. 



BESSEL FUNCTIONS 


359 


17*2, 17*21] 


Accordingly, for general values of n, we define the Bessel function Jn(z) 
by the equations 




( 0 +) 
«ee 






(-Y^n+tr 

2n+*r^ip(„ + r+l)' 


This function reduces to a Bessel coefficient when n is an integer; it is 
sometimes called a Bessel function of the first kind. 

The reader will observe that since Bessel s equation is unaltered by 
writing —n for fundamental- solutions are except when 

n is an integer, in which case the solutions are not independent. With this 
exception the general solution of BesseVs equation is 

(^) 4* 


where a and are arbitrary constants. 

A second solution of Bessel’s equation when n is an integer will be given 

later (§ 17*6). 


17*21. The recurrence forTnuloe for the Bessel Junctions. 

As the Bessel function satisfies a confluent form of the hypergeometric 
equation, it is to be expected that recurrence formulae will exist, correspondmg 
to the relations between contiguous hypergeometric functions indicated in 


§ 147. 

To establish these relations for general values of n. real or complex, we 
have recourse to the result of § 17‘2. On writing the equation 


r(o+) d 
dt 


r” exp(i-^ 


► dt 


at length, we have 

( 0 +) 


0 (r" + \ - nt~^^) exp («- Q dt 

= 2m W +^ (2) - « (2^“')”^n w|. 


and so 


Next we have, by § 4 44', 


( 0 +) 


dz 


z 




r(o+) 

^ 


t 


2n . 


exp ^ 

‘-a 

gj(p 

-a 


(A). 
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and consequently, if ])rimes denote ditferentiations with regard to z, 


(^) “• 7 ( 2 ) "" (■2^) 


(B). 


From (A) and (B) it is easy to derive the other recurrence formulae 


and 


J rt ( 2 ) — 2W '*“1 (^) ■“ n+i (^)) 


Z 


(C). 


(D). 


Example 1. Obtain the-^e I'Citulls from the power series for J,^ {z). 


Example 2. Shew that (2)} = 2"*^«-i (2). 

Example 3. Shew that (^) = - y, {z). 

Example 4. Shew that 

167,,'' = (j) - 4y„_2(^) -f-St/nCO - 4./„^2 (z)4-tA. (z). 

Exa^nple 5. Shew that 


Example C. Shew that 


/j (‘) —/o W « 2^0" (z). 


17‘211. Relation between two Bessel functions whose orders differ by 
an integer. 

From the last article can be deduced an equation connecting any two 
Bessel functions whose orders differ by an integer, namely 

where a is unrestricted and r is any positive integer. This result follows at 
once by induction trom formula (B), when it is written in the form 

17-212. The connexion between Jn{z) and functions. 

The reader will verify without difficulty that, if in Bessel’s equation we 
write y — z~^v and then write z = x/2t, we get 


d-v 


V ( 1 1 - n’\ 

i + (-4+ —r-)’' = 0. 


which is the equation satisfied by iro „(ar); it follows that 

./„ (z) = A ^ „ (2t>) + i _„ (2t>). 

Comparing the coefficients of z^'* on each side we see that 
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except in the critical cases when 2n is a negative integer; when n is half of 
a negative odd integer, the result follows fronx Rummer’s second formula 
(§ 16-11). 


17*22. The zeros of Bessel functions whose order n is real. 

The relations of § 17-21 enable us to deduce the interesting theorem that 
between any two consecutive real zeros of z'^Jn(z), there lies one and only one 
zero* ofz-'*Jn+, (z). 

For, from relation (B) when written in the form 

it follows from Rolle’s theorem f that between each consecutive pair of zeros 
of^J„(^) there is at least one zero o( z-'*Jt^t{z). 

Similarly, from relation (D) when written in the form 

it follows that between each consecutive pair of zeros of z”'*‘*t/n+i (^) there is 
at least one zero of 

Further z-^Jn(z) and ^[z’^^Jniz)] have no common zeros; for the 

CLZ 

former function satisfies the equation 

^0 + (2« + i)| + ^y = o, 

and it is easily verified by induction on differentiating this equation that if 

both y and vanish for any value of 2 , all differential coefficients of y vanish. 

dz '' 

and y is zero by | 5-4. 

The theorem required is now obvious except for the numerically smallest 
zeros ± f of z~^Jn {z), since (except for z — 0), z~'*J „ {z) and (z) have the 

same zeros. But z = is a zero of 2 -"/,.+. (^X and if there were any other 
positive zeru of z-»Jn+i{z). say f,, which was less than f. then 
would have a zero between 0 and f,. which contradicts the hypothesis that 
there were no zeros of z’^*^Jn{z) between 0 and 

The theorem is therefore proved. 

[See also § 17-3 examples 3 and 4, and example 19 at the end of the chapter.] 

* Proofs of this theorem have been Riven by Booher, Bull. American Math. Soc. iv. (1897), 
p. 206; Oegenbauor, Monauhefte fUr Moth. viii. (1897), p. 383; and Porter, hull. American 
Math. Soc. IV. (1898), p. 274. 

+ Thie is proved in Burnside and Panton s Theory of Equations (i. p. 157) for polynomials. 
It may be deduced for any functions wiih continuous diflerential coefficients by using the First 

Mean Value Theorem (§ 4’14). 
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17'23. Bessel's integral for the Bessel coefficients. 

We shall next obtain an integral first given by Bessel in the particular 
case of the Bessel functions for which n is a positive integer; in some respects 
the result resembles Laplace’s integrals given in § 15*23 and § 15*33 for the 
Legendre functions. 

In the integral of § 17*1, viz. 


1 /■(0+) 


take the contour to be the circle I u I = 1 and write u = so that 






Bisect the range of integration and in the former part write for 
get 


and so 


1 

*fn{z)=- I cos(?i^ —jsin^)(i^, 

^ Jo 


which is the formula in question. 

Example 1. Shew that, when z is real and n i« an integer, 

Example 2. Shew that, for all values of n (real or complex), the integral 

1 r* 

y=~ I coH (nS^z Bin S)ciS 

ir J 0 


satisfies 


d^y , I dy n^\ sin nn /\ n\ 


which reduces to Bessel’s equation when n is an integer. 

[It is easy to shew, by dififercntiating under the integral sign, that the expression 
on the left is equal to 

-I jo Ta {("«+ (««-^“i"«)} 

17'231. The modification of Bessel's integral when n is not an integer. 

We shall now shew that^, for general values of n, 

J„( 2 )=-f cos(«^ — 2 sin^)d^—f ...(A), 

TT J 0 ’Jr Jo 

when R {z) > 0. This obviously reduces to the result of § 17*23 when n is 
an integer. 

Taking the integral of § 17-2, viz. 

2 ” /•( 0 +) / 2 *\ 

= _ r--exp (< - j-J 

* This result is due to Scbladi* Ann, \iu (1871)* p» 148. 
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and supposing that z is positive, we have, on writing i = 



1 



But, if the contour be taken to be that of the figure consisting of the real 
axis from — 1 to — oo taken twice and the circle | u j = 1, this integral re¬ 
presents an analytic function of z when R (zu) is negative as | u | —» oo on the 

path, i,e. when |arg^|< ^tt; and so, by the theory of analytic continuation, 

the formula (which has been proved by a direct transformation for positive 
values of z) is true whenever R (z) > 0. 


Hence 



where C denotes the circle |w|*l, and argM = —tt on the first path of 
integration while arg w = -*• w on the third path. 



Writing u — in the first and third integrals respectively (so that in 
each case arg t = 0), and w = in the second, we have 





g(n+ll ni 

g—(n^Vni 

27n 

\ 

2wi 





Modifying the former of these integrals as in § 17'23 and writing e® for t 
in the latter, we have at once 

j = 1 f 'cos {ne -2 sin 0 ) dd + f dtf, 

TT Jo w ;o 

which is the required result, when | arg ^ | < g w. 


When I arg 21 lies between ^ir and »r, since (-z), we have 

|rooa(ntf+*eintf)<i«-sinnT .(B), 

the upper or lower sign being taken as arg «> J»r or < - Jir. 

When n is an integer (A) reduces at once to Bessel’s integral, and (B) does so when we 
make use of the equation Jn («)=(•)"*^-« (0» which is true for integer values of n. 
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Equation (A), as already stated, is due to Schlafli, Math. Ann. ill. (1871), p. 148, and 
equation (B) was given by Sonine, Math. Ann. xvi. (1880), p. 14. 

These trigonometric integrals for the Bessel functions may be regarded as corresponding 
to Laplace’s integrals for the Legendre functions. For (,^ 17*11 example 2) 4 /^( 2 ) satisfies 
the confluent form (obtained by making n-*-® ) of the eqiiation for (1 —z^f2n^). 

But Laplace’s integral for this function is a multiple of 


/o' [’" 2^^ K'" ~ 

= I |l 4 -^ C03(^ + 0(7Z"2)| COBm<pd(p. 

The limit of the integrand as is and this exhibits the similarity 

of Laplace’s integral for P,,’" (r) to the Bessel-Schliifli integral for Jm (^)* 

Example 1 . From the formula J(^{x') = ^ ( by a change of older of 

Ztt J —ir 

integration, shew that, when n is a positive integer and costf > 0 , 


P» (cos $) 


r(n + l)f, 


,-xeot9 


Ja(^ sin ^)x** dr. 


(Callandreau, Bull, dee Set. Math. (2), xv. (1891), p. 121.) 


Example 2. Shew that, with Ferrers’ definition of Pn"*(co 8 $\ 

(cos €-^^°^^J„,(xsin6)x»dx 

when n and m are positive integers and cos ^ > 0 . 

(Hobson, Proc. London Math. Soc. xxv. (1894), p. 49.) 

17'24. Bessel functions whose order is half an odd integer. 

We have seen (§ 17'2) that when the order n of a Bessel function Jn (z) 
is half an odd integer, the difference of the roots of the indicial equation at 
^ = 0 is 2/1, which is an integer. We now shew that, in such cases, Jn {z) is 
expressible in terms of elementary functions. 

For = -^3 + 2.3.4.5 “ ■■'} “ 


TT 




and therefore (§ 17-211) if A- is a positive integer 


r d* /sin 2 


ri (r-y 

On differentiating out the expression on the right, we obtain the result that 

'A + 4 (^) “ ^ + Q* cos z, 

where P*, Qk are polynomials in 


Example 1. Shew that«/_ ^ (r) — 
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Example 2. Prove by induction that if be an integer and uasyt+l, then 

U(.- W-,., 


+ 8m(z-A«,r in) ; go-.1-J. 


the eummationa being continued na far as the terms with the vanishing factors in 
the numerators. 

Example 3. Shew that \~7~ / ^ solution of Bessel’s equation for 

4.1 * * V 

Example 4- Shew that the solution of = ^ 




where Co, ci, ... are arbitrary and a©, oj,... the roots of 




(Loinmel.) 


17*3. Hankel 's contour integral* for »/„(^). 
Consider the integral 


g = s”j 


( 1 +.- 1 -) 


(f“ — 1)”“1 cos(20f^^. 


where .4 is a point on the right of the point f = 1, and 

arg (f-l) = arg(f + l) = 0 

at A ; the contour may conveniently be regarded as being in the shape of 
a figure of eight. 

We shall shew that this integral is a constant multiple of It is 

easily seen that the integrand returns to its initial value after t has described 

the path of integration; for (f - 1)” ~ ^ is multiplied by the factor ^ after 

the circuit (1+) has been described, and (f + l)""! is multiplied by the 
factor after the circuit (— 1 —) has been described. 


Since 


(2r)! ^ 


r*0 


converges uniformly on the contour, we have (§ 4’7) 

etp ^^y^n+ir pi + .-i-) 

/ 

J A 


^ r?o (2r) 


r(r- ly-irff. 


To evaluate these integrals, we obser^’e firstly that they are analytic 
functions of n for all values of n, and secondly that, when R{n > 0, we 

may deform the contour into the circles |<—1| = S, |t+l| = 5 and the real 
axis joining the points f = + (1 -S) taken twice, and then we may make 
g 0; the integrals round the circles tend to zero and, assigning to f -1 

* Math. Ann. i. (1869), pp. 467-501. 
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and f +1 their appropriate arguments on the modified path of integration^ 
we get, if arg (1 — t*) = 0 and = u, 

(i+.-i-) 


I 




' r (1 - “ i + 6 - («- i)«r (1 i 

= -4tsin^n-^^7rJ «*^(1-«*)”"i 
= — 2i sin ^ n — TT j* u^~i(l — w)" 

= 2t8in r r + 5 ^y/r (n + r + 1). 

Since the initial and final expressions are analytic functions of n for all 
values of n, it follows from § 5*6 that this equation, proved when 


It 


is true for all values of n. 
Accordingly 


^71 >0, 


on reduction. 


£ (-)*• sin (» + j) Cr -t- r(n + ^) 

r=o (2r) ! r(n-hr + 1) 

= 2»- i sin (n + (n + *) r Q) J„ (^), 


Accordingly, when |r Q - n)| V 0, we have 


-27rir(i) («*-l)"“*cos(^«)<&. 

Corollary. When IJ(n + i)>0, we may deform the path of integration, and obtain 
the result 

•^”W=F(;r|jfr(F) j'j^->r-*ooe(u)dc 

2 (iz)H f^W 

= r(7.+i)r(4) jo sio*"<<>coscos.^) 

Example 1. Shew that, when /J(n + i)>0, 


r(«+^) 

Example 2. Obtain the result 

T / \ (**)" f ■■ 


cos (2 cos sin*" <f>d^y 


r(n+j)r{j) 

when R (n) > 0, by expanding in powers of z and integrating (§ 4*7) tcrm-by-tcrra. 
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Example 3. Shew that when - i •/« [z) has an iohnite number of real zeros. 

[Let z = (m+^) n where m is zero or a positive integer; then by the corollary above 


where 


«r 



=/; 


lr4-l 
Sm+1 

gr-l 
Sn+1 

i/(«+U f 


(l_r3)n-icos dt 


2r-l\2l”“* . 


ein {(m+i)irr}rfE, 


BO, since n - J<0, ..., and hence Jn {mir+^) has the sign of (- )"*. 

This method of proof for n=0 is due to Bessel.] 

Example 4. Shew that if n be real, (z) has an inhnite number of real zeros ; and 
find an upper limit to the numerically smallest of them. 

[Use example 3 combined with § 17*22.] « 

17*4. Connexion between Beesel coeficientt and Legendre functione. 

We shall now establish a result due to Heine* which renders precise the statement of 
§ 17*11 example 2, concerning the expression of Bessel coefficients as limiting forms of 
hypergeometric functions. 

When I arg (1 ±z) I < fr, n is unrestricted and m is a positive integer, it follows by 
differentiating the formula of § 15*22 that, with Ferrers’ definition of i*»”*(z), 


PrTiz) 


r(rt+m+l) 


(l-2)*"'{l+z)*'"F(-n+7n, n + l+m; m + l; 


/ 2* 

(l-^jJ F{-n+m, n + l+m; m + l; 


2’'».m! r(n“m + l) 

and so, if | argz | < Jir, | arg(l — | <»r, we have 

rCn+ffl + Qz^n’” / ^ 

" \ 2n^) 2”.m! r{7i —m+lj 

Now make n**- + ao (n being positive, but not necessarily integral), so that, if 
continuously through positive values. 

Then § 13-6, and 

r(n-m + l)n’" ’ o ^ 

Further, the (r+l}th term of the hypergeometric series is 
(-)^(l-m5)(l+m5 + r8){l- (m +1)»3-^; (1-(m + 2)»8n-..{l - (w + r-1)^5^} „ 

{m +1) (m + 2)... (m + r) .r! ’ 

this is a continuous function of 6 and the series of which this is the (r+l)th term is 
easily seen to converge uniformly in a range of values of d including the point d=0; so, 
by § 3*32, we have 

Hn. = i 

- d,n (*), 

which is the relation required. 

Example 1. Shew thatf 


(m + l) (m + 2)... (m+r)r ! 


lim n ‘ f**” ^cos —y„( 2 ). 


* The apparently different result given in Heine’s Kugtlfunklionen is due to the difference 
between Heine's associated liegendre function and Ferrere’ function. 

t The special case of this when msO wos given by Mehler, Journal jiir Math, lxviii. (1666), 
p. 140; see also dfatA. Ann. v. (1672), pp. 141>144. 
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Example 2. Shew that Bessel’s equation is the confluent form of the equations 
deflned by the schemes 


P. 


0 » 


0 X 


n ic ^ + ^ P} w | 0 r}, P, 

I - jj - 1 C ^ - ic j ( _ 3 _ 2i'c 2ic - 1 

the confluence being obtained by making c-*-x. 




0 X 

i(c —7i) 0 

“iic-hn) n + 1 


17'6. Asymptotic semes for {z) when \z \ is large. 
We have seen (§ 17’212) that 




ri 


r(« + i) 


Mo,n (2iz), 


where it is supposed that | arg ^ | < tt, - ^ tt < arg (2i>) < | tt. 


But for this range of values of z 


~ Jn + t)W ii;- . ^(2»+l)Tfr / . 

J/o.« {^tz) - r(i + n) ® yyo.n{^^z) + p ^ ^o.n{- 2 tz) 

by § 16-41 example 2, if - | tt < arg (- 2 j^) < ^ tt; and so, when | arg ^ | < -tt. 

" (2^i *" -• (2'>) + e - i (" + i)" IV,, „ (- 2iz)}. 

But, for the values of j under consideration, the asymptotic expansion of 
W^o.«(± 2iz) is 


e 


« i 1 + . (4n^ - V) (4n 

I “ Siz 2Ubizy 


•-3n 




. ( ±1)M4"*-1=1 |4«^- 3^1 ... {4n=-(2r-l)»| . 

and therefore, combining the series, the asymptotic expansion of Jn{z), when 
I z: 1 is large and 1 arg ^ | < tt, is 


(li) [®°® ^ i ’^) 


- 1+2 

r=l 


-ri4n^-Dl {4n^-.y| ... {4«^-(4r-lPl 


(2r)!2^2' 


} 


+ sin(.-^u^-.V) i (-)M-tu--Pi |4a--y|...[4a»-(4,-3ffl 
v ^ * J r=l ( 2 )--J 

= (^) [cos (ir - 5 n,r -1 w) . U„ (^) - sin ^ nw -i ,r) . V„ (^) J . 

where Un{zX - Vn(z) have been written in place of the series. 

The reader will observe that if n is half an odd integer these series 
terminate and give the result of § 17*24 example 2. 
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Even when z is not very large, the value of Jn{z) can be computed with great accuracy 
from this formula. Thus, for all positive values of z greater than 8, the first three terms 
of the asymptotic expansion give the value of Jo{z) and Jj (z) to six places of decimals. 

This asymptotic expansion was given by Poisson* (for n = 0) and by Jacobi t (for 
general integral values of n) for real values of z. Complex values of z were considered by 
Hankel| and several subsequent writers. The method of obtaining the expansion here 
given is due to Barnes §. 

Asymptotic expansions for Jn («) when the order n is large have been given by Debye 
{Math. Ann. LXVii. (1909), pp. 535-558, MUnchener Sitzungibenchtey XL. (1910), no. 5) and 
Nicholson {Phil. Mag. 1907). 

An approximate formula for Jn («j:) when n is large and 0 < .r < I, namely 

x^"exp {w^/( 1 —.f2)} 

(2n7i)4(l-x2)i{l+V(l-J^)}"’ 


was obtained by Carlini in 1817 in a memoir reprinted in Jacobi’s Oes. Werke^ vii. 
pp. 189-245. The formula was also investigated by Laplace in 1827 in his M^canique 
Celezte v. supplement [Oeuvreiy v. (1882)] on the hypothesis that x is purely imaginary. 

A more extended account of researches on Bessel functions of large order is given in 
Proc. London Matk. Soc. (2), xvi. (1917), pp. 150-174. 


Example 1. By suitably modifying Hankel’s contour integral (§ 17 3). shew that, when 
2 I < ^TT and (n + ^) > 0, 

r(n+^) {2»rz)^ L Jo N 


+ (l du 

and deduce the a.symptotic expansion of •/„ ( 2 ) when | 2 | is large and | arg ? | < ^ir. 

[Take the contour to be the rectangle whose corners are +1, ±l+uV, the rectangle 
being indented at +1, and make A^-^ao ; the integrand being (1 

Example 2. Shew that, when j arg z\<\n and R (« + i) >0, 








<f> cosec sin {z ^ (n - <p) d<f>. 


(n + i) 

[Write tt = 2zcot in the preceding example.} 

Example 3. Shew that, if (arg 2 1 < iw and R (n + ^) > 0, then 


Ae 




-2w; 


dt) 


is a solution of Bessel’s equation. 

Further, determine A and B so that this may represent (z). 

(Schafheitlin, Journal filr Math, cxiv.) 


17*6. Tfie second solution of Bessel's equation when the order is an integer. 

We have seen in § 17 2 that, when the order n of Bessels differential 
equation is not an integer, the general solution of the equation is 

aJn{2) + W. 


where a and are arbitrary constants. 

* Journal de V^eoU Pohjteehniqxu (1), cah. 19 (1823), p. 350. 
t Aztr. Rack, xxviii. p. 94. 

X Math. Ann. 1 . (1869), pp. 467-501. 

§ Trane. Camb. Phil. Soc. xx. (1908), p. 274. 
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When, however, n is an integer, we have seen that 

W = (— 

and consequently the two solutions Jn{z) and are not really distinct. 

We therefore require in this case to find another particular solution of the 
differential equation, distinct from in order to have the general 

solution. 


We shall now consider the function 

Y„ (z) = ^~ (^) 

sin 2n7r ’ 

which is a solution of Bessel's equation when 2n is not an integer. The 
introduction of this function Y„(^) is due to Hankel*. 

When n is an integer, Y„ (z) is defined by the limiting form of this 
equation, namely 

Y„ (i) = lim 27rei’*+'i" (^) cos (»”• + fTr) - J_^ (^) 

• -►0 8in2(n + €)7r 

= . W - (-)" J-n-. W). 

To express Y„ (z) in terms of functions, we have recourse to the 
result of § 17'5, which gives 

Y„ (z) = I'l^i (» +.+i) Vi (2r>) + e - i <" + ' + *)« TT,. (- 2iz)} 

- (-)’• {e* < ■ " "' + TT., (2i2) + e - i (- n - <+J) H 2,>)j 1 

remembering that Wk,m = 

Hence, since t^l|m Tr,,„+. (2i>) = Fo,„(2ir), we have 

= £)* 1*'^" ^ *’" + e - 'i- ^ " M^o, „ (- 2iz)}. 


This function {n being an integer) is obviously a solution of Bessel’s 
equation ; it is called a Bessel function of the sec&nd hind. 

Another function (also called a function of the second kind) was first used 
by Weber, JlfafA. Ann. vi. (1873), p. 148 and by Schlafli, Aim. di Mat (2), vi. 
(1876), p. 17 ; it is defined by the equation 

Y /»\ _ (■^) COS niT — Yn(^) cos TlTT 

' sin TiTT * * 


• Math. Ann. i. (1869), p. 472. 

t This is most easily seen from the oniformity of the oonvergenoe with regard to e of 
Barnes’ contoar integral (§ 16*4) for *+,(2u). 
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or by the limits of these expressions when n is an integer. This function 
which exists for all values of n is taken as the canonical function of the 
second kind by Nielsen, Uandbuch der Cylinderfunktionen (Leipzig, 1904), 
and formulae involving it are generally (but not always) simpler than the 
corresponding formulae involving Hankel's function. 

The asymptotic expansion for r„(^), corresponding to that of § 17*5 for 
»/„(z), is that, when largj| < tt and n is an integer, 

(,i) ~ j^sin ^ ^ - I nir - j (z) + cos ^ htt - j tt) . (^) 

where Un{2) and Vn{z) are the asymptotic expansions defined in § 17*5, their 
leading terms being 1 and (4n* —1)/8^ respectively. 

Example 1. Prove that 

where n is made an integer after differentiation. (Hankel.) 

Example 2. Shew that if Y, (r) be defined by the equation of example 1, it is a 
solution of Bessel’s equation when n is an integer. 

17*61. The ascending series for \ n{ 2 ). 

The series of § 17*6 is convenient for calculating Y„(^) when |^! is large. 
To obtain a convenient series for small values of |^|, we observe that, since 
the ascending series for «/±<n+») are uniformly convergent series of analytic 
functions* of €, each term may be expanded in powers of e and this double 
series may then be arranged in powers of e (§§ 5*3, 5*4). 

Accordingly, to obtain Y„(^), we have to sum the coefficients of the first 
power of 6 in the terms of the series 


QD 

V 




r =0 ?* 1 r(^ + €+ r 4* 1) r=« >*1 r(- n- e + r + 1) ' 

Now, if 5 be a positive integer or zero and t a negative integer, the 
following expansions in powers of < are valid : 

1 1 


r(s+€ + i) r(s + i) 

1 


, r'(5 + i). 

V{s + l) 




r(«4-e + l) 
where y is Eulers constant (§ 121). 


Vis + l) 

— — r(-t-f)=(-y+‘er(-t) + -. 


* The proof of tbi(t is left to the reader. 
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Accordingly, picking out the coefficient of e, we see that 

/ L--=o»’>r(« + r+l)^^ rr,r!r(-n + r+l)J 

, V f "S’- _A 

r=„ r!r(-n+r + l)iY J 

+ (-)-• "i' p 


and so 


Y„(z)= i J2,ogfK) + 2v-Tm->-U->l 

r =0 »-!(n + r)! I ^ J ' ,„=i J 


_ (n -r -1)! 

r=o r! 

When 71 is an integer, fundamental solutions* of Bessel’s equations, regular 
near ir = 0, are (z) and (z) or Y„ (z). 

Karl Neumannf took as the second solution the function y^"* (z) defined 
by the equation 

F'"' (z) = I Y„ {z) + J„ (z). (log 2 - y); 

but Yn(z) and Y„(^) are more useful for physical applications. 

Example 1. Shew that the function Pii( 2 ) satiahes the recurrence formulae 

Shew also that Hankcl’s function Yn (^) and Neumann’s function F(") («) satisfy the 
same recurrence formulae. 

[These are the same as the recurrence formulae satisfied by («).] 

Example 2. Shew that, when | arg z \ < ^»r, 

?rF„(r) = J^ sin(zsind—J + ( — 

(SchlSfli, Math. Ann. iii.) 

Example 3. Shew that 

yio) (s )=^0 (z) log i + 2 {J^ (r) - jy, (z) + (z) 


17'7. Bessel functions urith purely imaginary argument. 
The function J 




= fy>) = 2 


(i^) 


n+ 2 r 


r=o r l(n + r)! 


* Euler gave a second solution (involving a logarithm) of the equation in the special cases 
n=0, n=l, Imt. Calc. Int. ii. (Petersburg, 1769), pp. 187, 233. 

+ Theorie der Be$$eV$chen FiifiAiOonen (Leipzig, 1867), p. 41. 

X This notation was introduced by Basset, Hydrodynamxct u. (1888), p. 17; in 1886 he bad 
defined l^{z) as i"y„(tr); see Ptoc. Camb. Phil. Soc. vi. (1889), p. 11. 
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is of frequent occun'ence in various branches of applied mathematics; in 
these applications z is usually positive. 

The reader should have no difficulty in obtaining the following formulae: 

(i) I„_i (Z) - /„+! {Z) = —• In {zy 

2 

' (ii) 

(iii) ^ 

(iv) +1 f 1"iV-W = 0. 


dz 


dz 


Z' 


(v) When R 

hU)= 2„ r (i)'r in 

(vi) When - ^ -n- < arg 2 < ^ tt, the asymptotic expansion of /„ (z) is 

riW? 

+ r ^ (4rt*-l*l |4n2-3=l ... (4n“-(2r-Ifl] 

the second series being negligible when |argz |<.2 7r. The result is easily 

3 3 . 

seen to be valid over the extended range — 2 ^ 2 ^ write 


In {Z) • 


(27rz)^ 

0 -<" 


g *(« + !)»» for + the upper or lower sign being taken according as 
argz is positive or negative. 

1771. Modified Bessel f unciioiis of the second kind. 

When n is a positive integer or zero, /_„(«) =/n(^); to obtain a second 
solution of the modified Bessel equation (iv) of § 17 7, we define* the function 
Kn (z) for all values of n by the equation 



so that (z) = .^ TT [/_„ (z) -In f-’)) cot HTT. 

• The notation K„{z) waa need by Basset in 1886, Pro<-. Camb. Phil. Snr. vi. (188‘»). p. H. to 
denote a function which differed from the function now defiiied by the omission of the factor 
COB MB’, and Basset’s notation has since been used by various writers, notably Macdonald. The 
object of the insertion of the factor is to make /„(.') and A'„(z) satisfy the same recurrence 
formulae. Subsequently Basset, Hydrodynamicft n. {1888), p. It), u.sed the notation A„(z) to 
denote a elightly different function, but the latter uKa«e has not been followed by other writers. 
The definition of K„(z) for integral values of m which is given here i.s due to Gray and Mjithews. 
UesHel Fu»u-tio>u, p. 68, and is now common (see example 40, p. 384), but the correspondinq defi¬ 
nition for non-integral values has the serious disadvantage that the function vanishes identically 
when 2rt in an odd integer. The function was considered by Kieraann, .Inn. der Pkys. xcv. (1855), 
pp. 130-139 and Hankel, Hath. Ann. t. (1869), p. 498. 
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Whether n he an integer or not, this function is a solution of the modified 
Bessel equation, and when | arg ^ | < g tt it possesses the asymptotic expansion 

eos (n.) Tl + I ( 4n»-l-lf4,,»-3»l...(4n»-(2r-l) « 

L r=i r!2*^r 

for large values of I z L 


When 71 is an integer, K,i (z) is defined by the equation 

( 2 ) = lito 2 TT {z) — In+t (■?)) COt TTC, 


which gives (cf. § 17*61) 


CD 


Kn (Z)=- 1 


(iz) 


,n+ 2 r 


r=or!(7i + r) 


1 1 1 
^■logjz+y-j 2 m-' -5 2 


msl 


.’""■I 


+ - [- (-)»-*■ (n-r-l)! 


as an ascending series. 

Example, Shew that K„ {z) satiaBea the same recurrence formulae as /„ (2). 


17*8. Neumann's ez^ansion^ of an analytic function in a series of Bessel 
coejficients. 

We shall now consider the expansion of an arbitrary function f(z), 

analytic in a domam including the origin, in a series of Bessel coefficients, in 
the form 


— ®o'7o(^) + ai*Ti{z} + {z) + ..., 

where Oq, oii, otg, ... are independent of z. 

Assuming the possibility of expansions of this type, let us first consider the expansion 
ofl/(^-«). letitbe ^ 

Oo (0 Jo (2) + 20, (0 J, (z) + 20, (0 (r) +..., 


where the functions 0„{t) are independent of r. 


We shall now determine conditions which On (0 must satisfy if the series on the right 
IS to be a uniformly convergent series of analytic fimctions; by these conditions 0 (t) 
will be determined, and it will then be shewn that, if 0,(0 is so determined, then the 

series on the right actually converges to the sum l/(«“2) when |«I <| ^|. 


Since 
we have 



so that, on replacing 2./,'(0 by we find 


W(0 + C>l(0}*^oU)+ 2 {^On'(t) + On^i{t)-On^i{t)]Jn(z)^0. 


• K. Neumann, Journal fUr Math. lxvu. (1867), p. 810; see also Kapteyn, Ann. de Vteole 
norm. sup. (8), x. (1693), p. 106. 


BESSEL FITNCTIONS 


375 


17*8, 17*81] 


Accordingly the nuxeseive functione 0, (0, 0^ {t\ O 3 (/), ...are determined hy the recwrence 
formulae 

Oi (()« - Oo' (t\ * I (0-= (0 - -20.: (0. 

And, putting «=0 in the original expansion, we see that O„(0 ie to be defined by the 
equation 

These formulae shew without difficulty that On (t) is a polynomial of degree n in l/f. 
We shall next prove by induction that Oh{0» so defiuetl, is equal to 

h «“[{«+\'(w*+1)}" + {m - V(+1 )r‘] 

when R{t) >0. For the expression is obviously equal to On{t) or 0, (<) when n is equal to 
0 or 1 respectively; and 

hj e~*’* {u±y/(u^+l)}’'~^ dH~^ j e“'" + 1)}'* rfH 

= 1 j «■*“ {k±^(u“ + 1)}"“* {l + 2w® + 2«^(K* + l)lrf« 

— ij e"‘“ {«±</(m*+ 1 )}'**'cfw, 

whence the induction is obvious. 

Writing u^sinh d, we see that, according as n is even or odd*, 

* [{«+s/C«^+1)}“ + {« - +1)}"]= ^2 

-2 |8mh « + 2.4(2»i-2)(2«-4) ^ + 

and hence, when /J( 0 > 0 , we have on integration, 






2 (2n - 2) 2.4 (2u - 2) (2« - 4) 

the series terminating with the terra in or i""'; now, whether R{t) be positive or not, 
0n(0 is defined as a polynomial in l/t; and so the expansion obtained for 0„{t) is the 
value of On (0 for all values of t. 

E.vample. Shew that, for all values of t, 

0 : (0 = 2 ^. J * [I* + + '*))"+ : >■ - + «*))"] rf 

and verify that the expression on the right satisfies the recurrence formulae for On (t). 
17'81. Proof of Neumanns expansion. 

The method of § 17 8 merely determined the coefficients in Neumann’s 
expansion of ]/(f — 2 ), on the hypothesis that the expansion existed and that 
the rearrangements were legitimate. 

To obtain a proof of the validity of the expansion, we observe that 


n \ 




1 + 


Cl. Hobson, Plane Trigonometry (11)18), §§ 79, 2C4. 
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where ♦ 0, > 0 as 7i —> oo , when z and t are fixed. Hence the series 

n = l 

is comparable with the geometrical progression whose general term is 
and this progression is absolutely convergent when |^|<|^|, and so the 
expansion for F{Zy t) is absolutely convergent (§ 2-34) in the same circum¬ 
stances. 

Again if | ^ | ^ r, 111 ^ iR, where r<R, the series is comparable with the 
geometrical progression whose general term is and so the expansion 

for F {z, t) converges uniformly throughout the domains \z \ < r and \ t\'^R 
by § 3 34. Hence, by § 5’3, term-by-term differentiations are permissible, 
and so 

(I +fJ ^ 

+ 0„(<)./«'W+2 i On(t)J,:(z) 

n«l 

= {0.'(4) + 0.(<)l./.W+ i 120„'(0 + 0«+.(0-0»-.(<)K»W 

nsl 

-0. 

by the recurrence formulae. 

Since g + |Jf(*.() = 0, 

it follows that F{z, t) is expressible as a function of ^ and since 

F{Q, t)^Oo{t) = llt, 

it is clear that F (z, t) = l/(^ — z). 

It is therefore proved that 

= 0, (t) J, (i)+2 i 0, it) J,, ii). 

t — Z ns I 

provided that j ^ | < | ^ |. 

Hence, if f{z) be analytic when |z| $»*, we have, when |zj < i*, 



=» f/(«) jOo (0 Jf, {z) + 2 On(0 Jn (^)| dt 

= JAz)no^+ I 

» = \ TTl J 

by § 4-7, the paths of integration being the circle U | = 7*; and this establishes 
the validity of Neumann’s expansion when |z| < »* and/(z) is analytic when 
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Example 1. Shew that 


cos 2 = (?) - 2.^8 («) + 2^4 (a) -.,., 

siu2 = 2*/i + .... 


(K. Neumann.) 


Example 2 . Shew that 


ee 


(i*)’= S 

rsO 


(n + 2r).(7 i+r-l)! 


r! 




(^)- 


(K. Neumann.) 


Example 3 . Shew that, when |«1 < | / 1 , 


<5o(0*^o(2) + 2 J 0»(/)^„(2)= 2 «/«(«)/* + 

n=l /o 


= f rnTl 2 ^nC«){.r+^(x* + (»)}’*cij: 

^ 0 ^ H=-» 


7/0 «p(f-^)‘^ 


1 


l-z 


(Kapteyn.) 


17'82. ScAlomtlcA*z exparuion of an arbitrary function in a eeries of Beeeel coeficients 
of order zero. 

Schl6milch* has given an expansion of quite a different character from that of 
Neumann. His result may be stated thus : 

Any function f(x), xohick hcu a continuouz differential coefficient with limited total 
fluctuation for aU volute of x in the doted range ( 0 , «•), may be expanded in the teriee 

/(x)«Oo + a,(x) + a-iJa ( 2 x) + 03^0 ( 3 -^) + • ••» 
valid tn thie range; where 

ao—/(0)+- f u f'(uBin 0 )d^du, 
fr Jo Jo 

2 f ^ f 

a„ = — I ucoanul /' (u sin d) cfdrfa 
vjo Jo 

Schl&milch’s proof is substantially as follows : 

Lot F(x) be the continuous solution of the integral equation 


(n > 0). 


Then (§ 11 - 81 ) 


/(x)-- Eixain<fi)d<h. 

IT J 0 

r(x)-/(0)+x (xs\n$)d 0 . 


In order to obtain Schlomilch’s expansion, it is merely necessary to apply Fourier’s 
theorem to the function E(x sin <ft). We thus have 




COS nu C09 


(nx sin 1^) F(u) du| 


= ~ [’'F(u)du + - i /’^cos«M/’(M)4(/ix)rfu, 
n J 0 n n = l J 0 

the interchange of summation and integration being permissible by §§ 4-7 and 9-44. 

• Zeittchri/tfUr Math, und Phy». n. (1857), pp- 137-165. See Chapman, Quarterly Journal, 
*Mii. (1912), pp. 34-37. 


1 


Ill this equation, replace F{ti) by its value in terms of/( m). Thus we have 

/(^)=l /J|/W + “ |*Vc«sin $)d$^ dtt 

cosnu |/(0) + u 


2 * 

+- 2 t7J)(7u*) 
^ nd 


which gives Schlomilch’s expansion. 

Example. Shew that, if 0 ^ ^ tt, the expression 


dlly 




(-r) + ^ ./q (3J^) + ^ *^0 (5^‘) +.. .1 


is equal to x ; but that, if n- ^ j; $ 2jr, its value is 

X + 2Tr arc cos (jt x" ^) - 2 - tt-), 

where arc cos (>r.r-») is taken between 0 and - 

3 

Find the value of the expression when x lies between 2Tr and 3jr. 

{Math. Trip. 1896.) 

17'9. Tabulation of Beeeel functions. 

Hansen used the asymptotic eipaneion (§ 17-5) to calculate tables of (x) which ai 
gl^en in Lommel’s Studien Uber die BesseVsehen Funktiemen, 

Meissel tabulated /„(x) and (x) to 12 places of decimals from i=0 to a-= I5-6 Uh> 

which f, r (1909), p. 33 gives tables b 

which (t) and J „ (x) may be calculated when x > 10. 

Tables of ./^(x), Jg(x), </_j(x), are given by Dinnik, Archtv der Math, un 

Phps. xviii. (1911), p. 337. 

foUowin; 

wnters: B. Smith, Messenger, xxvi. (1897), p. 98; Phil. Mag. (5). xlv. (1898), p. 106 
Aldis, Proc. Royal Soc. Lxvi. (1900), p. 32; Airey, Phil. Mag. (6), xxii. (1911), p. 658. 

The functions /„ (x) have been tabulated in the Bntish Assoc. Reports (1889) u 28 
.B93) PJ23 (.896) p 98, (1907) p. 94 ; also by Aldis, i>roc. b 

ge Tafeln der Bessel seken Funktionen imagmdren Argumentes (Leipzig, 191 Ij. 

Tables of </„ (xVi), a function employed in the theory of alternating currents in wires 
aZi%T T" by Kelvin, Math 

Formulae for computing tbe reros of J,, (r) were given by Stokes, Caml Phil Tram II 

zt .“( 897t:M^^T b 

I rK ahne / y, "fan equation involving Be,,sel functions wem computed 

f*y Kulahne, Zeitschrift far Math, und Phys. uv, (1907), p. 55 . ^ 

A number of Ublcs connected with Be«el functions are given in Brituh A«oc. R.porU, 
IJIO U14, and also by Jahnke und Emde, Funktionentafeln (Leipzig, 1909). 
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R. Olbricht, Stxidien iiher die Kugel- und Cylinder-f-unktiomn. (Halle, 1887.) 

A. SoMMERPiLD, Math. Ann, XLvii. (1896), pp. 317-374. 

N. Nielsen, ffandbuch der Theorie dei' Cylinderfunktionen, (Leipzig, 1904.) 

A. Orat and G. B. Mathews, A Treatise on Bessel Functions. (London, 1895.) 

J. W. Nicholson, Quarterly Journal^ xui, (1911), pp. 216-224. 

G. N. Watson, Theory of Bessel Functioxis. (Cambridge, 1922.) 


Miscellaneous Examples. 

1. Shew that 

cos (z sin $) = Jo (z) + 2 Ji (z) cos 26 + 2 J 4 (r) cos +..., 

sin (z sin 6 ) « 2 Ji (z) sin 6 + 2 J 3 (z) sin 3^ + 2,76 (z) sin 5^ +.... 

(K. Neumann.) 

2. By expanding each side of the equations of example 1 in powers of sin 6 , express s'* 


as a series of Bessel coefficients. 


3. By multiplying the expansions for exp | 

considering the terms independent of7, shew that 

{Jo (*)}* +2 {J, (z)}*+ 2 {J3 (z)}* + 2 {J, (z)}» +... = 1. 
Deduce that, for the Bessel coefficients, 




and 


when z is real. 


4. If 




-* 


(n>l) 


1 f» 

I 2*cos*Mcos(OTM-zsin m) rfw 

rr Jo 


(this function reduces to a Bessel coefficient when k is zero and m an integer), shew that 

psO P ■ 

where is the ‘Cauchy’s number’ defined by the equation 

J" «-'"*'‘(c'“ + e-*“)*(e‘'‘-c-'«)Prfu. 


Shew further that 




and 


(.)-2(i+l) W). 


(Bourget, Journal de Math. (2), vi.) 


5. If V and M are connected by the equations 


tr rm . ^ COS^— ^ . 

M^E^esxnE. cosv=-. -where ^ <1, 

’ 1 — c COS E t I » 

shew that y=.i/-+2(l-e*)i I I (^)*^„* (nw) - sin mif, 

where »/’„*(«) is defined os in example 4. 


(Bourget.) 
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6. Prove that, if m and n are integers, 




where « = rcosd, +y* = r* sin* and <r„”* is independent of z. 

(Math. Trip. 1893.) 

7. Shew that the solution of the differential equation 

where and are arbitrary functions of c, is 




8. Shew that 


Jl (i')+*/3(j?)+«/6 (-*■) + •-■“2 + ^ {‘^o(0+*A (0} — ij- 

(Trinity, 1908.) 

9. Shew that 

J (z\J £ (-)'T(^-f>+2K + l)(i,)»‘+--*-" 

** *” «=on!P(M + ”+l)r(''+™ + l)P(/*+*' + tt + l) 

for all values of ^ and v. 

(Schlaffi, Math. Ann. iii. (1871), p. 142; and Schdnbolzer, Bern dissertation, 1677.) 

10. Shew that, if n is a positive integer and m + 2n-f 1 is positive, 

(m - 1) j (-r) Wn +1 -1 (^) " •A* (•*^)} + (m+l) j (^T) edl'. 


11. Shew that 


(Math. Trip. 1899.) 


12. Shew that 




Jft («) n + l — n + 2-n+3--... * 


13. Shew that 




2 sin nir 


(LommeL) 


14. If ^ be denoted by (r), shew that 

(U 

W+^ {<?. (^))*- 

15. Shew that, if ^=»'* + r|*- 2/T| cosd and ri>r>0, 

^0 (f?) =,/■(,(/■) Jo (rj) +2 2 Jn (r) Jn (ri) cos 

M = l 

To(f2)=.Jo(/') Po(n) + 2 2 J„(r) r„(r,)cosntf. 

ns| 

16. Shew that, if Jl (« + J) > 0, 

Jj, (2r cos = 4ir {J,(i)}*. 


(K. Neumann.) 


(K. Neiunaiin.) 


BESSEL FUNCTIONS 


381 


17. Shew how to express (x) ID the form AJ^{z)-k -where J, B are poly¬ 

nomials in z : and prove that 

*^4 (6*) +3^0 (6i)=0„ 3^8 (30i) 5^^ (30^) = 0. 

(Math. Trip. 1896.) 



Shew that, if a 4= /3 n> -1, 

(a* - ^®) xJn (ax) Jn (/3x) dx= X |«/n (ax) ^ Jn {0x) - J„ (^) ^ (ox) j- , 

2a* j X (ax)}* dx= (a*4^ - n*) {Jn (a.*^)}*+ ^ Jk {ax)| • 


19. Prove that, if n > - 1, and Jn(a) — Jn (/3) = 0 while a=*=/3, 

J x^* (ox) oar) c2x = 0, and j x {»/„ (ox)}* J + , (o)}** 

Hence prove that, when n> -1, the roots of «/n(.r)«»0, other than zero, are all real and 
unequal. 

[If a could be complex, take /3 to be the conjugate complex.] 

(Lommel, Stwiien Uber die BeezeVschen Funktionen, p. 69.) 


20. Let xi/(x) have an absolutely convergent integral in the range 0 $x< 1; let H 
be a real constant and let n^O. Then, if >ti, denote the positive roots of the equation 

k--{kJn{k)-\^HJn{k))=Oy 

shew that, at any point x for which 0 < x < 1 and /(x) satisfies one of the conditions of 
§ 9’43,/(x) can be expanded in the form 

fix)— S Af.Jn(krX), 
rssJ 

where Ar=^j ^ j^ xf (x) Jn {kjX) dx. 

In the special case when is to be taken to be zero, the equation deter¬ 
mining ku kiy ... being (l:) = 0, and the first term of the expansion is where 

Jo = (2n + 2) j'^x^*^fix) dx. 

Discuss, in particular, the case when B is infinite, so that Jn (^)= 0, shewing that 

^ r = 2 {cfn + l (1-r)} “ == (^) ^^rX) dx. 

[This result is due to Hobson, Proc. London Math. Soc. (2), vii. (1909), p. 349 ; see 
also W. H. Young, Proc. London Math. Soc. (2), xviii. (1920), pp. 163-200. The formal 
expansion was given with ff infinite (when n=0) by Fourier and (for general values of n) 
by Lommel ; proofs were given by Hankel and Schlafli. The formula when if- - n was 
given incorrectly by Dini, Serie di Fourier (Pisa, 1880), the term A^x^ being printed as 
and this error wa.s not corrected by Nielsen. See Bridgeman, Phil. Mag. (6), xvi. (1908), 
p. 947 and Chree, Phil. Mag. (6), xvii. (1909), p. 3.30. The expansion is usually called the 

Fourier-Bezeel expansion.'] 

21. Prove that, if the expansion 

a* — X* — (Xi x) + • • • 

exists as a uniformly convergent series when —a where Xj, Xj, ... are the po3iti>e 

roots of •/o(Xa)BO, then 

^„ = 8{aX«V,(X„ci)}-'. (Clare, 1900.) 
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22. If ifci, irj, ... are the positive roots of«/»(ira)c30, and if 

+ 2 ArJniJ^rX), 

ra| 

this series convergiog uniformly when 0 then 


(Math. Trip. 1906.) 


23. Shew that 


~ ^ /* W 


when 7i>tn> — 1. 

24. Shew that, if <r > 0, 


003*"”**“”* tfsin"*’*’* 

(Sonine, Math. Ann. xvi.) 


• / 


COS <rO 
0 ^ 




(Nicholson, PAi7. Mag. (6), xviii. (1909), p. 6.) 
25. If m bo a positive integer and u> 0, deduce liom Bessel’s integral formula that 

g-riinhn — gech U. 

(Math. Trip. 1904.) 


i 


26. Prove that, when x > 0, 

2 r* 

J<i{x) = - I sin (a-cosh 0 loC-^) 

ir J 0 


-i/. 




cos (x cosh t) dt. 


[Take the contour of § 17T to be the imaginary axis indented at the origin and a 
semicircle on the left of this line.] 

(Sonine, Math. Ann. xvi.) 


27. Shew that 


and that 


/ 

/, 


CC 


0 


A’“* sin x(£r = ^fr 


arc cosect 



X-* Ji (xt) sin xrfx=t“> {1 _ (1 _ 0 < t < l|^ 


28. Shew that 


t>i i 

(Weber, Journal filr Math. Lxxv.) 


is the solution of 


u = «{d+5 log (r sin* 

dhi 1 rftt - ^ 

df^ r dr 

(Poisson, Journal de Iilcole PolyUchnique^ XII. (1823), p. 476; see also Stokes, 
Canxh. Phil. Trant. ix. (1856), p. [38].) 

29. Prove that no relation of the form 




can exist for rational values of A,, n and x except relations which are satished when the 
Bessel functions are replaced by arbitrary solutions of the recurrence formula of § 17-21 (A). 

(Math. Trip. 1901.) 

[Express the left-hand side in terms of J^{x) and J^^^ (x), and shew by example 12 
that ^ 1 (x)/J, (x) is irrational when n and x are rational] 
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30. Prove that, when — 4’ 


“2-*-*r(n + J)r{4) dzO 


^ i** ^ ^C03i’^ 


[(-£) 


, n-i </», (n-4)(n-|) <i* 
means 1 +-yp ^^ 


• • • • 


Write “ = J* 


(Hai-greave, Phil. Trans. 1848 ; Macdonald, Proc. London Math. Soc. xxix.) 

31. Shew that, when A(m + ^)>0, 

^2y ji’ ain-^+i Q dB = z-\ J„+k (*). (Hobaon.) 

32. Shew that, if 2n+l>m>-1, 

(Weber, Journal fur Math. lxix. ; Math. Trip. 1898.) 


33. Shew that 


34. lu the equation 


W paO * 

3 *; a * (■ *?>-«• 


(Lomiuel.) 


n is real; shew that a solution is given by 

«> { —)”* (“m ~ ” ^Og _ 

C08(nl0g*) ^2^ 2»^m !(l+n*)i(4+n*)*.(m^ + n*)^’ 


where Um denotes 2 arc tan (n/r). 

r**l 


(Math. Trip. 1894.) 

35, Shew that, when n is large and positive, 

(ji) = 2 -13 - * n-> r (I) n - i + o (n-i). 

(Cauchy, Comptes Rendus, ixxviii. (1854), p. 993; Nicholson, Phil. Mag. 
(6). XVL (1908), p. 276.) 

36. Shew that , ^ ^ 

(Mehler, Journal fUr Math. LXViii.) 


37. Shew that 


gXcoi«-,2*“* r(n) 2 (7i + l:)C^ (cosd) X”*/n+t (X). 


»b0 


(Math. Trip. 1900.) 


38. Shew that, if 

W- J„ (ax) J„(bx)J^(cx) dr, 

a, b, c being positive, and m is a positive integer or zero, then 

W-O (a-6)*>c*, 


W 




m 


23«-iff*r(m + 4) 
W-0 (a + 6)*>c*. 


{ 226 *c* - 2 a*}"'"* (a + 6 )* > c* >(a - 6 )*, 


(Sonine, Math. Ann. zvi.) 
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39. Shew that, ifn> — 1, m> — ^ and 

/o (ir, 

Oy by c being positive, then 

W^O {a-6)*>c2, 

Tf=(2frr*a”>-i6”->c-«(l-;*2)^<2m-i)p^-” (a + 6)2>c2>(a_;»)2^ 

a"*-» 6”'-^ c"^ (^,2_ l)H8«-i) 

TT ” t 

c^>(a+bfy 

where ^ = (a* + 6* — (^)/2a6, ;*j = - 

(Macdonald, Proc. London Math. Soc. (2), vir.) 

40. Shew that, if .ft (m + ^) > 0, 


/m {Z) = 


and, if 1 arg? j <^ff. 


Prove also that 


2”r(m+A)r{^) 


/: 


cosh {z cos <^) sin*” 


ir /, 2”r(i)c03mTr f* ---osh* • uf>m j 


ft,, (z)=ff“* 2” r” r(m + ^) cos mir j («*+z*)“"* * cos ucfu. 

(Math. Trip. 1898. Cf. Basset, Proc. Cajnb. Phil. Soc. vi.) 
[The first integral may be obtained by expanding in powers of z and integrating term- 
by-term. To obtain the second, consider 




where initially arg((- l)>=arg(«-l-1) = 0. Take )? |> 1 on the contour, expand((*— 1)**“* in 
descending powers of <, and integrate term-by-term. The result is 


sin (2mfr) r (2m) 2'” r (1 - m) /_,«(«). 


Also, deforming the contour by Battening it, the integial becomes 
2i^’"’"'2”8in2m»r e-»i((2-l)«“i rfr + 2w^'"'"S”co8mjr j** e-**(l -(2)’”"* (& ; 


and consequently 


/;d-* ^<0 


41. Shew that 0, (z) satisfies the difierential eq\iation 

<POn(yZ),ZdO,.{z),L n2-ll 

dz^ ^z dz ■‘‘r 2 * 1^’ 




wheie yn= 2 -* (n even), ^,=n 2 -* (n odd). (K. Neumann.) 

42. If f{z) be analytic throughout the ring-shaped region bounded by the circles c, C 
whose centres are at the origin, establish the expansion 

f (z) ~ (2) + Qi «/i (z) -(- Ojt/j (z) . 

+ ^/3oOo (Z)-bjs, 0, (2)+j3s O 2 (2)-I-..., 

where °n= j^/(t) 0„(t)dty (K. Neumana) 

43. Shew that, if x and y are positive, 

jo —, 

where r-= -hs/CJ^+y^J and -l-^(X-2—1) or i ^(1 — i^) according a8i’>l orir<l. 

(Math. Trip. 1905.) 
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44. Shew that, with suitable restrictions on n and on the form of the function/(x), 

/ (x) =1* Jn ((-r) t /ex') Jn (tri) y tir*! 

[A proof with an historical account of this impoi-tant theorem is gixe. 
CyHnderfunkii<men. pp. 360^63. It is due to Hankel, but (m v»ew of the result of § 9 0 

it is often called the Fourier-Besael in^c^rrof.] 

45. If C be any closed contour, and m and n are integers, shew that 

J„ (.) (z) dz=l^ 0„ [Z) 0. (z) dz = J„. w 0. {z) dz = 0, 

unless C contains the origin and m = n ; in which case the fi«t tw-o integrals are -ti'' 
but the third is equal to « (or 2..' if m=0) if C eno.rcles the once^^^un^r- 

clockwise. 

46. Shew that, if 


p\ q\ 




and if n be a positive integer, then 


2 On-m, + 


n —l 


while 


8l-*i»ssan_|,n_i Oo(*) + 2 2 Or .u i. n + m -1 ^2»i* (^)' 

m—I 


(K. Neumann.) 


47. If 
shew that 




n 2*« (m \y n* {n^-2g} ... 


2fn + Z 


(y! _ - 1 = Q„ (y) {y„ (*)}' + “» (y) 

When the series on the right converges. ” (K. Neumann, MaZL A nn. in.) 

48. Shew that, if c> 0, A (n) > - 1 and R{a± bf > 0, then 

(Macdonald, Proc. London Math. Soc. XXXII.) 

49. Deduce from example 48, or otherwise prove, that 
(a* + 6^ - 2a6 cos 6 )" Jn + 6' - 2afc cos 0)^} 

= 2"r(n) I + + 

(Qegenbauer, }Vien€r Sitzungaberichtey LXix. lxxiv.) 


60. Shew that 


satisfies the equation 




if Jet^ (0 (tz^) Jm (U •^n (^2^) + ^ ‘ 

resumes its initial value after describing the contour. 

Deduce that, when 0<«<1, U -i) 

/* .f.-fl(0 -fy-l («**) *=2r-’^^"r 0 -■« fw ’’’ 

® (Schafhoitlin, Math. Ann. xxx.; Math. Trip. 1903.) 


CHAPTER XVIII 


THE EQUATIONS OF MATHEMATICAL PIIVSICS 

181. The differential equations of mathematical physics. 

The functions which have been introduced in the preceding chapters are 
of importance in the applications of mathematics to physical investigations. 
Such applications are outside the province of this book; but most of them 
depend essentially on the fact that, by means of these functions, it is possible 
to construct solutions of certain partial dififerential equations, of which the 
following are among the most important: 

(I) Laplaces equation 

which was originally introduced in a memoir* on Saturn’s rings. 

If (.r, 2 ) be the rectangular coordinates of any point in space, this equation is 

satisfied by the following functions which occur in various bi’anches of mathematical 
phjaics ; 

(i) The gravitational potential in regions not occupied by attracting matter. 

(ii) The electrostatic potential in a uniform dielectric, in the theory of electro¬ 
statics. 

(iii) The magnetic potential in aether, in the theory of magnetostatics. 

(iv) The electric potential, in the theory of the steady flow of electric currents in 
solid conductors. 

(v) The temperature, in the theory of thermal equilibrium in solids. 

(vi) The velocity iwtential at points of a homogeneous liquid moving irrotationally, 
in hydrodynamical problems. 

Notwithstanding the physical differences of these theories, the mathematical investi¬ 
gations are much the same for all of them: thus, tho problem of thermal equilibrium in a 
solid when the points of its surface are maintained at given temperatures is mathe¬ 
matically identical with the problem of determining the electric intensity in a region 
when the points of its boiindar}’ are maintained at given potentials. 

(II) The equation of wave motions 

3a:® ^ 3y® ^ dz* c® dt* * 

This equation is of general occurrence in investigations of undulatory disturbances 
propag'ated with velocity c iDdei)endent of the wave length; for example, in the theory of 
electric waves and the electro-magnetic theory of light, it is the equation satisfied by each 
component of the electric or magnetic vector; in the theory of elastic vibrations, it 
is the equation satisfied by each component of the displacement; and in the theory 
of sound, it is the equation satisfied by the velocity potential in a perfect gas. 

* Mim. de VAcad. da Setewa, 1787 (pnbliahed 1789), p. 252. 
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(III) The equation of conduction of heat 

. d^v , idv 

dx^ ^ df dz^ k dt 

This is the equation satisfied by the temperature at a point of a homogeneous isotropic 
body; the constant k is proportional to the heat conductivity of the body and inversely 
proportional to its specific heat and density. 

(IV) A particular case of the preceding equation (II), when the variable 
z is absent, is 

8»r id^v 


dx^ dy 


c* dt^ ■ 


.^1 


This is the equation satisfied by the displacement in the theory of transverse vibrations 
of a membrane ; the equation also occurs in the theory of wave motion in two dimensions. 



The equation 


of telegraphy 


LK^^KR 


dt dx^ ' 


This is the equation satisfied by the potential in a telegraph cable when the inductance 
i, the capacity A”, and the resistance R per unit length are taken into account. 

It would not be possible, within the limits of this chapter, to attempt 
an exhaustive account of the theories of these and the other differential 
equations of mathematical physics; but, by considering selected typical 
cases, we shall expound some of the principal methods employed, with 
special reference to the uses of the transcendental functions. 


18'2. Boundary conditio^is. 

A problem which arises very frequently is the determination, for one of the 
equations of § 18*1, of a solution which is subject to certain boundary con¬ 
ditions; thus we may desire to find the temperature at any point inside a 
homogeneous isotropic conducting solid in thermal equilibrium when the 
points of its outer surface are maintained at given temperatures. This 
amounts to finding a solution of Laplace's equation at points inside a given 
surface, when the value of the solution at points on the surface is given. 

A more complicated problem of a similar nature occurs in discussing 
small oscillations of a liquid in a basin, the liquid being exposed to the 
atmosphere ; in this problem we are given, effectively, the velocity jwtential 
at points of the free surface and the normal derivate of the velocity potential 
where the liquid is in contact with the basin. 

The nature of the boundary conditions, necessary to determine a solution 
uniquely, varies very much with the form of differential equation considered, 
even in the case of equations which, at first sight, seem very much alike. 

Thus a solution of the equation 

d^v . d^v ^ 
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(which occurs in the problem of thermal equilibrium in a conducting 
cylinder) is uniquely determined at points inside a closed curve in the 
aTy-plane by a knowledge of the value of V at points on the curve; but 
in the case of the equation 


(which effectively only differs from the former in a change of sign), occurring 
in connexion with transverse vibrations of a stretched string, where V 
denotes the displacement at time t at distance x from the end of the 
string, it is physically evident that a solution is determined uniquely only if 

3 V 

hoik V and are given for all values of x such that 0^x^l,when < = 0 
(where I denotes the length of the string). 


Physical intuitions will usually indicate the nature of the boundary 
conditions which are necessary to determine a solution of a differential 
equation uniquely; but the existence theorems which are necessary from 
the point of view of the pure mathematician are usually very tedious and 
difficult* 


18*3. A general solution of Laplace's equation^. 

It is possible to construct a general solution of Laplace’s equation in the 
form of a definite integral. This solution can be employed to solve various 
problems involving boundary conditions. 

Let y {x, y, z) be a solution of Laplace’s equation which can be expanded 
into a power series in three variables valid for points of (x, y, z) sufficiently 
near a given point (x^, yo, ^o)- Accordingly we write 

x = Xo+ X, y = yo + P, z = Zo-\- 

and we assume the expansion 

y ^Oo + OiA +6iP Cl Z -f a^X^ + 6a P’ + 

+ 2(LiYZ 4- 2e,ZX + 2/a A" P + .... 

it being supposed that this series is absolutely convergent whenever 

|a|*+|P|m-|^N«. 

where a is some positive constant^. If this expansion exists, P is said to 
be analytic at (a^o, y©, ^o)- It can be proved by the methods of §§ 3*7, 4'7 

* See e.g. Forsyth, Theory of FururnoHf (1918), §§ 216-220, where an apparently simple- 
problem is disouBBed. 

t Whittaker, Math. v4Nn. lvii. (1902), p. 333. 

X The functions of applied mathematics satisfy this condition. 
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that the series converges uniformly throughout the domain indicated and 
may be differentiated term-by-term with regard to X, Y or Z any number of 
times at points inside the domain. 


If we substitute the 
written 


expansion in Laplace’s 
dX^'^dY^ dZ^ ’ 


equation, which may be 


and equate to zero 
and Z, we get an 
of which 


(§ 3*73) the coefficients of the various powers of X, Y 
infinite set of linear relations between the coefficients, 

Uj + + c.i = 0 


may be taken as typical. 

There are of these relations* between the | (n-I-2) (n + 1) 

coefficients of the terms of degree n in the expansion of V, so that there 
are only 5 (n + 2 ) (n + 1) - |n (n - 1) = 2n + 1 independent coefficients in 

the terms of degree n in V. Hence the terms of degree n in V must he 
a linear combination of 2» + l linearly independent particular solutions ot 
Laplace’s equation, these solutions being each of degree n in X, Y and Z. 

To find a set of such solutions, consider {Z + iX cos u + iKsin u)" ; it is 
a solution of Laplace’s equation which may be expanded in a series of sines 

and cosines of multiples of m, thus: 


i g^iX, Y, Z) con mu 2 h„,{X. Y.Z) sin mu, 

m = 0 ”‘ = 1 

the functions g„(X, Y. Z) and Y, Z) being independent of u. The 

highest power of Z in (X, Y. Z) and (X. Y. Z) is Z-"' and the former 
function is an even function of Y, the latter an odd function, hence 
the functions are linearly independent. They therefore form a set of 
2n + 1 functions of the type sought. 


Now by Fourier’s rulef (§ 912) 


{X, Y,Z)^j (Z-h iX cos « + i Fsin m)" cos mudu, 

7rhm(X, Y, Z)^ (2' + iXco8u + iFsinH)"sinwi«du, 


• If (where r + f + ( = n) be the coefficient of A-r'Z* in V. and if the terms of degree 

„_2 in — + ~ be arranged primarily in powers of X and secondarily in powers of 1'. 

cY^ 

the coelHcient does not occur in ony term after (or X^Y-^Z- if r = 0 or 1), and 

hence the rel^vtions are ail linearly independent. 

t 2ir mast bo written for w in the coeIBcient of (X, i t Z). 
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and so any linear combination of the 2n+ 1 solutions can be written in the 
form 


jyu.r cos It + i Fsin »)“/,, (u) du, 


where /n(u) is a rational function of e”'. 

Now it is readily verified that, if the terms of degree 7 i in the expression 
assumed for V be written in this form, the series of terms under the integral 
sign converges uniformly if | A: p +1 F|“+1 Zp be suflSciently small, and so 
(§ 4;'7) we may write 

F = 1* 2 (Z + iXcos u + iY sin«)’*/„(u) du. 

J -ir n=0 

But any expression of this form may be written 

F = I* /"(Z+lA'cos M +iFsin w, u)du, 

J ••ir 

where is a function such that differentiations with regard to X, Y or Z 
under the sign of integration are permissible. And, conversely, if F be any 
function of this type, F is a solution of Laplace’s equation. 

This result may be written 


F = 




f(z + ix cos u + iy sin u, u) du, 


J 


on absorbing the terms — f^ocos m — fyo^in « into the second variable; 
and, if differentiations under the sign of integration are permissible, this 
gives a general solution of Laplace’s equation; that is to say, every solution 
of Laplace’s equation which is analytic throughout the interior of some 
sphere is expressible by an integral of the form given. 

This result is the three-dimensional analogue of the theorem that 

r=/(x-+lyj+y (x - iy) 

is the general solution of 

?ir 

[Note. A distinction has to be drawn between the primitive of an ordinary differential 
equation and general integrals of a partial differential equation of order higher than the 
first*. 

Two apparently distinct primitives are always directly transformable into one another 
by means of suitable relations between the constants; thus in the case of = 0, 


we 


can obtain the primitive C'sin(x + c) from A cos.rR sin x by defining C and c by the 
equations Csin f = .d, C cos On the other hand, every solution of Laplace’s equation 

is expressible in each of the forms 

J_ /(xcosi-t-ysinr + ii.Orf^ J £f(ycosu + isin a + u:, «); 

• For a discuseioD of general integrals of such equations, see Forsyth, Theory of Differential 
Eqxtations,, vi. (1906), Ch. xii. 
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18 31^ * V< A P.^ V* — ------- 

but if these are known to be the same solution, there appears to be no general analytical 
relation, connecting the functions / and g, which will directly transform one form of 
the solution into the other.] 

Example 1. Shew that the potential of a particle of unit mass at (a, 6, c) is 

1 /■» du 

^( 2 -c) + i(x-a) cos H+t(j/-6)5in u 

at all points for which z>€. 

Example 2. Shew that a general solution of Irfiplace’s equation of zero degree in 
X, y, t is 

j log (xcos i+yein ( + w)y (0if J ^g{t)dt = 0. 

Express the solutions and log—* in this form, where r2 = x^+y^ + c=^. 

^ z^T r^z 

Example 3. Shew that, in the case of the equation 

;,i + ji=x+y 

(where Charpit's subsidiary equations {see Forsyth, Differential 

Equatione^ Chap, ix.) are 

(i) p^-x=y-q^ = ay 

(ii) p = q-\-aK 

Deduce that the corresponding general integrals are derived from 

(i) + 

0=(x+a)*-(y-a)* + ^ (o) J ’ 

(ii) 4«-i(^+y)®+2a*(x-y)-a*(i^+y)"' + <?(“)l 

0=4a(x-y) —4a^(x+y)"* + ff'(a) ) 

and thence obtain a differential equation determining the function G (n) in terms of the 
function F{d) when the two general integrals are the same. 

18*31- Solutions of Laplaces equation involving Legendre functions. 

If an expansion for V, of the form assumed in § 18*3, exists when 

Xq ” y® — X® * 0, 

we have seen that we can express F as a series of expressions of the type 
J’ {z^ix cos u + ty sin «)" cos mudu, J {z + ix cos u + ly sin u)" sin niiidu, 

where n and m are integers such that 0 $ m ^ n. 

We shall now examine these expressions more closely. 

If we take polar coordinates, defined by the equations 

a; = r sin ^ cos <#». y = r sin 0 sin 4>, z = r cos 0, 
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we have 


J (2 + cos u-f sin m)" cos jnudw 


= r" J (cos 0 + i sin 0 cos (u — <f))] ” cos imi dti 

rir-^ 

= r" I (cos 6 + 1 sin 6 cos )’»cos m (^ + 1 ^) d^lr 
J . fr * ^ 

= j (cos 6 + i sin 6 cos cos m {<l> + i/r) dyfr 

= cos m<j> f (cos d + i sin 6 cos cos 


— w 


since the integrand is a periodic function of -s/r and 

(cos 6 + 1 sin 6 cos yfr)** sin mi/r 

is an odd function of ^|r. Therefore (§ 15*61), with Ferrers’ definition of the 
associated Legendre function, 


/ 


(z + ijrcos u + ly sin h)'* cos?nuc?ii = 7^-—^'(cos cos m<i>. 

-ir (n + m)! N / r 

Similarly 

Ji 1 

{z + ix cos u + iy sin w)" sin viudu = ^^ r^Pti** (cos 6) sin m<l>. 




Therefore r^Pn™ (cos 6) cos nnj) and r'*Pn”* (cos 6) sin m<f> are polynomials 
in X, y, z and are particular solutions of Laplace's equation. Further, by 
§ 18*3, every solution of Laplace’s equation, which is analytic near the origin, 
can he expressed in the form 


OD 


r* 2 r"- 

n*0 


n 


^„P„(cos^)+ 2 (^„‘"*>cosm^ + P„^”«8inm6)P„”*(cos^) 

»|sl 


Any expression of the form 


A„P„(co 8^)+ 2 (A„‘"*'cos?«(^ + P,i<”*»8inm<^)P„"*(co3^), 

^1 si 

where n is a positive integer, is called a surface harmonic of degree n ; 
a surface harmonic of degiee n multiplied by r" is called a solid harmonic 
(or a spherical hamnonic) of degree n. 

The curves on a unit .sphere (with centre at the origin) on which P,(co 3 tf) vanishes 
are n parallels of latitude which divide the surface of the sphere into zones, and so /*„ (cos 0 ) 

is cAlled (see § 151) a zo7ta/ harmonic; and the curves on which P»'"(coa(9) vanishes 

are n~m parallels of latitude and 2m meridians, which divide the surface of the sphere 

into quadrangle.s wiio-se angles are right angles, and so these functions are called ta 3 eral 
harmonics. 
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A solid harmonic of degree n is evidently a homogeneous polynomial of degree n in 
z and it satisfies Laplace’s equation. 

It is evident that, if a change of rectangular coordinates* is made by rotating the axes 
about the origin, a solid harmonic (or a surface hannonic) of degree 7i transforms into 
a solid harmonic (or a surface harmonic) of degree » in the new coordinates. 

Spherical harmonics were investigated with the aid of Cartesian coordinates by 
W Thomson in 1862, see Phil. T,ans. (1863), pp. 573-582, and Thomson and Tait, 
Treatise on Natnrcd Philosophy I. (1879), pp. 171-218 ; they were also investigated 
independently in the same manner at about the same time by Clebsch, Journal fur Hath. 

LXi. (1863), pp. 196-262. 

ExampU. If cooniinates r, <f> are defined by the equations 

x'=r cos 0 , y = 0^ - D' s*n ^ cos z = {r ^-\)-^ sin Osmtp, 

shew that Pn*" (0 (cos 0) cos m<i> satisfies Laplace’s equation. 


18'4. The solution of Laplaces equation which satisfies assigned boundary 
conditions at the sxtrface of a sphere. 

We have seen (§ 18*31) that any solution of Laplace’s equation which 
is analytic near the origin can be expanded in the form 


OD 


V{r,e,<t,)= X r»- 

n^O 


a4„P„(cos 0) 


+ S (A„'”‘'cos7«<|> + Pn‘"”sinni<^)Pn”(cos^) 

msl 

and, from § 3*7, it is evident that if it converges for a given value of r. 
say a, for all values of 0 and such that - tt \t converges 

absolutely and uniformly when r < a. 

To determine the constants, we must know the boundary conditions 
which V must satisfy. A boundary condition of frequent occurrence is 
that r is a given bounded integrable function of 0 and say f{0, </>), on 
the surface of a given sphere, which we take to have radius a. and V is 

analytic at points inside this sphere. 

We then have to determine the coefficients Pn"”' from the 

equation . 

/(fl,<^)= i a'‘U„P„(cose)+ i (rl„«cosm<#> + P„"»'sinm<#.)Pn"(cos0)|. 

Assuming that this series converges unifonnlyf throughout the domain 
multiplying by 

P,,"* (cos 0 ) 




+ 


L.plsce'B operator f-, + i- i-vanant for ehange. 

This is usuftUy the case iu physical problems. 


of reotangolar axes. 
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integrating term-by-term (§ 4'7) and using the results of ^ 15'14, 15 51 on 
the integral properties of Legendre functions, we find that 

^ /(^. <#>') Pn” (cos 6') COS m</)' sin e'de'd<i,' = ira" ^ 
r r/(^'> <#>') Pn”* (<=0® ^') 2nTl ■ (n - m) i ■®’‘ 

T' JV(^. (CO® ®*“ 


(m) 


Therefore, when r < a, 

.1. T ©■ /><"■■ ♦' 


) 


Pn (cos Pn (cos 6') 


^22 Pn"* (cos 6) Pn’" (cos COS 771 (6 — 

„=i(n-l-77i)! 


^ sin e'de’d<(>'. 


The series which is here integrated term-by-term converges uniformly 
when r<a, since the expression under the integral sign is a bounded 
function of 6, 6\ if>, <f>\ and so (§ 4’7) 

iTrVir, e. </.) = I’jiff, f) J^(2« + 1) (3“ jP„(cos 0) P„ (cos ff) 

+ 22 ^ Pfi*" (cos 6) Pn”* (cos S') COS 771 (6 — 6') sin 6'd6'd<\>. 

*.l(7l + 77l)! J 

Now suppose that we take the line (^, <^) as a new polar axis and let 
<t>i) be the new coordinates of the line whose old coordinates were (S', 
we consequently have to replace P„ (cos $) by 1 and Pn” (cos 0) by zero; and 
so we get 

4,7 V (r, e, = I’ f’ f(6', 4>') (2n +1) P,. (cos 0,') sin O'de.'di,,' 

= r [V(^. <!>') 5 (2n+ !)(-')" P„(cos 0,') sin 0'd0'd^'. 

J-»Jo n -0 \<^/ 

If, in this formula, we make use of the result of example 23 of Chapter XV 
(p. 332), we get 

4,7r(r. 4>)-r I'Aff-. 

J -»JO (r* — 


(r* — 2ar cos + a*)^ 


and so 


47rr(r, 0, <l>) 

= a (a>-,-)/; j; — 


/{S', 4>') sin 0'de'd4>' 


[r* — 2ar (cos 6 cos ^ + sin ^ sin S' cos (<^ — + a*]^ 

In this compact formula the Legendre functions have ceased to appear 
explicitly. 
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18*5] --- 

The Ust formula can be obtained by the theory of Oreen's functions. For properties 
of such functions the reader is referi'ed to Thomson and Tait, Natural Philosophy., 
§§ 499-519. 

[Note. From the integrals for r(r, 4)) involving Legendre functions of cos 6 ^' and 
of cos cosd‘ respectively, we can obtain a new proof of the addition theorem for the 
Legendre polynomial. 

For let 

{e\ d>') = />,. (cos d,') - (cos 6 ) (cos ff) 

+ 2 2 Pn’" (cos (cos tf') cos *»(<#>-<#>')!) 

and we get, on comparing the two formulae for V (r, d, </>), 

0-=!" |^(2n + l) d'')9indVd'rf0'. 

If we take/(tf', <^‘) to be a surface harmonic of degree n, the term involving is the only 
one which occurs in the integrated series ; and iu particular, if we take^(^, <i>) = X'i 
we get 

<.')}’Sin = 

Since the integrand is continuous and is not negative it must be zero; and so 
Xr»(^i <^►')s0; that is to say we have proved the formula 

P,. (cos d,') = Ph (cos Pn (cos <?-) + 2 ^2 ^ P" (cos 6 ) Pn*" (cos ff) cos m (<^- (#►'), 

wherein it is obvious that 

cos ^,' = cos B cos ff+ainB sin ff cos (<f> - <p'), 

from geometrical considerations. 

We have thus obtained a physical proof of a theorem proved elsewhere* (§ 15-7) by 
purely analytical reasoning.) 

Example 1. Find the solution of Laplace’s equation analytic inside the sphere r=l 
which has the value sin 3^ cos (j> at the surface of the sphere. 

[^r^Ps* (cos B) cos if}-I rPi' (cos B) cos <l>.] 

Example 2. Let /„ (r, B, <t>) ^ ®<loal to a homogeneous polynomial of degree n 
in a:, z. Shew that 

I*' J" (a, , <^) Pn {cos cos d* + sin d sin ff cos (<^ - <^')) a* sin BdBd<f> 


4ffa^ 
2n + l 


/.(a. B\ 0'). 


[Take the direction {B\ <p') os a new polar axis,] 

18*6, Solutions of Laplaces equation which involve Bessel coefficients. 
A particular case of the result of § 18*3 is that 

g*«+<zco*K+i|/iini«» QQg mxidii 


I 




is a solution of Laplace's equation, * being any constant and m being any 
integer. 

• The absence of the factor (- )"* which occurs in § 15-7 is due to the fact that the functions 
now employed are Ferrers’ associated functions. 
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Taking cylindrical-polar coordinates (p, <f>, z) defined by the equations 

x = pco3(l>, y = p sin <l>, 

the above solution becomes 

^ j* cos m{v-h<f>)>dv 

= f ” cos mv cos mtj) dv 

— cos (wi^) [ e'*p®®**’cos mvdv, 

Jo 

and so, using § 17'1 example 3, we see that 27n'*"e*^cos(m^)./m(^p) ^ ® 
solution of Laplace^s equation analytic near ike origin. 

Similarly, from the expression 

I" g*,Z+«C 08 «+iy 8 inU) 

where m is an integer, we deduce that 2Tri*'^ sin . Jm {kp) is a solution 
of Laplace’s equation. 

18*51. The periods of vibration of a uniform membrane^. 

The equation satisSed by the displacement V at time ^ of a point (j?, y) of a uniform 
plane membrane vibrating harmonically is 

02K_ldn' 

0x2 ay« “ ^ ^» 

where c is a constant depending on the tension and density of the membrane. Tb* 
equation can be reduced to Laplace’s equation by the change of variable given by zs=cti 
It follows, from § 18*5, that expressions of the form 

dm{Kp) . mA . ckt 
sin ^ sin 

satisfy the equation of motion of the membrane. 

Take as a particular case a drum, that is to say a membrane mth a fixed circular 
boundary of radius R. 

Then one possible type of vibration is given by the equation 

(^p) cos cos C/h, 

provided that r=0 when p = /?; so that we have to choose k to satisfy the equation 

This equation to determine k has an infinite number of real roots (§ 17-3 example 3). 
«i» «3, ... say. A possible type of vibration is then given by 

^=*An(^rp)coscos(r=l, 2, 3, ...)• 

This IS a periodic motion with period 27r/(cit,.); and so the calculation of the periods 
depends essentially on calculating the zeros of Bessel coefficients (see § 17-9). 

•Euler, JVovi Comm. Acad. Petrop. x. {1764} [published 1766], pp. 243-260; Poisson, 

For PP- '“P- (1866). pp. 55-95. 

Chapterii vibrations of membranes, see also Rayleigh, Theory of Sound. 
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ExampU. The equation of motion of air in a circular cylinder vibrating per¬ 
pendicularly to the axis OE of the cylinder is 

0.T* * 

r denoting the velocity potential. If the cylinder have radius H, the boundary condition 

is that — = 0 when p = It Shew that the determination of the free periods depends on 
dp 

finding the zeros of Jm (0=0. 

18‘6. A general solution of the equation of wave motions. 

It may be shewn* by the methods of § 18-3 that o general solution of 

the equation of wave motions 

d'V . d'^v_ \ d^V 

~ dt^ 

is = y(£csin wcos V+ y sin w sin V + «co3 u + cf, w, v) 

where/is a function (of three variables) of the type considered in § 18-3. 

Regarding an integral as a limit of a sum. we see that a physical 
interpretation of this equation is that the velocity potential V is produced 
by a number of plane waves, the disturbance represented by the element 

f(x sin u cos u -f y sin u sin v + z cos « + ct, u, v) SuSv 

being propagated in the direction (sin a cos t;. sin u sin cos u) with velocity c. 
The solution therefore represents an aggregate of plane weaves travelling in 

all dii'ections with velocity c. 

18-61. Solutions of the equation of wave motions which involve Bessel 
functions. 

We shall now obtain a class of particular solutions of the equation of 
wave motions, useful for the solution of certain special problems. 

In physical investigations, it is desirable to have the time_^ occurring by- 
means of a factor sin okt or cos okt, where k is constant. This suggests that 

we should consider solutions of the type 


.h'w.,' 


Physically this m«ins‘'that wc consider motions in which all the elementary waves 
have the same period. 

Now let the polar coordinates of (x, y. z) be (r, 6, 4>) and let (m, v/r) be the 
polar coordinates of the direction («, o) referred to new axes such that 
the polar axis is the direction (.6, <l>). and the plane i/r = 0 passes through 

0Z\ so that ^ • /, ..\ 

cos o) — cos 0 cos u + sin 0 sin u cos {ip v), 

sin it sill {<l> — v) = sin to sin 

• See the paper previously cited. Math. Ann. Lvn. (190-2), pp. 042-345, or licenser o/ Ua,U.. 
malics. xxxvi. (1907), pp. 98-106. 
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Also, take the arbitrary function /{m, v) to be Sn{u, u)sinM, where Sn 
denotes a surface harmonic in «, v of degree n; so that we may write 

5„(u, v) = S„(^, <#>; ft), yfr\ 

where (§ 18'31) 5„ is a surface harmonic in (o, ^ of degree n. 

We thus get 

V = e^p j (f>; 0), ylr)BiD(od(odylr. 

Now we may write (§ 18*31) 

Sn {0, 0),f)= (d, <t>) ■ Pn (cOS ft)) 


+ 1 (An'"*’ {0, <!>) COS myir + (^. <l>) sin Pn”* (cos cd), 

where An {B, ((>), 4n'"" {8, <t>) and (6, <^) are independent of f and a. 
Performing the integration with respect to ijr, we get 

V = 2ire*'‘ An(6. <#.) {' P„(cos o.) sin oidw 
= 27re‘*« An(B,4>)j\ Pn (/a) d^i 

= 2«<‘« An iB. d>) /'^ _ 1)» d^, 

by Rodrigues’ formula (§ 1511); on integrating by parts n times and using 
Hankel’s integral {§ 17*3 corollary), we obtain the equation 

An (6, </,) (ih-r (1 - dfi 

z 4 j —1 

= (27r)N"e'^(tr)-i/„^j(AT)An(^. </.), 

and so V is a constant multiple of j(^) A„(^, 4>), 

Now the equation of wave motions is unaffected if we multiply a?, y, z 
and t by the same constant factor, i.e. if we multiply r and t by the same 
constant factor leaving Q and <f> unaltered; so that An(df <#>) may be taken 
to be independent of the arbitrary constant k which multiplies r and t. 

Hence lim . • (AT)An(^, ^) is a solution of the equation 

*-•0 ’ 

of wave motions; and therefore r” An(^, is a solution (independent of t) 
of the equation of wave motions, and is consequently a solution of Laplace’s 
equation; it is, accordingly, permissible to take An{0, ^) to be any surface 
harmonic of degree n; and so we obtavi the result that 


r~^Jn+i, (hr) Pn” (cos $) mtf) ckt 

‘^3 ' Sin ~ «iTi 


cos 

sin 


is a 'particular solution of the equation of wave motions. 
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18-611J 


18*611. Application of § 18*61 to a physical problem. 

The solution just obtained for the equation of wave motions may be used in the 
following manner to determine the j>eriods of free vibration of air contained in a rigid 
sphere. 

The velocity potential V satisfies the eqviation of wave motions and the boundary 

7 \ IT 

condition is that V- =0 when r = a, where a is the radius of the sphere. Hence 

or 

1 COS cos , 

(/T) P.r (cos«) mi, cil 
gives a possible motion if I* is so chosen that 

This equation determines I -; on using § 17*24, we see that it may be written in 

the form . , 

tanI-a=/„ (Ira), 

where (ia) is a rational function of ka. 

In particular the radial vibrations, in which V is indeiwndent of 0 and (/>, are given by 
taking n—0; then the equation to determine k becomes simply 

tan ka = ka ; 

and the pitches of the fundamental radial Wbrations correspond to the roots of this 
equation. 
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Miscellaneous Examples. 

1. If F be a solution of Laplace’s equation which is symmetrical with respect to OZ, 
and if V=f{z) on OZ, shew that if f{(} be a function which is analytic in a domain of 
values (which contains the origin) of the complex variable then 

r=- ("'f{z + i cos <i)}dtt> 

at any point of a certain tbrecniimensional region. 

Deduce that the potential of a imiform circular ring of radius c and of mass M lying in 
the plane XOV with its centre at the origin is 

~ [c* + {«+i(^*+y*)^ooa 

ir J 0 


1 
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2. If V be a solution of Laplace’s equation, which is of the form z), where 

(p, <p, 2 ) are cylindrical coordinates, and if this solution is approximately equal to 

near the axis of where/(f) is of the character described in example 1 , 

shew that 


7= 


m. \ 


1^(2+ ip 


cos 0 sin^^^tf^. 


(Dougall.) 


r(m+J)r(i) 

3. If u be determined as a function of jt, y and z by means of the equation 

Ax-¥By-^Cz^\y 

where Ay B,C are functions of u such that 

d2 + ^ + C'2-0, 

shew that (subject to certain general conditions) any function of is a solution of 
Laplace’s equation. 

(Forsyth, Jfewen^cr, xxvii. (1898), pp. 99-118.) 

4 . Ay B are two points outside a sphere whose centre is C. A layer of attracting 
matter on the surface of the •sphei'e is such that its surface density <Tp at P is given by 
the formula 

Cp<x{AP.BP)~\ 

Shew that the total quantity of matter is unaffected by varying A and B so long as 
CA . CB and ACB are unaltered; and prove that this result is equivalent to the theorem 
that the surface integral of two harmonics of different degrees taken over the sphere 
is zero. 

(Sylvester, PhU. Mag. ( 8 ), n. (1876), pp. 291-307.) 

5. Let 7 (f, y, z) be the potential function deffned analytically as due to particles 
of masses X+tp, X-tp at the points (a+ia', 6 + 16 ', c+ic') and (a—to', 6 -f 6 ', c—id) 
respectively. Shew that 7 {Xy y, z) is infinite at all points of a certain real circle, and 
if the point (x, y, z) describes a circuit intertwined once with this circle the initial 
and final values of 7 (x, y, z) are numerically equal, but opposite in sign. 

(Appell, Math. Ann. xxx. (1887), pp. 165-156.) 

6 . Find the solution of Laplace’s equation analytic in the region for which a<r<Ay 
it being given that on the spheres r=a and the solution reduces to 


2 c,/>,(cosd), 

naO 


2 ^,^*( 003 ^), 
ftsO 


respectively. 

7. Let O' have coordinates (0, 0, c), and let 

pbz~By P(yz^&y Po^Ty pa^j'. 

Shew that 

P,(coa^ P,(costf) , . ,,cP*^,(co8tf) , (n + l)(n + 2)c*P,+s{co3tf) . 

pW+1 r ■ 1 2 I--'*'•••» 

according as r>c or r<c. 

Obtain a similar expansion for /"^^'(costf). (Trinity, 1893.) 

8. At a point (r, ^) outside a uniform oblate spheroid whose semi-axes are a, 6 and 

whose density is p, shew that the potential is 

3.5 +5.7 - ^ --J- 

where m^=a‘^-b> and r>ni. Obtain the potential at points for which r<m. 

(St John’s, 1899.) 
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(Lam6.) 


9. Shew that 

2 t"(2n + l)r“4P„(cos^)j;,+j(r). 

(Bauer, Journal fiir Math, lvi.) 

10*. Shew that if x±iy=»h cosh ± i^), the equation of two-dimensional wave motions 

in the coordinates | and rj is 

d^V d^V h^, ... o 

11. Let jf-(c + rco8tf)co8<#>, if^{c + rco3$)&ia<t>, 2 = /'sintf; 

shew that the surfaces for which r, 6, ti> respectively are constant form an oi-thogonal 
system j and shew that Laplace’s equation in the coordinates r, B, 4> is 

^ |r(c+rcos»)-^| +-^ |(c+rco3«) ag| + <, + rco8« d<p‘‘ 

(W. D. Niven, Messenger^ x.) 

12. Let P have Cartesian coordinates (jt, y, z) and polar coordinates (r, 0, <i>). Let 

the plane POZ meet the circle = 3 = 0 in the points a, y; and let 

aPy-a, log (Pa/Py)*»(T. 

Shew that Laplace’s equation in the coordinates a, w, <#> is 

ainh<r dV 


= 0. 


0 f sinhtr <)V\ |_ j_ J 
0tr Icosh cr — cos <a 0<r / 0« 1 


and shew that a solution is 


cosh <T -* cos 6> 0 


n + 1 >"^0; 

10)1"^ sinh O' (cosh o* — cos w) 3(^>* ’ 


V= (cosh <r - cos w)^ cos na cos m<ft P” (cosh <r). 


(Hicks, Phil. Trans. CLX.MI. pp. 617 et seq.) 

13. Shew that _j,niri 

(f2a4.p*_2/?pco30+c*)“4= f 

and deduce an expression for the potential of a particle in terms of Bessel functions, 

14. Shew that if a, &, c are constants and X, p, i* are confocal coordinates, dehned as 
the roots of the equation in e 


.V 


.y’ 


a* + « 6 ’*+<^c* + € 

then Laplace’s equation may be written 


*1, 




A. I + (^ - X) I; 1^} + I; {-i- } - O' 


d\ 


where 


A;, = ,/{(a*+X)(6«+X)(c» + X)}. 


^Lam^.l 


* Examples 10, 11, 12 and 14 ere most easily proved by using Lamp’s result {Journal de 
VtcoU Polyt. XTf. cahier 23 (1834), pp. 191-288) that if (X, p. v) be orthogonal coordinates for 
which the line-element is given by the formula («x)*-t-(3(/)* + (32)^=(//i5\)^ + {/f23M)^+(Hj5»/)“, 

Laplace’s equation in these coordinates is 

0 0 (H,H,dV\ _d 

d\\ Hi d\ ) ^^i\ dr 

A simple method (due to W. Thomson, CamO. Mal/i. Journal, iv. (1845), pp. 33-42) of proving 
this result, by means of arguments of a physical character, is reproduced by Lamb. Hydro- 
dynamicM (1916), § 111. Analytical proofs, based on Lamp’s proof, are given by Bertrand, 
Traittf d« Calcul DiffirentUlU (1864), pp. 181-187, and Goureat, Coiir* d'AnuUjse, i. (1910), 
pp. 156-159; and a most conipoct proof is due to Neville, Quarterly Jounial, slix. (1923), pp. 338- 
352. Another proof is given by Heine, Theorie drr Kugelfunctionen, i. (1878), pp. 303-306. 


/^aF\ 

[ H, dr) 
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15. 


16. 
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Shew that a general solution of the equation of wave motions is 

j_^F(xcoB3+^sme+tz, y^izBiuO+ctcoae, e)dB. 

(Bateman, Ptoc. Londxm Math. Soc. (2) i. (1904), p. 457.) 

If r=/(x, y, 2 , r) be a solution of 

dt 3 x 51 3 ? * 

prove that another solution of the equation is 

17. Shew that a general solution of the equation of wave motions, when the motion U 
indepeDuent of is 


J /(? + i))C03(?, (^+pemtf)cW 




'^F{a,e)d3da, 


is another solution. 


^ ^ ■ ■ I V ■ V •* VMI 

_I_ f ( r»+a8 OZ \ 

— \2(x—ty)* 2i(x —ty)* x^iy) 


\ p sin 6 

where p, 4>, z are cylindrical coordinates and a, 6 are arbitrary Constanta 

(Bateman, i>roc. London Math. Soc. (2) i, (1904), p. 458.) 

18. If r=/(x, y, z) is a solution of Laplace’s equation, shew that 

K-i 

(x-iyy 

(Bateman, Proc. London Math. Soc. (2) vii. (1909), p. 77.) 

19. If U=/(x, y, 2 , i) is a solution of the equation of wave motions, shew that 
another solution is 

u =—*^-1 ^^+1 \ 

z-ct'yz-ct* Z~ct' 2(z^cty 2c{i^ct))’ 

(Bateman, Proc. London Math. Soc. (2) vii. (1909X p. 77.) 

l=x-iy, OT-2+W, 

X=x-f»y, n^iz-^ite, 

^l5at fX+mp+nv=«0, 

shew that any homogeneous solution, of degree zero, of 


20. If 


satisfies j. . 

3^9X ^dfi 

and obtain a solution of this equation in the form 




where 


fX* 


3»U ^ 

■^rT=0 


• » 

o 

II 


fa* ft. 

c 

U Sy 
U', iS', 

y. C 
y' 


* " — ^ — c;. 

(Bateman, Proc. London Math. Soc. (2) vii. (1909X pp. 78-82.) 
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21*. If (r, 6y <t>) are spheroidal coordinates, defined by the equations 


^ _ c (r* + l)i sin d cos y+ 1)^ sin B Bin 4>, z=cr cos B, 

where a?, y, « are rectangular coordinates and c is a constant, shew that, when n and m are 
integers, 


/■-. (- 


c /sin (n+m)! sin 

(Blades, Proc. Edinburgh McUh. Soc. xsxill.) 


22. With the notation of example 21, shew that, if « 4 * 0, 

/:,«. z z 

(Jeffery, Proc. Edinburgh Math. Soc. xxxm.) 


23. Prove that the most general solution of Laplace’s equation which is of degree zero 
in .r, y, z is eipressible in the form 



where/and /’are arbitrary functions. 

(Donkin, Phil. Trans. 1857 ; Hobson, Proc. London Math. Soc. (1) xxii. p. 422.) 

* The fimotions introduced in examplea 21 and 22 are known as internal and external 
spheroidal harmonies respectively. 


CHAPTER XIX 


MATHIEU FUNCTIONS 

19*1. The differential equation of Mathieu. 

The preceding five chapters have been occupied with the discussion of 
functions which belong to what may be generally described as the hyper¬ 
geometric type, and many simple properties of these functions are now well 
known. 

In the present chapter we enter upon a region of Analysis which lies 
beyond this, and which is, as yet, only very imperfectly explored. 

The functions which occur in Mathematical Physics and which come 
next in order of complication to functions of hypergeometric type are 
called Mathieu functione; these functions are also known as the functions 
associated with the elliptic cylinder. They arise from the equation of two- 
dimensional wave motion, namely 

dy^ ~ c® dt^ 

This partial differential equation occurs in the theory of the propagation of electro¬ 
magnetic waves; if the electric vector in the wave-front is parallel to OZ and if E denotes 

the electric force, while (5“,, 0) are the components of magnetic force, Maxwell’s 

fundamental equations are 

9? dx dy * dt ’ 

c denoting the velocity of light; and these equations give at once 

c* “ ar* 

In the case of the scattering of waves, propagated paraUel to OX, incident on an 
ell.pt.c cylinder for which OX and OF are a^ea of a principal section, the boundary 
condition IS that E should vanish at the surface of the cylinder. 

The same partial differential equation occurs in connexion with the vibrations of 
a uniform plane membrane, the dependent variable being the displacement perpendicular 
to the membrane; if the membrane be in the shape of an eUipae with a rigid boundary, 
the boundary condition is the same as in the electromagnetic problem just discussed. 

The differential equation was discussed by Mathieu* in 1868 in connexion 
with the problem of vibrations of an elliptic membrane in the following 
manner: 


* Journal de Math. (2), iin. (1868), p. 137. 
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Suppose that the ,uemb.-ane, which is in the plane XOl' when it is 
in equil^rium, is vibrating with frequency p. Then, if we write 

U (a?, y) cos {pt + e), 

the equation becomes 

P2u = 0. 

dy~ 

Let the foci of the elliptic membrane be (± h. 0. 0). and introduce new 

real variables* f, v defined by the complex equation 

a; + i‘y = h cosh (f + irj)> 

so that f ^ 

The curves, on which f or „ is constant, are evidently ellipses or 

bolas confocal with the boundary; if we take f > 0 and - tt < v ^ 
point (X, y, 0) of the plane coiTesponds one and only onef value o (f, v)- 

The differential equation for u transforms mto+ 

^ ^ (cosh^ f - cos“ v) = 0. 

af * ^ dv^ ^ c"- '' 

If we assume a solution of this equation of the form 

%i = F (f) G (■»?). 

.b„. .h. »f E »"'l “» ' “'E “ •“ 

that 


1 + ^%osh» f ’ 

iFcf) dr o’ 


1 d^G(v)_h^ 


COS^rj 


\G (v) dv 

A , say, since f and v are independent variables. 

We thus arrive at the equations 

d^^(S) + cosh> a) Fm = 0, 

dr VC" ' 


d"G (v) _ ^ oos<‘v-a)g (v) = 0 - 


By a sli^t change 

that both of these equations are linear atp 
order, of the form 

^ + (a + 16g cos 22 ) w = 0, 

...b- .1*1.. - “‘-£" 1 : 1 “ 

They .re more usually knoven », «n/o«i See Lame, 6u 

iraiucendantes, Lecon, rnnsiderina the eUipses obtained by giving f vanous 

poeUW^valueT " Z " 


the transcendental functions [chap. XIX 

where a and q are constants*. It is obvious that every point (infinity ex¬ 
cepted) is a regular point of this equation. 

This is the equation which is known as Mathieu’s equation and, in certain 
circumstances (§ 19*2), particular solutions of it are called MatJiieu fartciions. 

1911. The form, of the solution of MathieiCs equation. 

In the physical problems which suggested Mathieu’s equation, the constant 
a IS not given a priori, and we have to consider how it is to be determined. 
It is obvious from physical considerations in the problem of the membrane 
that u(x, y) is a one-valued function of position, and is consequently unaltered 
by increasing i? by 27r; and the conditionf G(7) + 2rr)^G (rj) is sufficient to 
determine a set of values of a in terms of q. And it will appear later (§§ 19-4, 
19 41) that, when a has not one of these values, the equation 

G (tj 27r) = G (tj) 

IS no longer true. 

tl, determined, q (and thence p) is determined by the fact 

that F(^) = Q on the boundary; and so the periods of the free vibrations of 
the membrane are obtained. 

solut^l’n-a^h i-olve Mathieu functions in their 

is of gen^illltet:^, “j-e-ies which 

19*12. Hill's equation. 

arisfs If^W ' HilT f"’ f 

P ■ A ■ ' method of determining the motion of the Lunar 

»' »••”» o' tk. W Node. 

//, * \ 

+ [^0 + 2 2^ cos 2nzj u = 0. 

The theory of Hill's equation is very similar to that of Mathieu’s (in spite 
of the increase m generality due to the presence of the infinite series), so the 
two equations will, to some extent, be considered together. 

.h. f.ci„v«i. insensa .0 avoid 

+ An elementary analogue of this result ia that a eolulion of ^ +an = 0 has period 2. if, 
and only if, n is the square of an integer. ^ 

: B. C. Maclaarin, Trans. Camb. Phil. .S.rc. xvii. p. 41. 

§ A. W. Young, Proc. hdinbuygh Math. Roc. xzzii. p. 81. 

^ tActa Math. vin. (1886). Hill’s memoir was originally published in 1877 at Cambridge. 

H Monthly Notieet R.A.S. zzzviii. p. 43. 
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19-11-19-21] aiAi xiic-v 

In the astronomical applications 6,, ... are known constants, so the 

problem of choosing them in such a way that the solution may be periodic 
does not arise. The solution of Hill's equation in the Lunar Theory is, in 

fact, not periodic. 

19'2. Pei'iodic solutions of MciOiieus equatioti. 

We have seen that in physical (as distinguished from astronomical) 
problems the constant a in Mathieu’s equation has to be cliosen to be such 
a function of q that the equation possesses a periodic s.>lution. 

Let this solution be G (z ); then G {z\ in addition to being periodic, is an 
integral function of Three possibilities arise as to the nature of Ct{z): 

(i) Giz) may be an function of (ii) (? (^) may be an odd function of 

(iii) G(z) may be neither even nor odd. 

Incase(iii), i + 

is an even periodic solution and 

i [G{z)-G{-z)} 

is an odd periodic solution of Mathieu's equation, these two solutions forming 
a fundamental system. It is therefore sufficient to confine our attention to 
periodic solutions of Mathieu's equation which are either even or odd. These 
solutions, and these only, will be called Mathieu functions. 

It will be observed that, since the roots of the indicial equation at . = 0 are Oand 1, 
two even (or two odd) periodic solutions of Mathieu’s equation cannot foim a fundamenU 
systeT But so far! ffiere seems to be no reason why Mathieu’s equation, for s,*cial 
^1 f anH rt «hmild not have one even and one odd periodic aohition , for com 

vames of I, I it can be seen [§ 19-3 example 2, (ii) and (iii)] Matbie^s 

equation las two periodic solutions only in the trivial case in wdi cl, V = 0 ‘h 

tLre are never pairs of periodic solutions for larger values of ly, is a siiccial c,vse 1 

theorem due to Aille, I>roc. London ilatk. Soc. (2) xxl.l. (1924), p. 224. bee also luce, I roc. 

Camh. Phil. Soc. ixi. (1»22), p. U7. 

19-21. An integral equation satisfied by ei'en Mathieu functions*. 

It will now be shewn that, if G (v) is any even Mathieu function, then 
G (v) satisfies the homogeneous integral equation 




where ifc = ^(32?). This result is suggested by the solution of Laplaces 
equation given in § 18*3. 

1 *• eiriA th#. (>\Daii6ion8 of § 19-3 were published by Whittaker, Proc. 

“nr;:, equatlonla, hoown m mn, a, early as 4904, see 

Tran*. Camb. Phil. Soc. xxi. (1912), p. 193. 
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For, if + = A cosh(f + 17/) and if -F(f) and G (yj) are solutions of the 

differential equations 

cosh^ f) F{i) = 0, 

+ (-A + cos* 7/) G (t/) = 0, 

then, by § 191, F{^)G(7i) is a particular solution of Laplace’s equation. 
If this solution is a special case of the general solution 

f {h cosh f cos 7) cos 6 +h sinh f sin ?/ sin 0 + iz, 0) dS, 

given in § 18*3, it is natural to expect that* 

f{v, e) = F{0)e^'^<j>{e), 

■where f^{6) is a function of 0 to be determined. Thus 

^(f) G (v) = J’ F(0) (6) exp \vih cosh f cos 7} cos 6 

+ mh sinh f sin 7/ sin ^ + miz] dO, 

Since f and r, are independent, we may put f = 0; and we are thus led to 

consider the possibility of Mathieu’s equation possessing a solution of the 
form 

0(v)^ f 


19 22. Pi’oo/f/iat the even Mathiexi functions satisfy the integral equation. 

It is readily verified (§ 5*31) that, if <^(^) be analytic in the range (- tt, tt) 
and if (?(7/) be defined by the equation 

J — ir 

then G (?/) is an even periodic integral function of 7 / and 

(7/) . 

-- {A + 7H®/(2coS* T)) G ( 7 /) 


— J (sin* 7/ cos’ d + cos* 7/) — 7nh cos 7/ cos d A] dd 


^ — [7nh sin d cos7}(f)(d) + 


— If 


r 


+ I [<!>" id) + {A + 7n*A*cos* ^) <^ (^)] 

— IT 


on integrating by parts. 


* Tlie constant F(0) is inserted to simplify the algebra. 
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19 ' 22 ) 19 ‘ 3 j MAiniJCiu X 

But be a periodic/uHch'on {with peHod 27r) suck that 

<f>" {0) + (^ + w^h- cos^ 0) <j> (6) = 0 , 

both the integral and the integrated part vanish ; that is to say, G (n). defined 
by the integral, is a periodic solution of Mathieu’s equation. 

Consequently G(v) is an even periodic solution of Mathieu's equation if 
d,(fl) is a periodic solution of Mathieu's equation formed vith the con¬ 

stants ; and therefore </> (6) is a constant multiple of G (6 ); let it be \G (6). 

[Ill the cose when the Mathicu equation has two periodic solutions if this case exist, 
we have (d) = XG (d) + O. (fl) where G, (d) is an odd periodic function ; but 


/ 


COST,COS« Q^(^0)(i0 


— tr 


vanishes, so the subsequent work is unaffected.] 

If we take a and 9 as the parameters of the Mathieu equation instead of 

A and mh, it is obvious that mh = \/(32q) = h. 

We have thus proved that, if G(v) be an even periodic solution of 

Mathieu’s equation, then 

G{v) = \ j’ G (d) dd. 

which is the result stated in § 19’21. 

From 5 11-23, it is known that this integral equation has a solution only 
whenThal one of the ‘ chamcteristic values.' It will be shewn in § 9-3 that 
for such values of \, the integral equation affords a simple means 
structing the even Mathieu functions. 

Example 1. Shew that the odd Mathieu functions -satisfy the integral equation 

0(ti) = xj sin (/■ sin ij sin 6) O (6) dO. 

Example 2. Shew that both the cveu and the odd Xlathieu functions sati.sfy the 
integral equation 

e'‘^* G (d) dd. 

Example 3 Shew that when the eccentricity of the fundamental ellipse tends to tero, 
thelnflifent foi-m of the integral equation for the even Mathieu functions is 


J -TT 


>> 


19'3. The constructio^i of Mathieu functious. 

We shall now make use of the integral equation of § 19-21 to 
Mathieu functions the canonical form of Mathieu's equation will be taken 

d^y 


dz 


+ (o + ICg cos 2z) u — 0 . 
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In the special case when q is zero, the periodic solutions are obtained by 
taking a= where n is any integer; the solutions are then 

1 , cosz, cos 2 ^, ...» 
sin z, sin 2z . 

The Mathieu functions, which reduce to these when will be cnl)(?d 

ce., (z, qX cci (z, q), ce^ {z, q), ..., 

se, {z, q\ sCz(z, q), .... 

To make the functions precise, we take the coefficients of cos nz and sin iiz 
in the respective Fourier series for ce„(z, q) and se^iz, q) to be unity. The 
functions ce„(j, q\ 8en(z, q) will be called Mathieu functions of order n. 

Let us now construct ce© (^. q)- 

Since ceo(^, 0 )= 1 , we see that \-^(27r)“^ as g -^O. Accordingly we 
suppose that, for general values of q, the characteristic value of X which gives 
rise to cso (^, q) can be expanded in the form 

(27rX)-* = 1 + + 025^4- 

and that ceo(^. q) = l+ q^, {z) + q^ff^ (z) + ..., 

where a,, eta. are numerical constants and ^, (^), fiziz), ... are periodic 

tunctions of z which are independent of q and which contain no constant 
term. 


On substituting in the integral equation, we find that 

(1 ^iq+Qzq^ + •‘.)[l+q^fz)-\-q'^^2{z)+ ...) 

1 

= (1 + V(329).C03 2C0sd+ 16fycos’2cos=^+ ...} 

Equating coefficients of successive powers of q in this result and making 

use of the fact that ^z{z\ ... contain no constant term, we find in 

succession 


= 4, {z) = 4 cos 2z, 

^ 2 — 14, (0 = 2 cos 4^, 


and we thus obtain the following expansion: 
cedz, ?) = l + (4?-289> + ?^9>-...)cos2^ + (25»-l|?g*+...)cos4. 

?’ + •••) +cos 8 z 

+ cos lOe 4-..., 

the terms not written down being 0 ( 9 ®) as 9 0 . 

C>10 AQ 

The Viilue of <i is - 32y= +224f/- 0(2*); it will be observed 

that the coefficient of cos 2z in the series fur ceo( 2 , 9 ) is — rt/( 89 ). 



MATHIEU FUNCTIONS 


411 


19'31] •*• V x-f *. A W ^ 

The Mathieu functions of higher order may be obtained in a similar 
manner from the same integral equation and from the integral equation of 
§ 19-22 example 1. The consideration of the convergence of the series thus 

obtained is postponed to § 19*61. 

Example 1. Obtain the following expansions*: 


a. ^ j 

,r!r! (r+l)!(r4-l)! 

( 2'”<*‘r9'-+* 

ii l(r+l)!r! 

(r+l)!(r+l)! 


2 


+ (r-l 

1 2^9-- 

\ j . w \ 1 1 • 

2r + l;*^r+l 

/.a 4 Y \ 1 1 INI 


+ cos(2r+l)i, 


(iv) cetiz, q)= |-+ Cj*)| + c03 22 




« ( Z'+V , 2'*‘r(47jf+222r+247)?lL*^^,^,+,^| ^^f2r + 2)z, 

+ ,!,V!(r + 2r!+ 3».(r + 2)!(r + 3)! 'i 

where, in each case, the constant implied in the symbol 0 depends on r but not on r. 

(Whittaker.) 

Example 2. Shew that the values of a associated with (i) ce„(2, j), (ii) cei(z, q), 
(iii) w, (z, ?), (iv) cc, (i, q) are respectively: 

(i) -32?* +22 V / + <? (?®). 

(ii) 1 - 8y - + V1^ (A 


B 


(iii) 1 + 89 - 8}* - 8j3 - - + 0 (ji), 

(iv) 4 + + 


(Mathieu.) 


Example 3. Shew that, if n be an integer, 

cc2**i(2, = 

19'31. The integral formulae for the Mathieu functions. 

Since all the Mathieu functions satisfy a homogeneous integral equation 
with a symmetrical nucleus (§ 19*22 example 3). it follows (§ 11*61) that 

I ccm {z, q) ce„ (z, q)dz = 0 (»* ^ «). 

I 8em{z,q)sen{z,q)dz=:0 (wi#n), 


j cem(z,q)8e„{z,q)dz = 0. 


• The leading terms of these Beries. as given in example 4 at the end of the chapter (p. 427). 
were obtained by Mathieu. 
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Example 1. Obtain expansions of the form: 


(i) gAcosrcostf^ 5 y)ce„(^, g), 

n =0 

(ii) cos(X sin;3in^)= 2 B,ce,,{z, q) ce,,{e, q\ 

11=0 


(iii) sin {k sin 2 sin tf)= 2 ( 2 , q) ee^ (6, q\ 

where it=^(32^). 

Example 2. Obtain the expansion 

«'**’"*= i 

n = «»gD 

as a confluent form of expiinsions (ii) and (iii) of example 1. 

theory ^ solution of Mathieu's general equation ; Floquet' 


We shall now discuss the nature of the solution of Mathieu’s equation 
when the parameter n is no longer restricted so as to give rise to periodic 
solutions; this is the case which is of importance in astronomical problems, as 
distinguished from other physical applications of the theory. 

The method is applicable to any linear equation with periodic coefficients 
w ic are one-\ alued functions of the independent variable; the nature of 
the general solution of particular equations of this type has long been per¬ 
ceived by astronomers, by inference from the circumstances in which the 
equations arise. These inferences have been confirmed by the following 
analytical investigation which w'as published in 1883 by Floquet*. 

Let g(z), h{z) be a fundamental system of solutions of Mathieu’s equation 
(or, indeed, of any linear equation in which the coeflScients have period 27 r); 
then, if F(z) be any other integial of such an equation, we must have 

F{z)^Ag(z)^Bh{z\ 
where A and B are definite constants. 

Since g 27r), h {z + 27r) are obviously solutions of the equationf, they 

can be expressed in terms of the continuations of g (z) and h (z) by equations 
of the type 

27r) = a,g (z) + (z), A + 27r) = Big (^) + B.h (^), 

where o,, aj, Bi, Bi are definite constants; and then 

F{z + 27r) = {Aa, + BBi) g {z) + (.4cr, + BB^) k {z). 


. P- iB a natural sequel 

to Picard s theory of differential equations with doubly-periodic coefficients (§ 20*1) and to the 
theory of the fundamental equation due to Fuchs and Hamburger 

t These solutions may not be identical with ^(z), fi(z) respectively, as the solution of an 
equation with periodic coefficients la not necessarily periodic. To take a simple case. u = tf*sin z 

is a solution of ^ - (1 +cot r) u = 0. 
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Consequently F{z + 27 r)= kF{z\ where k is a constant*, if A and B are 
chosen so that 

^ dj + BBi “ kA, ^ ofj + B^i = k B. 


These equations will have a solution, other than A ~~ B ~ 0, if, and 
only if, 

■ a,-k, 1 = 0 ; 

®2 > 02 — k 


and if k be taken to be either root of this equation, the function F(z) can be 
constructed so as to be a solution of the differential equation such that 

F(z+27r) = kF{z). 

Defining fx by the equation k = and writing <f> (z) for e->^F {z), we see 
that 

<^ (^ + 2'7r) = F(z + 27r) = </) (z). 

Hence the differential equation has a particuhir solution of the form 
e*^ <f>{z), where <f>(z) is a periodic function with period 27r. 

We have seen that in physical problems, the parameters involved in the 
differential equation have to be so chosen that k = l is a root of the quadratic, 
and a solution is periodic. In general, however, in astronomical problems, in 
which the parameters are given, k^^l and there is no periodic solution. 

In the particular case of Mathieu’s general equation or Hill's equation, a 
fundamental system of solutions f is then e^^(f>{z), since the 

equation is unaltered by writing — for so that the complete solution of 
Mathieu’s general equation is then 

u = {z) + C2e~^<f> (— z)f 

where Ci, Co are arbitrary constants, and ^ is a definite function of a and q. 


Example. 


Shew that the roots of the equation 


Qi ~ I, 
02 « 


^-k 



are independent of the particular pair of solutions, g {z) and k chosen. 


19*41. Hill's method of solution. 

Now that the general functional character of the solution of equations 
with periodic coefficients has been found by Floquet s theory, it might be 
expected that the determination of an explicit expression for the solutions of 
Mathieu’s and Hill’s equations would be a comparatively easy matter; this 
however is not the case. For example, in the particular case of Mathieu’s 
general equation, a solution has to be obtained in the form 

y = {z). 


* The symbol k is used in this particular sense only in this section. It must not be confased 
with the constant of § 19-21, which was associated with the parameter q of Mathieu's equation. 
+ The ratio of these solutions is not even periodic; still less is it a consUnt. 
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where <ft (z) is periddic and is a function of the parameters a and q. The 
crux of the problem is to determine ; when this is done, the determination 
of (j> (z) presents comparatively little difficulty. 

The first successful method of attacking the problem was published by 
Hill in the memoir cited in § 19‘12; since the method for Hill’s equation is 
no more difficult than for the special case of Mathieu’s general equation, we 
shall discuss the case of Hill’s equation, viz. 

d*u _ 

^,+J(z)u = 0. 

where «/ (z) is an even function of z with period tt. Two cases are of interest, 
the analysis being the same in each: 

(I) The astronomical case when z is real and, for real values of z, J(z) 
can be expanded in the form 

J(z) = ^0 + 20, cos 2z -f 20J cos + 20, cos 6^ + ...; 


the coefficients 0„ are known constants and X 0„ converges absolutely. 

(II) The case when ^ is a complex variable and J (z) is analytic in a 
strip of the plane (containing the real axis), whose sides are parallel to the 

real axis. The expansion of J(z) in the Fourier series 0# + 2 X 0„ cos 2nz 
1 "“1 
IS then valid (§ 9T1) throughout the interior of the strip, and, as before, 
«0 

S On converges absolutely. 


Defining 0_„ to be equal to On, we assume 


as a solution of Hill’s equation. 

[In case (II) this is the solution analytic in the strip (§§ 10*2, 19*4); in case (I) it will 
have to be shewn ultimately (see the note at the end of § 19*42) that the values of 6 

m * 

which will be determined are such as to make S abeolutelj convergent, in order to 
justify the processes which we shall now carry out] 

On substitution in the equation, we find 


2 (/.+2m)*6„ei<‘+«>"'+f 2 2 b,,e^+«'«’) = 0 

Multiplying out the absolutely convergent series and equating coefficients 
of powers of to zero (g 9-6-9-632), we obtain the system of equations 


OP 


(jl + 2niy + 2 0„,bn^m = 0 


IH ^ 


(n = ...,-2.- 1 , 0. 1, 2,...). 
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If we eliminate the coefficients 6„ determinantally (after dividing the 
typical equation by — to secure convergence) we obtain* Hill’s deter- 
minantal equation: 




-d, 

-d. 


K 

1 

4*-00 

4*-do 

4*-do 

4»-do 



-di 

— $2 

-ds 


2*-do 

2*-do 

2=-do 



-d. 


-d, 

— 0 ^ 

o*-eo 

0^-do 

0*-do 

0*-do 

0»-do 


-d* 

-di 

(*> - 2)* - 

do — d| 


2*-do 

2*-«o 

2*-do 

2*-do 

- 0 , 

-da 

— 02 


1 

1 


4*-do 

4»-do 

4*-do 

4*-do 


We write ^ (t/*) for the determinant, so the equation determining fi is 

A (t>) = 0. 


19*42. The evaluation of HilVs determinant. 

We shall now obtain an extremely simple expression for Hill’s deter¬ 
minant. namely 

A (i/i.) = A (0) - sin* (iTn/t) cosec* (^tt V^o). 

Adopting the notation of § 2*8, we write 

A (l/*) — 


where 


{ifjL — 2m)* — Of, 


mm” 






m—n 




(m n). 


The determinant [Am,n^ is only conditionally convergent, since the product 
of the principal diagonal elements does not converge absolutely (§§ 2*81, 2*7), 
We can, however, obtain an absolutely convergent determinant, A,(iM), by 
dividing the linear equations of § 19*41 by -(»/*- 2n)* instead of dividing 
by ^0 - 4»®. We write this determinant A| (i» in the form where 


The absolute convergence of S secures the convergence of the deter¬ 
minant [-Bmin]* except when ya has such a value that the denominator of one 
of the expressions Bm,n vanishes. 


• SiDoe the coefficients are not all zero, we may obtain the inanite determinant as the 
eliminant of the system of linear equations by multiplying these equations by suitably chosen 
oofaotore and adding up. 
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From the definition of an infinite determinant (§ 2*8) it follows that 


A (i» = Ai (i/i) lim n 

p^oD n=—p 


( 9, - (ifx - 2nY 
6. - 


and so A (ifi) = — Ai (ifi) 


sin ^TT (i/i — s/dp) sin ^7r(ifi+ \/6o) 

sixi^ (Jtt V^o) 


Now, if the determinant Aj (ifi) be written out in full, it is easy to see 
(i) that Aj {ifx) is an even periodic function of fi with period 2i, (ii) that Aj (i/i) 
is an analytic function (cf, ^ 2*81, 3*34, 5*3) of /* (except at its obvious simple 
poles), which tends to unity as the real part of tends to ± oo . 

If now we choose the constant K so that the function D (/x), defined by 
the equation 

B (m)= (im) —(cot i7r(t/i + V^o) —V^o)}. 

has no pole at the point then, since D (/x) is an even periodic 

function of /x, it follows that D (/x) has no pole at any of the points 


2 ni ± tV^o. 

where n is any integer. 

The function B{tL) is therefore a periodic function of yu. (with period 2i) 
which has no poles, and which is obviously bounded as R (/x) ± oo. The 

conditions postulated in Liouville's theorem (§ 5*63) are satisfied, and so D (/x) 
is a constant; making /x-^ + oo, we see that this constant is unity. 

Therefore 


and so 


A, (l/i) = 1 + if (cot i TT {ifl + \/^«) - cot i TT (ifl — V^o)}, 

. , sin47r(i/x-V^o)sin J7r(t>x +. 


To determine if, put /x = 0; then 

A(0) = l + 2ifcot(i7rv^^o). 
Hence, on subtraction, 

^ ^ 8 in»(i^V^o)* 

which is the result stated. 


The roots of Hill's deierminantal equation are therefore the roots of the 
equation 

sin» (i7n»= A (0). sin*(iir V^o). 

When ft has thus been determined, the coefficients 6„ can be determined 

in terms of and cofactors of A (t»; and the solution of Hill's differential 
equation is complete. 
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[In case (I) of § 19*41, the convergence of 21| follows from the rearrangement theorem 

of§2*82; for2n*|6„i isequal to|Aol 2 | I I <Vo l» where is the cofactor of 8^,^ 

in Aj (»;*); and 21 C«, q 1 is the determinant obtained by replacing the elements of the row 
through the origin by numbers whose moduli are bounded.] 

It was shewn by Hill that, for the purposes of his astronomical problem, a remarkably 
good approximation to the value of ^ could be obtained by considering only the three 
central rows and columns of his determinant. 

19'6. The Lindemann-StieUjea theory of Maihieu a general equation. 

Up to the present, Mathieu’s equation has been treated as a linear 
differential equation with periodic coefficients. Some extremely interesting 
properties of the equation have been obtained by Lindemann* by the sub¬ 
stitution f=cos»^, which transforms the equation into an equation with 
rational coefficients, namely 

4 f (1 - fg + 2 (1 - 2?) ^ + (a - 16? + 32gr) « = 0. 

This equation, though it somewhat resembles the hypergoometric equation, is of higher 
type than the equations dealt with in Chapters xiv and xvi, inasmuch as it has two 
regular singularities at 0 and 1 and an irregular singularity at co ; whereas the three 
singularities of the hypergeometric equation are all regular, while the equation for 
has one irregular singularity and only one regular singularity. 

We shall now give a short account of Lindemann's analysis, with some 
modifications due to Stieltjesf. 

19*61. Lindemann*3 form of Floqmt'a theorem. 

Since Mathieu’s equation (in Lindemann’s form) has singularities at 0 
and f = 1 , the exponents at each being 0 , there exist solutions of the form 


QD 




= 2 6„r‘, 


y„= 2 a..'(l y.. = (1 - 2 6.,'(1 - f)-, 

the first two series converge when j ?[ < 1 » the last two when 11 — 5^1 < 1 . 

When the f-plane is cut along the real axis from 1 to + x> and from 
0 to — 00 , the four functions defined by these series are one-valued in the 
cut plane ; and so relations of the form 

yio = ayoo + ^yoi» Vn ~ 7i/oo + Syoi 

will exist throughout the cut plane. 

Now suppose that ^ describes a closed circuit round the origin, so that the 
circuit crosses the cut from — oo to 0 ; the analytic continuation of yjo is 

* Math. Ann. xxii. (1883), p. 117. 

+ Attr. Naeh. cix. (1894), cola. 14i^l62, 261-2C6. The anelyeia ia very eimiler to that 
employed by Hermite in hie lectures at the Boole Polytechniqne in 1872-1873 [Oeiivret, in. 
(Paris, 1912), pp. 118-122] in connexion with Lsm^’e equation. See § 28*7. 
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®yoo — Pytii (since yoo is unaffected by the description of the circuit, but 
changes sign) and the continuation of is 7^00 - %oi J and so + -Byu* Ml 
he unaffected by the description of the circuit if 

^ (ayoo + ^yoi)’ + B ( 7^00 + Syoi)* = A (ayoo - Py^iY + B (yy^ - 
i.e. i/ ^ 0/3 + ^75 = 0. 

Also + obviously has not a branch-point at f=l, and so, if 
Aaff -I- ByB =5 0, this function has no branch-points at 0 or 1, and, as it has no 
other possible singularities in the finite part of the plane, it must be an 
integral function of f 

The two expressions 

+ iB^yiu - iB^y^ 

are consequently two solutions of Mathieu’s equation whose product is an 
integral function of f. 

[This amounts to the fact (§ 19*4) that the product of €^<p(z) and 
s~^4>(—s) is d. periodic integral function of z.'\ 


19*52. The determination of the integral function associated with Mathieu^s 
general equation. 

The integral function = Ayio* +-SyiA just introduced, can be deter¬ 
mined without difficulty; for, if y,® and yn are any solutions of 

5*+-P(f) J + Q(?)« = o, 

their squares (and consequently any linear combination of their squares) 
satisfy the equation* 


d*y 


si’ +3^ (?) ^(?)+*Q (?)+2 {p (?)n|f 

+ 2[Q'(?) + 2i’(r)e(r)]y = 0; 

in the case under consideration, this result reduces to 

?(^ - ?)^^^+^(^ - 2 ?)^^^ 

+ (o -1 -165 + 32g?) + 16qF (f) = 0. 

00 

Let the Maclaurin series for be X Cn^l on substitution, we easily 

lOsO 

obtain the recurrence formula for the coefficients Cn, namely 

^n+iCn+« — MnCrt+i + Cn, 




where 


„ _ (« + 1) ((n + 1)* — a-f-16(/1 n (?i + 1) (2n + 1) 

" 16,(2n+l) ’ 329(2 »i-1) ' 

* Appell, Comptes Rendiu, xci. (1880), pp. 211-214 ; ct example 10, p. 298 «ipra. 
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At first sight, it appears from the recurrence formula that Cq and Ci can 
be chosen arbitrarily, and the remaining coefficients c,, Cs, ... calculated in 
terms of them; but the third order equation has a singularity at f= 1, and 
the series thus obtained would have only unit radius of convergence. It is 
necessary to choose the value of the ratio Cj/c© so that the series may con¬ 
verge for all values of f. 

The recurrence formula, when written in the form 


V 


(cn/cn+i) “ \ ’ 

V^n+i/^n+ 2 ^ 

suggests the consideration of the infinite continued fraction 

Vn+i Vn+1 


UnH- 


= lim + - 


Un+l + Wn+* + 

The continued fraction on the right can be written* 

UnK (n, n + m)IK (n -|- 1, « -H m). 


^n+m ) 
n+mj 


where K{n, n -I- m) = 


1 . 

- ««"+! » 
0 . 


'^n+ij^nt 9 , 

1 * ^n+s/^n+i. 

- ^ 


- 1 


The limit of this, as m oo, is a convergent determinant of von Koch’s 
type (by the example of § 2*82); and since 

Vr+l 


2 


0 as n 00 


Wr^r+i 

it is easily seen that K {n, oo) -►! asn-^oo. 

Cn Un A {n, GO ) 


Therefore, if 


c„+, iffn + 1, 00 ) ’ 

then c„ satisfies the recuirence formula and, since c^^Jcn 0 as n oo, the 
resulting series for /"(f) is an integral function. From the recurrence formula 
it is obvious that all the coefficients Cn are finite, since they are finite when n 
is sufficiently large. The construction of the integral function F (^) has 
therefore been effected. 

19'53. The solution of Mathieus equation in terms of F{1^). 

If Wi and Wa be two particular solutions of 




dr 


thenf 


Wat//,'— Cexp J P(5')d^j 


* Sylvester, Phil. Mag. (4). v. (1853), p. 446 {Math. Papers, i. p. 609]. 
t Abel, Journal fUr Math. ii. (1827), p. 22. Primes denote differentiations with regard to 
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where C is a definite constant. Taking w, and to be those two solutions of 
Mathieu’s general equation whose product is F{^), we have 

< _ C w/ W F'(i) 

fi (1 - f F (?) * M's F{^) * 

the latter following at once from the equation WiWt — F(^), 

Solving these equations for Wi/ivi and WijWi, and then integrating, we at 
once get 

where 71 , 7 , are constants of integration; obviously no real generality is lost 
by taking C 9 = 7 , = 78 = 1 . 

From the former result we have, for small values of | ?|, 

= 1 + Cfi + i (cx + ?+0 (fi). 

while, in the notation of § 19*51, we have ai/ao = —^a+ %q. 

Hence C*=16g-a-C|. 

This equation determines C in terms of o, q and Cj, the value of Ci being 

K{1, ^)~[u^K<fi, «)}. 

Example 1. If the solutions of Matbieu’s equation be where <h(i) is 

periodic, shew that \ v' v ; 

n^i=±C (’ , ■ 

Jo F(cOS^2) 

Example 2. Shew that the zeros of F(() are all simple, unless (7=0. 

(Stieltjes.) 

[If F(() could have a repeated zero, Tr, and Wz would then have an essential singularity.] 

19*6. A second method of constructing the Matkieu function. 

So far, it has been assumed that all the various series of § 19*3 involved 
in the expressions for C€s{z, q) and se^ (z, q) are convergent. It wiU now be 
sheum that ce^ {z, q) and sey (z, q) are integral functi<ms of z and that the 
coeficienU in their expansions as FouHer series are power series in q which 
converge absolutely when | J | is sufficiently small*. 

To obtain this result for the functions cey{z^ 5 ), we shall shew how to 
determine a particular integral of the equation 

d^u . , ^ 

^ + (a + 1 69 cos 2z)u^^ (a, q) cos Nz 

* Th* part of this theoreio i, the proof of the eoarerpence of iho .erio. .ohUh ooour 

in the eoe^cent.; >t le already kuoivu (§| 10-2, 10-21) that eolotione of Mathieu’e equation are 

.ntegral funcUon. of e (in the c«e of periodic solution.) the exi.tence of the Fourier 
expansion follows from § 9*11. 
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in the form of a Fourier series converging over the whole z-plane, where 
(a, q) is a function of the parameters a and q. The equation ^|r (a, q) = 0 
then determines a relation between a and q which gives rise to a Mathieu 
function. The reader who is acquainted with the method of Frobenius* as 
applied to the solution of linear differential equations in power senes will 
recognise the resemblance of the following analysis to his work. 

Write a = N^ + 8p, where JV* is zero or a positive or negative integer. 
Mathieu’s equation becomes 

^ ^ ~ 8 (p + 2q cos 2z) u. 

dz* 

Ifp and q are neglected, a solution of this equation is u - cos Nz = Uq{z), 

say. 

To obtain a closer approximation, write — 8 (/> + 2g cos 2z) Uo (z) as a sum 
of cosines, i.e. in the form 

- 8 cos {K-2) z p cos Nz + q cos (iV'+ 2) z] = V, (z), say. 

Then, instead of solving ^ + N^u = F* (z), suppress the termsf in Vi (z) 

which involve cos Nz'j i.e. consider the function IFi(z) where^ 

Wi (z) « Fi (z) -f 8p cos Nz. 

A particular integral of 


^ + = W, {z) 


IB 


u^2 


^ cos {N— 2)z-\- 


cos 


(iV' + 2)^| ==Ui(z), say. 


Now express —8{p-\-2q cos 2z) Ui (z) as a sum of cosines; calling this 
sum Fg (z), choose a, to be such a function of p and q that Fg {z) + cos Nz 
contains no term in cos Nz ; and let Fg (z) + Og cos Nz — (z). 


Solve the equation 




and continue the process. Three sets of functions (^), F^ (z), {z) 

are thus obtained, such that Umiz) and W,n(z) conUin no term in cos Nz 

when m ^ 0, and 

(z) = F^ (z) + cos Nz, V„, («) = - S (p + 2q cos 2z) (z), 

(^) = w. 

where Om is a function of p and q but not of z. 

• Journal /Ur Math. mvi. (1873), pp. 214-224. 

t The reacoo for this eappteeeioo is that the particular integral of 
oonlains non>periodio terms. 

t Unless N=l, in which case ir,(s)= F'j(r)+8 (p+g) oosr. 


<Pu 


+ N^u = coe Nz 
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It follows that 


dz^ 


+ N 


n 


1 U„{z)= 1 W^(z) 

m*0 1/1 = 1 


= 2 Vr^{z) + (l a„)cosi\r^ 

m=l Vm=l / 

= — 8 (p + 2^ cos 2z) 2 Umr-\ W + ( S flm) COS Nz. 

m*0 \m»l / 

CO 

Therefore, if U{z)=^ 2 C^m (^) be a uniformly convergent series of analytic 


functions throughout a two-dimensional region in the z-plane, we have 

(§ 5-3) 

d^U(z) 

—^ -h(a + 167 cos 2 z) U(z) = ^fr{a, q)coaNz, 

ir (a, q)=i a„. 

J|| = l 

It is obvious that, if a be so chosen that V' (®i ?) = 0 , then U {z) reduces 
to cfijr {z). 

A similar process can obviously be carried out for the functions {z, q) 
by making use of sines of multiples of z. 

19*61. The convergence of the eeriee defining Mathieu functione. 

We shall now examine the expansion of § 19*6 more closely, with a view to investigating 
the convergence of the series involved. 

When n ^ 1, we may obviously write 

V^{z)= 2 008 (^- 202 + 2 a,».rC 08 (A+ 2 r) 2 , 

r=l r=X 

the asterisk denoting that the first summation ceases at the greatest value of r for which 

^•»+i(*) = “»»+J®®8A*-8(/? + 2ycos2r) 

it follows on equating coeflBcients of cos {N ± 2r) z on each side of the equation t that 

«»+1 ■■ 8? (om 1+^», 1), 

r(r+W)a,.^i.,-2 (r=l, 2, 

These formulae hold universally with the following conventions J: 

Cn=1.2,...); (r>n). 


(i) 

“a, 0“^», 

(U) 

^a,4.V+l = ^a, 

(iii) 



t When N-0 or 1 these equations must be modified by the suppreuion of all the eoeffieienls 
Pmr* 

t The con.ention. (u) and (iii) are dae t« the feet that eoar=eo.(-,). ooa2r=ooe(-8r). 


MATHIEU FUNCTIONS 


423 


19 * 61 ] _ 

The reader will easily obtain the following special formulae: 

“--w’ 

(III) aM,r and ^«,r are homogeneous polynomials of d^ree n in p and q. 

If S ^ 

*=r »=»* 

we have ?)"* 8 /j + 85 (di+5i) (^^ 1 ), 

r {r+N) Ar^2 {pAr-^q (dr-l + ^r + l)}. 

r{r-N) Br=2{pB,’^q (B,._j + 5r + i)) . 

where AQ^Bf, = l and Br is subject to conventions due to (ii) and (iii) above. 

Now write Wr= -? + w;=-q {r(r-y)-2p}~\ 

The result of eliminating d„ ... Ar-u d, + „ ... from the set of equations (A) is 

d,Ao=(-)*' U>iWi...tPrAr, 

where is the infinite determinant of von Koch*s type (§ 2*82) 


(A) , 

(B) , 


1 . 


0 . 

0 , ... 

Wr+J, 

1 , 

^r+2i 

0 , ... 

0 , 

^r+S» 

1 . 

Vr+Si ... 


The determinant converges abeolutely (§ 2*82 example) if no denominator vanishes; 
and as r—oD (cf. § 19-62). If p &nd q he given such values that 

^^r(r+A^)i where r—1, 2, 3, the series 

5 (-)*’f0lVj...VrArAo**CO3(A + 2r)2 


rsl 


resents an integral function of i. 

In like manner w/W —where Dr is the finite determinant 

1 I ^r + li ^ 


the last i-ow being 0 , 0 , ... 0 , 1 or 0 , 0 , ,,, 0 , l + according as 

If is even or odd. 

The series S U, («) is therefore 

hbO 

cosiVz + Ao*'* 2 (-)*‘u>iW8...VrArCO»(-A^+2r)2 

r<iy 

+i)o~* S (“Z ... w/flr co 8 (-^” 2 r) r, 

r=l 

these series converging uniformly in any bounded domain of values of so that term-by- 
term difierentiatioDS are permissible. 

Further, the condition (a, q)=0 is equivalent to 

/wiAi , Dj\ 

Le, pAoDo^^q (vriAiDo+Wt'Dt^)^0. 


If wo multiply by 
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the expressiou on the left becomes an integral function of both -p and y, ♦ (a, q\ say ; the 
terms of 'I' (a, ^), which are of lowest degrees in p and are respectively p and 

[_!_?_l 

8^(iV^+ 8p, q) 

"bp 


Now ezi)and 


h\ 


dp 


2»rt j ’P(A^«+8p, g) 

in ascending powers of q {cf. § 7‘31), the contour being a small circle in the/)-plane, with 
centre at the origin, and | q \ being so small that '¥ (+ %p^ 5 ') has only one zero inside the 
contour. Then it follows, just as in ^ 7*31, that, for sufficiently small values of | j|. 
we may expand as a power series in q commencing* with a term in ; and if | q 
be sufficiently small and will not vanish, since both are equal to 1 when q=0. 

On substituting for p in terms of q throughout the series for U (z), we see that the 
series involved in ce^ (z, q) are absolutely convergent when [ 9 (is sufficiently small. 

The series involved in y) may obviously be investigated in a similar manner. 


19'7. The Method of change of parameter f. 

The methods of Hill and of Lindemann-Stieltjes are effective in determining but 
only after elaborate analysis. Such analysis is inevitable, as ^ is by no means a simple 
function of q ; this may be seen by giving q an assigned real value and making a vary 
from - 00 to ; then p alternates between real and complex values, the changes taking 
place when, with the HilhMathieu notation, A (0) sin* (^ir ^a) passes through the values 
0 and 1 ; the complicated nature of this condition is due to the fact that A (0) is an 
elaborate expression involving both a and q. 

It is, however, possible to express p and a in terms of q and of a new parameter <r, and 
the results are very well adapted for purposes of nmneiical computation when | y | is small f. 

The introduction of the parameter <r is suggested by the series for czi (z, y) and Mj (z, y) 
given in § 19*3 example 1 j a consideration of these series leads us to investigate the 
potentialities of a solution of Mathieu’s general equation in the form y>=e'**0(z), where 
0 (z) = sin (z - <r) + 03 cos (32 - tr) + 63 sin (3z - <r) + Uj cos ( 5 z - <r) +*6 sin (5z - cr) +..,, 
the parameter o- being rendered defin ite by the fact that no term in cod (z - <r) is to appear 

in ^( 2 ); the sjxtcial functions (z, y), czifz, y) are the cases of this solution in which 
is 0 or 

On subetituting this expressiou in Mathieu’s equation, the reader will have no difficulty 

in obtaining the following approximations, valid for § small values of y and real values 
of a : 

=Aq sin 2<r - 12y* sin 2(r - 12y< sin 4<r + 0 (y*), 
o -l+8yco3 2 (r + (-16 + 8 co 8 4c7)y*-8y3co3 2 <r + (^-88co3 4<r)y« + 0 (y«), 

03 = 3y* sin 2<r + 3y* sin 4<r +(- sin 2(r + 9 sin 6tT)q*+0 (y*), 

63 =y + y*co3 2(r + (-)^ + 5co3 4<r)y3+(-J^co3 2(r + 7 cos 6 (r) y< + 0 (y«), 

2 <r + $fy* 8 in 4<7 + 0 (y^), 

^5 = s y’* + i y^ cos 2<r+( - +1 ? cos 4o-) y< + 0 (y*), 

“7 =^8 9 * 8 in 2 (r + 0(y*), 67 = 2 « 7+0 (y*), 

ao = 0(y5), 

the constants involved in the various functions 0 (y*) depending on a. 


* If N^l this resalt has to be modified, since there is an additional term q on the right and 
the term 9V(N- 1) does not appear. 

+ Whittaker, Proe. Edinburgh Math. Soc. xxxit. (1914), pp. 75-80. 

J They have been applied to Hill’s problem by Ince, Monthly Notices 0 / the R. A. 5. Lirv. 
(1915), pp. 436-446. 

§ The parameters q and <r are to be regarded as fundamental in this analysis, instead of 
a and q as hitherto. 
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The domains of values of q and <r for which these series converge have not yet been 
determined*. 

If the solution thus obtained be called A (^, a-, j), then A (^, <t, j) and A (z, — o-, q) form 
a fundamental system of solutions of Mathieu’s general equation if ^ 0. 

Example 1 . Shew that, if <r = i x0*5 and j = 0Ol, then 

a-1 '124,841,4 .... 0-046,993,6...; 

shew also that, if <r=t and ^ = 0 * 01 , then 

a = 1-321,169,3.... = t x 0-146,027,6 .... 

Example 2. Obtain the equations 

sin 2 ( 7 - — 4 ^ 03 , 
a=. 1 + 89 cos 2 <r — 

expressing /i and a in finite terms as functions of <r, and 63 . 

Example 3. Obtain the recurrence formulae 

{-4n (n + l) + 8 g cos 2 (r- 8 } 63 ± 8 $i (2n + l) (oj-sin 2(r)} ?&, + i+ 8 j (« 2 n-i+ 22 »i- 3 ) = 0, 

where 2 *^ + 1 denotes + or ftjn + i + according as the upper or lower sign is 
taken. 


19*8. The asymptotic eolution of Mathieu'e equation. 

If in Mathieu’s equation 

^ + (a + ii2co3 22)«=0 

we write k sin we get 
where if * s o + \k\ 

This equation has an irregular singularity at infinity. From its resemblance to Bessel’s 
equation, we are led to write u—e*^ v, and substitute 

V=1 +(ai/f) + (aj/^*) + ... 


in the resulting equation for v; we then 6nd that 

the general coefficient being given by the recurrence formula 

2i(r+l)a,.^.i=:U-i/*+i-*+r(r+l)} + (2r-l)zi>a,..i-(ra-2r + i)^a,.*. 


The two series 

.'«r*(i+|+|+-). 



are formal solutions of Mathieu’s equation, reducing to the well-known asymptotic 
solutions of Bessel’s equation (§ 17*6) when Xr-^0. The complete formulae which connect 

them with the solutions e*>^ q>i + z) have not yet been published, though some steps 
towards obtaining them have been made by Dougall, Proc. Edinburgh Math. Soc. xxxiv. 
(1916), pp. 176-196. 


* It seemB highly probable that, if { 9 I is sufficiently small, the series converge for all real 
values of a, and alao for complex values of 9 for which (I (v) [ is sufficiently small. It may be 
noticed that, when q is real, real and purely imaginary values of 9 correspond respectively 
to real and purely imaginary values of a* 
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Miscellaneous Examples. 

1. Shew that, if A=^/(32^), 

SirC€o(«, ?) = c«o(0, q) ooe (A sin zsin 6) ceo(6, q)d$. 

2. Shew that the even Mathieu functions satisfy the int^pral equation 

Jii{ik{coei + coB0)}O{$)d$. 

3. Shew that the equation 

(<w*+c)^^+2cu^ + (X*<a:*+m) u = 0 

(where a, c, X, m are constants) is satisfied by 

u=ld^v{9)d$ 

taken round an appropriate contour, provided that v («) satisfies 

(a4*+c) -^^ + 2ai^^+(X*c*»+m) k («)-0, 
which is the same as the equation for u. 

Derive the int^ral equations satisfied by the Mathieu functions as particular cases of 
this result. 

* A complete bibliography is given by HumSert, Fonetiom de Mat/ticu et fonetiovs de Land 
(Paris, 1926). 
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4. Shew that, if powers of q above the fourth are neglected, then 
{*» ?) = J cos -f cos bz — cos 3a) 

(t^ cos 7a— ^ cos 5a + cos 3a) 

■hq* (flo cos 9a- ^ cos 7a + ^ cos 5a + ^cos3a), 
(^) q)=Binz-i-q sin 3a + Jsin 5a + sin3a) 

+ ^ (i^sin 7a +1 sin 5r + ^ sin 3a) 

+9*(Ti5 3*0 9a + ^V3*o 7a+^8in 6a-V" 3*“ 3a), 
q) — cos 2a+g (§ cos 4a- 2)+ ^^2 cos 6a 

+ ?^ (iV cos 8a + * ^ cos 4a + ^) 

+ 9 M 3 in cos 10a + g cos 6a). 


(Mathieu.) 

5. Shew that 

c^s(^ ^) —coB3a+^( —co8a+^cos5a) 

+ q* (cos a + cos 7a) + ^ (- i cos a + cos 6a + gV cos 9a) + 0 (j^), 

and that, in the case of this function 

a^9 + 4^2-8y3+0(j<). 


(Mathieu.) 


6. Shew that, if y (a) be a Mathieu function, then a second solution of the corresponding 
differential equation is 

y(^)j 

Shew that a second solution * of the equation for ce^ (a, q) is 

zc€q (a, ^) —4^ sin 2a- 3^*sin 4a- .... 


7. If y (a) be a solution of Matbieu’s general equation, shew that 

{y (a+2jr)+y (a - 2jr)}/y (a) 

18 constant. 


8. Express the Mathieu functions as series of Bessel functions in which the coefficients 
are multiples of the coefficients in the Fourier series for the Mathieu functions. 

[Substitute the Fourier series under the integral sign in the integral equations of 
§ 19-22.] 

9. Shew that the confluent form of the equations for ce^ (a, q) and aa„ (a, q\ when the 
eccentricity of the fundamental ellipse tends to zero, is, in each case, the equation satisfied 
by (ii cos a). 

10. Obtain the parabolic cylinder functions of Chapter xvi as confluent forms of the 
Mathieu functions, by making the eccentricity of the fundamental ellipse tend to unity. 

11. Shew that (a, q) can be expanded in series of the form 

Z .d„cos*”a or Z 5„co8*”**a, 

mao neO 

according as n is even or odd; and that these series converge when | cos a | < 1. 


• This aolution is called q); the second solutions of the equations satisfied by Mathieu 
funotioDB have been investigated by Ince, Proe. Edinburgh Math. Soc. xxxiii. (1916), pp. 2-15. 
See also g 19'2. 
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12. With the notation of example 11, shew that, if 




then X,, U given by one or other of the series 

2 m 


ijo^2frX,i 2 


~ A B ^ iifkJc 2 (2m+l)! ^ 

„ro2*«(m (m + 1) 




provided that these series converge. 

13. Shew that the differential equation satisfied by the product of any two solutions 
of Bessel’s equation for functions of order n is 

3 (5 - 2n) (3 + 2?i) «+42» (3 +1) w=0, 

where 3 denotes s ~. 

dz 

Shew that one solution of this equation is an integral function of «; and thence, by the 
methods of 19*&-19-53, obtain the Bessel functions, discussing particularly the case in 
which n is an int^;er. 

14. Shew that an approximate solution of the equation 

^ + (il+it»8inh*z)u*0 
is u a C (cosech 2 )^ sin (Je cosh r 

where C and « are constants of integration ; it is to be assumed that h is large, A is not 
very large and z is not small. 


CHAPTER XX 


ELLIPTIC FUNCTIONS. GENERAL THEOREMS AND THE 

WEIERSTRASSIAN FUNCTIONS 

20'1. Doubly-periodic fmcixon$. 

A most important property of the circular functions sin^, cos^, tan^,... 
is that, if / {z) denote any one of them, 

/(^ + 27r) =/(z), 

and hence f (z^nir) — f {z\ for all integer values of n. It is on account 
of this property that the circular functions are frequently described as 
periodic functions with period 27r. To distinguish them from the functions 
which will be discussed in this and the two following chapters, they are 
called singly-periodic functions. 

Let 6)i, 0)2 be any two numbers (real or complex) whose ratio* is not purely 
real. A function which satisfies the equations 

f(z + 2 a)i) =f{z), f(z + 20 ) 3 ) =f(z}, 

for all values of z for which f{z) exists, is called a douhly^periodic function 
of z, with periods 2a»i, 20)*. A doubly-periodic function which is analytic 
(except at poles), and which has no singularities other than poles in the 
finite part of the plane, is called an elliptic function. 

[Note. What is now kuowD as an elliptic integral^ occurs in the researches of Jakob 
Bernoulli on the Elastica. Maclaurin, Fagnano, Legendre, and others considered such 
integrals in connexion with the problem of rectifying an arc of an ellipse; the idea of 
‘inverting’ an elliptic integral (§ 21*7) to obtain an elliptic function is due to Abel, 
Jacobi and Gauss.] 

The periods 2<»),, 2a)2 play much the same part in the theory of elliptic 
functions as is played by the single period in the case of the circular 
functions. 

Before actually constructing any elliptic functions, and, indeed, before 
establishing the existence of such functions, it is convenient to prove some 
general theorems (§§ 20*11-2014) concerning properties common to all 
elliptic functions; this procedure, though not strictly logical, is convenient 


* If wj/w} ie real, the parallelograms defined in § 20*11 collapse, and the function reduces to 
a singly.periodic function when u^s/wi is rational \ and when wjwj is irrational, it has been shewn 
by Jacobi, Journal /Ur Math. xiii. (1835), pp. 65-56 [G^s. Werkt, ii. (1882), pp. 26-26] that the 
function reduces to a constant. 

t A brief discussion of elliptic integrals will be found in 22*7-22*741. 
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because a large number of the properties of particular elliptic functions can 
be obtained at once by an appeal to these theorems. 

Example. The differential coefficient of an elliptic function is itself an elliptic 
function. 


20'11. Period'parallelogranis. 

The study of elliptic functions is much facilitated by the geometrical 
representation afforded by the Argand diagram. 

Suppose that in the plane of the variable z we mark the points 0, 2($)i, 
2(k>8, 2a>i + 2 a) 2 , and, generally, all the points whose complex coordinates are 
of the form 2ma)i + 2 na> 2 , where m and n are integers. 

Join in succession consecutive points of the set 0, 2 g),, 2a),+ 2a)a, 2a)3, 0, 
and we obtain a parallelogram. If there is no point ta inside or on the 
boundary of this parallelogram (the vertices excepted) such that 

/(z + o)) =/(z) 

for all values of z, this parallelogram is called a fundamental period-parallelo¬ 
gram for an elliptic function with periods 2a),, 2a)a. 

It is clear that the ^-plane may be covered with a network of parallelo¬ 
grams equal to the fundamental period-parallelogram and similarly situated, 
each of the points 27na)i -1- 2no), being a vertex of four parallelograms. 

These parallelograms are called period-parallelograms, or meshes \ for all 
values of z, the points z, z-\-2(t)i, ... z-f-2ma)i-i- 2 na) 2 ,... manifestly occupy 
corresponding positions in the meshes; any pair of such points are said to 
be congruent to one another. The congruence of two points z, zf is expressed 
by the notation z =z (mod. 2a),, 2<at). 

From the fundamental property of elliptic functions, it follows that an 
elliptic function assumes the same value at every one of a set of congruent 
points; and so its values in any mesh are a mere repetition of its values in 
any other mesh. 

For purposes of integration it is not convenient to deal with the actual 
meshes if they have singularities of the integrand on their boundaries; on 
account of the periodic properties of elliptic functions nothing is lost by 
taking as a contour, not an actual mesh, but a parallelogram obtained 
by translating a mesh (without rotation) in such a way that none of the poles 
of the integrands considered are on the side.s of the parallelogram. Such a 
parallelogram is called a cell. Obviously the values assumed by an elliptic 
function in a cell are a mere repetition of its values in any mesh. 

A set of poles (or zeros) of an elliptic function in any given cell is called 

an irreducible set; all other poles (or zeros) of the function are congruent to 
one or other of them. 
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20'12. Simple properties of elliptic functions. 

(I) The number of poles of an elliptic function in any cell is finite. 


For, if not, the poles would have a limit point, by the two-dimensional 
analogue of § 2*21. This point is (§ 5*61) an essential singularity of the 
function; and so, by definition, the function is not an elliptic function. 

(II) The number of zeros of an elliptic function in any cell is finite. 

For, if not, the reciprocal of the function would have an infinite number 
of poles in the cell, and would therefore have an essential singularity; and 
this point would be an essential singularity of the original function, which 
would therefore not be an elliptic function. [This argument presupposes 
that the function is not identically zero.] 

(III) The sum of the residues of an elliptic function, f{z), at its poles in 
any cell is zero. 

Let C be the contour formed by the edges of the cell, and let the comers 
of the cell he t, t-\- 2q),, t+ 2a)i + 26 ) 4 , ^ + 26)a. 


[Note. In future, the periods of an elliptic functiou will not be called 2on, 2u>.t 
indifferently; but that one will be called 2wi which makes the ratio ajui have a positive 
imaginary part ; and then, if C be described in the sense indicated by the order of the 
oomers given above, the description of C is counter-clockwxse. 

Throughout the chapter, we shall denote by the symbol C the contour formed by 
the edges of a cell.] 

The sum of the residues of f{z) at its poles inside G is 




/+ 24 », rt+2t»i 

J t+2^, J 



In the second and third integrals write ^ + 26),, ^ + 26), respectively for 
z, and the right-hand side becomes 

1 rt+iv, 1 

2^‘/e “ 2^' J, + 

and each of these integrals vanishes in virtue of the periodic properties of 

f(z); and so f f(z)dz = 0, and the theorem is established. 

• c 

(IV) Liouville’s tkeoretn*. An elliptic function, f{z), with no poles in a 
cell is merely a constant. 

For if/(^) has no poles inside the cell, it is analytic (and consequently 
bounded) inside and on the boundary of the cell (§3*61 corollary ii); that is 
to say, there is a number K such that \f{z)\<K when z is inside or on the 
boundary of the cell. From the periodic properties of f{z) it follows that 


* This modification of the theorem of § 5*63 is the reeult on which Lioaville based his 
lectures on elliptic fuactiona. 
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f{z) is analytic and \f{z) | < for all values of z ; and so, by § 6*63, f(z) is 
a constant. 

It will be seen later that a very large number of theorems concerning 
elliptic functions can be proved by the aid of this result. 


20*13. The order of an elliptic function. 

It will now be shewn that, if f{z) be an elliptic function and c be any 
constant, the number of roots of the equation 

f{z)^c 

which lie in any cell depends only on f{z), and not on c; this number is 
called the order of the elliptic function, and is equal to the number of poles 
of / {z) in the cell. 

§ 6*31, the difference between the number of zeros and the number 
of poles of f{z) — c which lie in the cell C is 


j_ r f{z) 

^TriJcf(^)-C 



Since f' (z + 2a>i) =/' (z + 2a>a) = f' (z\ by dividing the contour into four 
parts, precisely, as in § 20 * 12 ( 111 ), we find that this integral is zero. 

Therefore the number of zeros of f(z) — c is equal to the number of 
poles of/(^) —c; but any pole of f(z) — c is obviously a pole of f{z) and 
conversely; hence the number of zeros of f{z)^ c is equal to the number 
of poles of f{z)y which is independent of c; the required result is therefore 
established. 


[Note. In determining the order of an elliptic function by counting the number of 
its irreducible poles, it is obvious, from § 6*31, that each pole has to be reckoned according 
to its multiplicity.] 

The order of an elliptic function is never less than 2; for an elliptic 
function of order 1 would have a single irreducible pole; and if this point 
actually were a pole (and not an ordinary point) the residue there woyld 
not be zero, which is contrary to the result of § 2012 (III). 

So far as singularities are concerned, the simplest elliptic functions are 
those of order 2. Such functions may be divided into two classes, (i) those 
which have a single irreducible double pole, at which the residue is zero in 
accordance with § 20*12 (III); (ii) those which have two simple poles at which, 
by § 20*12 (III), the residues are numerically equal but opposite in sign. 

Functions belonging to these respective classes will be discussed in this 
chapter and in Chapter xxii under the names of Weierstrassian and 
Jacobian elliptic functions respectively; and it will be shewn that any 
elliptic function is expressible in terms of functions of either of these 
types. 
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20*14. Relation between the zeros and poles of an elliptic function. 


We shall now shew that the sum of the affixes of a set of irreducible 
zeros of an elliptic function is congruent to the sum of the affixes of a set of 
irreducible poles. 

For, with the notation previously employed, it follows, from § 6*3, that 
the difference between the sums in question is 






27n J c /(«) 


=—ir 

27n 1 j t 


t+im, r<+84.i+fc*, 
+ 

J 


27n ^ 

1 (zf (z) {z + 2tD,)f' (z + 2oi*) 

~2wiJt t/W /(^ + 2a),) . ^ 


+ 1 +, 






f 


<+?«,) /(i) 


r 

27ri 


izf {z) _ (^ + 2ro0/-(^ + 2a>,y 


I /(^) 


/(^+2a>,) 


► 


= 1“ [>og/w]^ + 2<»ij^log/(«)J^ 


on making use of the substitutions used in § 20*12 (III) and of the periodic 
properties of f{z) and f‘ {z). 


Now f(z') has the same values at the points t + 2a)}, t + 2o>t as at t, so 
the values of log/(^) at these points can only differ from the value of \ogf(z) 
at t by integer multiples of 27rf, say — 2mri, 2m7ri ; then we have 


[ CW 

^niJc f(^) 


dz — 2mo>i + 2na>2, 


and so the sum of the affixes of the zeros minus the sum of the affixes of 
the poles is a period; and this is the result which had to be established. 


20’2. The construction of an elliptic function. Definition of fp (z). 

It was seen in § 20*1 that elliptic functions may be expected to have 
some properties analogous to those of the circular functions. It is therefore 
natural to introduce elliptic fimctions into analysis by some definition 
analogous to one of the definitions which may be made the foundation 
of the theory of circular functions. 

One mode of developing the theory of the circular functions is to start 
from the series 2 (z-m7r)"*; codling this series (sin it is possible 

fits * O 

to deduce all the known properties of sin z ; the method of doing so is briefly 
indicated in § 20*222. 
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The analogous method of founding the theory of elliptic functions' is to 
define the function jp( 2 ) by the equation* 




m, n 


{z — 2m<w, — 27 i&)j)* (2mci)i + 


where <»,, < 0 ^ satisfy the conditions laid down in §§20*1, 20'12(III); the 
summation extends over all integer values (positive, negative and zero) of 
m and n, simultaneous zero values of m and n excepted. 

For brevity, we write in place of 2m6>i + 2n&)a, so that 

Sf)(2r)=^-=+ 2' 

m. n 

When m and n are such that is lai*ge, the general term of the 

series defining ^ is 0(|nm „|“*), and so (§3*4) the series converges 
absolutely and uniformly (with regard to z) except near its poles, namely 
the points 

Therefore (§ 5’3), ^ ( 2 ) is analytic throughout the whole 2 -plane except 
at the points Hm, n» where it has double poles. 

The introduction of this function jp( 2 ) is due to Weierstrass; we now 
proceed to discuss properties of ^ ( 2 ), and in the course of the investigation 
it will appear that ^>( 2 ) is an elliptic function with periods 2ft)|, 2 a> 3 . 

For purposes of numerical computation the series for jp (r) is useless on account of the 

slowness of its convergence. Elliptic functions free from this defect will be obtained in 
Chapter zxi. 

Example. Prove that 

“ (0 [- i J. ") - Ji. ^"] • 


20*21. Periodicity and other properties of p ( 2 ). 

Since the series for p{z) is a uniformly convergent series of analytic 
functions, lerm-by-term differentiation is legitimate (§ 5*3), and so 




The function p' ( 2 ) is an odd function, of 2 ; for, from the definition of 
p' ( 2 ), we at once get 

jp'(-2) = 2 S (2+n^„)->. 


m, II 


* Throughout the chapter £ will be written to denote a sammatiou over all integer values 

ns » 

of tn and n, a prime being inserted (S') when the term for which ni=n=0 has to be omitted 

from the summation. It is also customary to write ( 2 ) for the derivate of ip ( 2 ). The use of 
the prime in two senses will not cause confusion. 

t Werhe, 11 . (1896), pp. 245-255. The subject-matter of the greater part of this chapter is 
due to Weierstrass, and is contained in his lectures, of which an account has been published by 
Schwarz, Forvuln und LehnUtze sum Qthrattehe der elliptuehen Fitnktionen, tfaeh Vorleeungen 
und Aufteiehnungen de$ Herm Prpf. K. 1Feier$trtu$ (Berlin, 1893). See also Cayley, Journal de 
Math. X. (1845), pp. 385-420 [3/atA. Papert, i. pp. 160-182], and Eisenstein, iroumal filr Math. 
XXXV. (1847). pp. 187-184, 185-274, 
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But the set of points — n is the same as the set „ and so the 
terms of fp' (— z) are just the same as those of — fp' {^), but in a different 
order. But, the series for (z) being absolutely convergent (§ 3'4), the 
derangement of the terms does not affect its sum, and therefore 

jp' (- 2) = - p' {z). 

In like manner, the terms of the absolutely convergent series 

2' \{z + - n-M 

fHf n 

are the terms of the series 

2' {(z - „)-> - n;f,.) 

m, n 

in a different order, and hence 

that is to say, p{z) is an even function of z. 

Further, fp'{z + 2 q>i) = — 2 IS (^ — ; 

m,n 

but the set of points Om, n'”2a), is the same as the set so the series 

for ^'(^ + 2a>i) is a derangement of the series for fp'(z). The series being 
absolutely convergent, we have 

p' (z + 2 €Oi) ^ ip' (z); 

that is to say, p'(z) has the peinod 2g)i ; in like manner it has the period 2 a) 2 - 

Since p' (z) is analytic except’at its poles, it follows from this result that 
p' (z) is an elliptic function. 

If now we integrate the equation p' {z + 2a»,) = p' {z), we get 

where A is constant. Putting z = — uji and using the fact that p(z) is an 
even function, we get « 0, so that 

p (z + 2(0,) = p (z); 

in like manner p(z + 2 ( 0 ^) — p (z). 

Since p(z) has no singularities but poles, it follows from these two results 
that p{z) is an elliptic function. 

There arc other methods of introdticiug both the circular and elliptic functions into 
analysis ; for the circular functions the following may bo noticed ; 

(1) The geometrical definition in which sin z is the ratio of the side opposite the angle 
z to the hypotenuse in a right-angled triangle of which one angle is z. This is the definition 
given in elementary text-books on Trigonometry; from our poiiit of view it has various 
disadvantages, some of which are stated in the Ap|>endix. 

(2) The definition by the power series 
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(3) The defioition by the product 

(4) The definition by ‘inversion’ of an integral 




/•in# 

J 0 


The periodicity properties may be obtained easily from (4) by taking suitable paths of 
integration (cf Forsyth, Theory of Fmictione, (1918), § 104), but it is extremely difficult to 
prove that sin z defined in this way is an analytic function. 


The reader will see later (§§ 22 82, 22T, 20 42, 20*22 and § 20*53 example 4) that 
elliptic functions may be defined by definitions analogous to each of these, with corre¬ 
sponding disadvantages in the cases of the first and fourth. 

Example. Deduce the periodicity of ^ {z) directly from its definition as a double series. 
[It is not difficult to justify the necessary derangement.] 


20'22. The differential equation satisfied by f {z). 

We shall now obtain an equation satisfied by p{z), which will prove to 
be of great importance in the theory of the function. 

The function ^(z)’-z-*, which is equal to X' « 

analytic in a region of which the origin is an internal point, and it is an 
even function of z. Consequently, by Taylors theorem, we have an expansion 
of the form 


valid for sufficiently small values of |^|. It is easy to see that 

^.=60 r n“\, 5r, = i4o r a-%. 

Thus (PW = r- + isr,«’+i^,z‘ + 0(«*); 

differentiating this result, we have 

jf)'(«) = -2r-' \ + 0(z‘). 

Cubing and squaring these respectively, we get 

{z) = -1 9,z-^ -^9^+0 (z»)- 

Hence - 4|)’ {z) = - -^g^ + 0 («*), 

and so {z) - {z} + (z) -p 0 (z^). 

That is to say, the function {z) ~ (z)g^p (z) + g„ which is 

obviously an elliptic function, is analytic at the origin, and consequently 
it is also analytic at all congruent points. But such points are the only 
possible singularities of the function, and so it is an elliptic function with 
no singnlaHties ; it is therefore a constant (§ 20*12, IV). 

On making ^ ^ 0, we see that this constant is zero. 
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Thus, finallyy the function satisfies the differential equation 

p'* {z) = 4|)» {z) - 

where and g^ (called the invai^nts) are given by the equations 


.( 7 , = 60 S'n-%, flr, = i40 S'n-‘„. 

fn,n m, n 


Conversely, given the equation 

ii)' 

if numbers o),, can he determined* such that 


g^=m t' a-\, ^, = 140 V 

ffi, Vt, ft 

then the general solution of the differential equation is 

y^ip{±z + a), 

where o is the constant of integration. This may be seen by taking a new 
dependent variable u defined by the equationf y = |?(u), when the differential 

equation reduces to — 1* 

Since f(z) is an even function of z, we have y = ip{z±a), and so the 
solution of the equation can be written in the form 

y = ip(z + a) 

without loss of generality. 

Example. Deduce from the difiereutial equation that, if 


»»! 


then C2=^i/2*.5, 




- _ - _ 

^-^TTTTnT’ 




C8=^2V2*.3.53, 
2 


+ 




2*. 3. 53 . 13 2«. 7*. 13’ 


c ,2 = 


9-^9% 


26.3.5*. 7. ir 


20*221. The integral foimiula for (p (z). 

Consider the equation 

(4,f^-g9t-g,)~^dt, 

determining z in terms of f; the path of integration may be any curve which 
does not pass through a zero of 4i» — g^t — g^. 

On differentiation, we get 

and so f = ^ (j + a), 

where a is a constant. 

* The difficult problem of establishiog the existeoce of such numbere W) and u.j when and 
Pj are given is solved in g 21*73. 

t This equation in u always has solutions, by g 20*13. 
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Make co ; then ♦ 0, since the integral converges, and so a is a pole 
of the function i.e., a is of the form n„,n, and so + = 

The result that the equation ^—j ~ is equivalent to 

the equation is sometimes written in the form 


20*222. An xlluttration from the theory of the circular functions. 

The theorems obuined in §§ 20-2-20-221 may be illustrated by the corresponding 
results in the theory of the circular functions. Thus we may deduce the properties 

of the function cosec 22 from the series 2 in the following manner; 

m=-» 

Denote the series by f{z ); the series converges absolutely and uniformly* (with regard 
to z) except near the points mir at which it obviously has double poles. Except at these 
points, / (?) is analytic. The effect of adding any multiple of n- to 2 is to give a series 
whose terms are the same as those occurring in the original aeries; since the series 
converges absolutely, the sum of the .series is unaffected, and so f(z) is a periodic function 
of z with period it. 


Now consider the behaviour of/(z) in the strip for which From 

the periodicity of fif)^ the value of^(z) at any point in the plane is equal to its value at 
the corresponding point of the strip. In the strip f{z) has one singularity, namely z = 0 ; 
and ^(z) is bounded as z-^co in the strip, because the terms of the series for fiz) are 

small compared with the corresponding terras of the comparison series 2 ' m"*. 

ms - flc 

In a domain including the point z=0,/(z) —z"* is analytic, and is an even function; 
and consequently there is a Maclaurin expansion 


/(z)-z-*= 2 a^z^, 

nso 

valid when | z | < «•. It is easily seen that 

a4,»=27r-»"-»(2n + l) I 

and so a 2 = 6 »r-^ 2 = 

Hence, for small values of j z |, 

/Cz)=z-»+J + t 15 z*+ 0 (z^). 

Differentiating this result twice, and also squaring it, we have 

/"(z) = 6z-^ + VV + 0(**), 

/*(z)=z-*+5z-=‘ + H + D(z*). 

It follows that /"(2)-6/2 (z) + 4 /C 2 )= 0 (z^). 

That is to say, the function/" (z) - 6 /* (z) + 4/(z) is analytic at the origin and it is 
obviously periodic. Since its only possible singularities are at the points m»r, it follows 
from the periodic property of the function that it is an integral function. 

* By comparison with the series 2' m-*. 
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Further, it is bounded as r-^cc in the strip since/(z) is bounded 

and 80 ib*/"(*). Hence/"( 2 )- 6 /’(«) + 4/(«) is Iwunded in the stWp, and therefore from 

its periodicity it is bounded everywhere. By Liouville’s theorem (§ 5-63) it is therefore 
a constaut. By making 2 -*- 0 , we see that the constant is zero. Hence the function 
cosec^z satisfies the equation 

/" ( 2 ) = 6/2 ( 2 )-4/(2). 

Multiplying by 2/' (z) and integrating, we get 

/'i (2) = 4/2 (2) f/(z)-l}+c, 

where c is a constant, which is easily seen to be zero on making use of the power series 
for/' (z) and f{z). 

We thence deduce that 22 =/ 

J /{$) 

when an appropriate path of integration is chosen. 


Example 1. If y = g? ( 2 ) and primes denote differentiations with regard to z, shew that 
3v"2 v'" 

where e|, are the roots of the equation ^t^-gzt—gi^O. 

[We have 

= 4 (y - Cl) (y - 23 ) (y - «3)- 

Dififerentiating logarithmically and dividing by y, we have 


2y7y*= 2 (y-2,)-*. 


Differentiating again, we have 


r=l 


Adding this equation multiplied by i to the square of the preceding equation, 
multiplied by we readily obtain the desired result. 


It should be noted that the left-hand side of the equation is half the Schwarzian 
derivative + of 2 with respect to y; and so 2 is the quotient of two solutions of the 
equation 

(3 3 , ,,33 

^+{16 8 

Example 2 . Obtain the ‘properties of homogeneity’ of the function f{z) ; namely that 

where P | denotes the function formed with periods 2w,, 2«2 and p(z; g^) 

denotes the function formed with invariants g^t g^- 

[The former is a direct consequence of the definition of p ( 2 ) by a double series; the 
latter may then be derived from the double series defining the g invariants.] 



• The series for /"(z) may be compared with 2 ' m~*. 
t Cayley, Camb. Phil. Tranf. xui. (1883). p. 6 [Math. Papers, xt. p. 148]. 
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20*3. The addition-theorem for the function f (z). 

The function jp (z) possesses what is known as an addition-theorem; that 
is to say, there exists a formula expressing + y) as an algebraic function 
of §>(z) and f>(y) for general values* of z and y. 

Consider the equations 

p' (z) = Af (z) 4- B, p' (y) = Af (y) + B, 

which determine A and B in terras of z and y unless p(^) = p(y), i.e. unlessf 
z = ±y (mod. 20 ,, 202 ). 

Now consider ^'(f) - (^) — 5, 

qua function of f. It has a triple pole at ^ = 0 and consequently it has 
three, and only three, irreducible zeros, by § 20T3 ; the sum of these is a 
period, by §2014, and as f=y are two zeros, the third irreducible zero 

must be congruent to ~ z —y. Hence — z — y is a zero of jp' (0 “ (0 “ 

and so 

p'(-^-y) = ^iP(-z-y) + B. 

Eliminating A and B from this equation and the equations by which A 
and B were defined, we have 


|?(z + y) 


f' (y) 

- p'(z + y) 



Since the derived functions occurring in this result can be expressed 
algebraically in terms of ^ (z), ^ (y), (z + y) respectively (§ 20 22), this 
result really expresses p (z + y) algebraically in terms of ^ (z) and ^ (y). 
It is therefore an addition-theorem. 


Other methods of obtaining the addition-theorem are indicated in §20*311 
examples 1 and 2, and § 20‘312. 

A symmetrical form of the addition-theorem may be noticed, namely 
that, if M + V -f w = 0, then 


f(«) f'(«) 

jp(v) jf)'(v) 
fp (w) p' (w) 



20*31. Another form of the addition-theorem. 

Retaining the notation of § 20*3, we see that the values of which make 
ip' (if) — Ap {^ — B vanish, are congruent to one of the points z, y, —z — y. 

* It is« of coui'se, unoecessary to coosider the special cases when y, or or y + r is a period. 

+ The function (y)» flua function of r, has double poles at points congruent to r = 0» 

and no other singalarities; it therefore {% 20T3) has ouly two irredncible seros; and the points 
congruent to r = tky therefore give all the zeros of - fp{y)^ 
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Hence + vanishes when f is congruent to any of the 

points y, — ^ — y. And so 

4^ (?) - A V* (f) - (2^5 + y.) P (0 - (^ + ^ 3 ) 

vanishes when ^ (?) is equal to any one of p (z), p (y), p (z + y). 

For general values of r and y, p( 2 ), p (y) and p (2 + y) are unequal and 
so they are ail the roots of the equation 

4Z» - - {2AB + y,)^ - (^ + y,) = 0. 

Consequently, by the ordinary formula for the sum of the roots of a cubic 
equation, 


p (^) + p (y) + p (a + y) = j A‘, 


and so 


P(^ + y) = 4 




(y). 


ft'W-f»(y)j 

on solving the equations by which A and B were defined. 

This result expresses p (^ 4- y) explicitly in terms of functions of z and 
of y. 

20*311. The duplication formula for p {z). 

The forms of the addition-theorem which have been obtained are both 
nugatory when y = z. But the result of § 20*31 is true, in the case of any 
given value of z, for general values of y. Taking the limiting form of the 
result when y approaches z, we have 

- (y) 


limp(^ + 

y~»‘Z 


y) = 1 lim 

^ ^y-rVp(^)‘-p(y) 


-p(«)-‘lirap(y). 


From this equation, we see that, if 2z is not a period, we have 


p (2^) = j liin - 

* 4 r I 


A-H> 


= i lim * 


{z) - P' (^ + fe) ] » _ 
ip {z) - tp (z + h) 

[-V'W+OW 


2p(z) 


- 2t) (Z), 


\—hp'{z) + 0{h: 
on applying Taylor’s theorem to ^(z + h), p'(^ + /0; and so 


P (2.)=i K 


p' {z)\ 


- 2p {z), 


unless 2z is a period. This result is called the duplication formula. 
Example 1. Prove that 




qua function of has no singularities at points congruent with z = 0, +y; and, by making 
use of Liouville’s theorem, deduce the addition-theorem. 
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Example 2. Apply the process indicated in example 1 to the function 

F(^) 1 

^(y) ^(y) 1 . 

F(^+y) -P'(2+y) 1 

and deduce the addition-theorem. 


Example 3. Shew that 

P +i') + P (» - y)={*f> (.) - P (y)}-» [{2p (z) g) (y) -ij,} {p (.)+p (y)} - g,]. 

[By the addition-theorem we have 

Replacing p'^(z) and p'*(y) by (z) - g 2 p (z) - and ^P^(p)~g 2 P(j/)-g 3 respec¬ 

tively, and reducing, we obtain the required result.] 

Example 4. Shew, by Liouville’s theorem, that 

y,{P(^-“)P(2-fc)} = P(a-6) )p'(j-a)4.p'(j-i)}_p-(a_6)(p(,_a)-p(^-i)). 

(Trinity, 1905.) 

20*312. AheVe^ method of proving the addition-theorem for p («). 

The following outline of a method of establiahing the addition-theorem for P(z) is 
instructive, though a completely rigorous proof would be long and tedious. 

Let the invariants of p{z) be y.j, ^ 3 ; take rectangular axes OX^ OY in a plane, and 
consider the intersections of the cubic curve 


with a variable line 
If any point (x,, 


y^^Ax^-giT^gz 
y = mx -I- n. 

yi) be taken on the cubic, the equation in z 


has two solutions +Z|, —z, (§ 20*13) and all other solutions are congruent to these two. 

Since P^{z) = Ap^{z)-g 2 p{z)-g 3 ^ we have (z) =yi“; choose Zj to be the solution for 
which P'{zx)=-\-y^, not -y,. 


A number Zi thus chosen will be called the parameter of (ji, y^) on the cubic. 

Now the abscissae Xi, or,, x^ of the intersections of the cubic with the variable line 
are the roots of 

<p (x) = Ax^~giX - (mjr-p n)*=! 0 , 

and so (z:) = 4 (x—zr,) (a? - .Tj) (a* — X 3 ). 

The variation fix,, in one of these abscissae due to the variation in position of the line 
consequent on small changes fim, fin in the coefficients ni, n is given by the equation 

<>,'(:r.)&r,+^8m+^8« = 0, 


and so 
whence 

provided that Xj, Xj, X 3 are 


</>' (Xr) fix,. = 2 (mxr -f n) (Xyfim -f- fin), 

S ==2 2 + fin 

r=l mx,.-|-n rtl <P'(Xr) ’ 

unequal, so that <f>' (x,.) ^ 0 . 


* Journal fUr Math. ii. (1827), pp. 101-181; iii. (18*28). pp. 160-190 {Oeuvres, t. (Christiania, 
1839), pp. 141-2523. 
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Now, if we put X (d?im + 8 n)/ 4 > (x), gua function of x, into partial fractions, the result is 

3 

2 Arl(X^Xr), 
r^\ 

where Ar= lim x (xdm+dn)^r^ 

X-^Tr 9 (^) 

=Xr(x,. 8 m + 8 n) lim (x—x,.)/ 4 > (.r) 

X-^Xr 

^Xr{XrSm^dn)l4>' {Xr\ 

oj 1 aylors theorem. 

_ . 3 3 

Putting x= 0 , we get 2 8 Xr/y,= 0 , i.e. 2 8 z,.- 0 . 

»-=l r=l 

That is to say, the sum of the parameters of the points of intersection is a co7ista)it 
independent of the position of the line. 

Vary the line so that all the points of intersection move oflF to infinity (no two points 
coinciding during this process), and it is evident that zi + ^2 + ^3 is equal to the sum of the 
parameters when the line is the line at infinity; but when the line is at infinity, each 
parameter is a period of p{z) and therefore z,+ Z 2 + ^ >8 * period of ^(z). 

Hence the sum of the parameters of three collinear points on the cubic is congruent to 
^ero, This result having been obtained, the determinantal form of the addition-theorem 
follows as in § 20 3. 

20'32. The constants ei, € 2 , e^. 

It will now be shewn that ^ (o),). ^{<*> 2 ), (where 0)3 — — a>, — cug), are 

all unequal; and, if their values be g,, e,, then e,, e^, are the roots of the 

equation 4ct^ 

First consider g/(o),). Since g>"(x) is an odd periodic function, we have 

= (- o),) = -p'(2o>, - = (oi,), 

and so = 

Similarly jp'(a) 3 ) = ^>'( 0 ),) = 0. 

Since (p'(x) is an elliptic function whose only singularities are triple poles 
at points congruent to the origin, jp'(x) has three, and only three (§2013), 
irreducible zeros. Therefore the only zeros of fp' (z) are points congruent to 

Wj, 6 ) 2 , 0 ) 3 . 

Next consider |)(^) —e,. This vanishes at ct), and, since = it has 

a double zero at tu,. Since ip{z) has only two irreducible poles, it follows 
from §20'13 that the only zeros of are congruent to o,. In like 

manner, the only zeros of ^{z) — e^, are double zeros at points con¬ 

gruent to < 02 , a >3 respectively. 

Hence e, gfe ^ e^. For if e, then jp (z) — has a zero at ccg, which is 
a point nob congruent to a>,. 

Also, since p'* (z) — 4 !fp* (z) — g^p (z) — g^ and since jp' (z) vanishes at o),, a>2, 
ft),, it follows that (z) — g^^ (z) — g^ vanishes when ^ (z) = ^1,^2 01* ^3* 

That is to say, eg, e, are the roots of the equation 

- ^ 2 ^ - ^3 = 0 . 
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From the well-known formulae connecting roots of equations with their 
coefficients, it follows that 

ei + e* + tfs = 0. 


— I ffg. 

Example 1 . When and ^3 are real and the discriminant ^ 2 ^ —27^3* is positive, shew 
that eiy e^y ej are all real; choosing them so that Ci>« 9 > « 3 , shew that 


/ OO 


aod "3= “I (^3+^2«-4f3) ^dty 

SO that is real and 6)3 a pure imaginary. 

Example 2 . Shew that, in the circumstances of example 1, ^(js) is real on the peri¬ 
meter of the rectangle whose corners are 0, *> 3 , wj-l-cDa, «i. 

20*33. The addition of a half-period to the argument of ip (x). 

From the form of the addition-theorem given in § 20*31, we have 


and so, since 


we have 


i.e. 




on using the result 


2 er^0 ‘, 
fsl 


this formula expresses ip (x-h«»]) in terras of p{t). 

Example 1 . Shew that 

P (i“i)=«i ± {(«i - «3) («! - * 3 )}^ ■ 

Example 2 . From the formula for P{e + mg) combined with the result of example 1, 
shew that 

P (i"i + * 1 ) “ + {(«! — <*) (^1 — es)}^ ■ 

(Math. Trip. 19ia) 

Example 3. Shew that the value of P'(x) p'(»+wi)P'(x-t-cvs)p'(X-I-W 3 ) is equal to 
the discriminant of the equation 4fi^gft^gi=0. 

[Differentiating the result of § 20*33, we have 

P- (* + «,)-- (e, - eg) («, - es) #>' (x) {p (.) - e^r* ; 
from this and analogous results, we have 

P' (Z) P' (z + <^i) P' p- (z + *>,) 

=(«i-«i)*(«»-f3)^ej-«,)»P'nx) n {P(x)-«,}-« 

which is the discriminant ^ 3 ^— 27 ^ 3 * in question.] 


1 
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Example 4. Shew that, with appropriate interpretations of the radicals, 

F (i«i) “ - 2 {{ei ~e^) (e, -Cg)}* {(e^ -«,)* + (e^ -e^)^]. 

(Math. Trip. 1913.) 

Example 6. Shew that, with appropriate interpretations of the radicals, 

IP (2z) (2i) - 63}^ + [f { 2 z) - Sal* IP (2s) - Si}* 

+ {p (22) - s,}* {jf) (22) - ej,} * = ^ ( 2 ) - p (22). 


20'4. Quasi-periodic functions. The function* ^(s). 

We shall next introduce the function f («) defined by the equation 


dz 



coupled with the condition lini — 2 “*) = 0. 

2-*-0 

Since the series for p(z) — z-^ converges uniformly throughout any 
domain from which the neighbourhoods of the pointsf are excluded, we 
may integrate term-by-term (§ 4‘7) and get 

= {p{z)-z-^]dz 

J 0 

= -2' 

n •/ 0 


and so 




The reader will easily see that the general term of this serie 


is 


0(|a„,„|-) as |n,„.„|->oo; 

and hence (cf. §20*2), };(z) is an analytic function of ^ over the whole . 0 -plane 
except at simple poles (the residue at each pole being -|-1) at all the points 
of the set n,a,n* 


It is evident that 




m, n 


0 + n 


m,n 


n 




m,n 


n 


m , n> 


and, since this series consists of the terms of the series for ^( 0 ), deranged in 
the same way as in the corresponding series of §20‘21, we have, by § 2-52, 




that is to say, {'( 0 ) is an odd function of 0 . 


This function should not, of course, be confused with the Zeta-function of Riemnan 
disouRsod in Chapter xin. ’ 

t The symbol is used to denote all the points with the exception of the oriein 

(cf. §20-2). * 
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Following up the analogy of § 20*222, we may compare ^{z) with the function coiz 

® d 

de6ned by the series S' {(^ — mr)~* + (mn-)“*}, the equation ^cotz =—cosec*« 

corresponding to ^((z)= — f (z). 


20*41. The quasi-periodicity of the function f (^). 

The heading of § 20*4 was an anticipation of the result, which will now be 
proved, that ^{z) is not a doubly-periodic function of z \ and the effect on 
i^(z) of increasing z by 2a)i or by 2&)a will be considered. It is evident from 
§ 20*12 (III) that ^(z) cannot be an elliptic function, in view of the fact that 
the residue of ^ (z) at every pole is + 1. 

If now we integrate the equation 

p{z + 2ai) = p(z), 

we get ?(^+2 o)0 = ?(^) + 277i, 

where 2 t;, is the constant introduced by integration; putting z^ — eoi, and 
taking account of the fact that i{z) is an odd function, we have 

In like manner, ? + ^<^ 2 ) = + ^V 2 > 

where V 2 ^^(<» 2 )- 

Example 1. Prove by Liouville’s theorem that, if then 

{f {*)+f (y)+f (^) +r (A*)+f' (y)+f' (^) - 0. 

(Frobenius u. Stickelberger, Journal /dr Math, lxxxviii.) 

[This result is a pseudo-addition theorem. It is not a true addition-theorem since 
f * C (y)» C' (^) ^re not algebraic functions of f (x), f (y), f (z).] 


Example 2. Prove by Liouville’s theorem that 


2 

1 P(^) PH^) 

4 

4 

1 p{x) P‘(x) 


1 ^fy) P(y) 


1 ^(y) P'(y) 


1 piz) pHz) 


1 rw 


= f(^+y+*)-C(x)-f(y)-f(«). 


Obtain a generalisation of this theorem involving n variables. 

20*411. The relation between 1 ;, and yjz- 


(Math. Trip. 1894.) 


We shall now shew that 

Vi<^2-V2<^\- ^*n*f. 


To obtain this result consider j ^{z')dz taken round the boundary of a 
cell. There is one pole of inside the cell, the residue there being + 1 - 
Hence J ^ (^) dz = 27 n. 
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Modifying the contour integral in the manner of § 20*12, we get 
27n = ]f(z)- f(2 + 2fo,)] (f (^) - f + 2a),)) dz 

dt + 27JiJ dt, 

And so 27n = — ^rf 2 ^i + '^Vi^ 2 > 

which is the required result. 

20 * 42 . The yuuction <r(z). 

We shall next introduce the function c {z\ defined by the equation 

^log<r( 2 )= f(^) 

coupled with the condition lim [tT{z)lz] = 1. 

*-►0 

On account of the uniformity of convergence of the series for ^{z), except 
near the poles of ^(z), we may integrate the series term-by-term. Doing so, 
and taking the exponential of each side of the resulting equation, we get 


a{z) = z-n'{{\- exp 


+ 




the constant of integration has been adjusted in accordance with the condition 
stated. 

By the methods employed in ^ 20*2, 20*21, 20*4, the reader will easily 
obtain the following results: 

(I) The product for tr (z) converges absolutely and uniformly in any 
bounded domain of values of z. 

(II) The function <r(z) is an odd integral function of z with simple zeros 
at all the points 

The function er (z) may be compared with the function sin z defined by 
the product 


00 


^ n' 

® 


fl — 

\ TTITT/ 


the relation — log sin z = cot z corresponding to ^ log a- (z) = ^(z). 


20 * 421 . The quaei-periodicity of the function <t (z). 

If we integrate the equation 

f(z + 2a),) = f(z)-|-2^„ 
we get <7 (z -I- 2a),) = (z), 

where c is the constant of integration; to determine c, we put z = - o),, and 
then 

<r (o),) = — <7 (&)i). 
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Consequently c = — , 

and (^ + 2(t>J = - 

In like manner o‘(z + 2<i)2) — — 

These results exhibit the behaviour of o-(z) when z is increased by a 
period of (p (z). 

If, as in § 20'32, we write Wg = — «o, — then three other Sigma-functions 
are defined by the equations 

a-r(z)~e~^^a(z-^a)r)ltT((i}r) 0‘ = 1, 2, 3). 

The four Sigma-functions are analogous to the four Theta-functions dis¬ 
cussed in Chapter xxi (see § 21-9). 

Example 1 . Shew that, if m and n are any integers, 

0 -(z + 2m«i-I-27 k» 3)=( —)"* + •* tr («) exp {i2mr}i + 2ni)2) 2 - 1 - 2 m^) 6 >j-f 4 mni 7 i<i)i+ 2 ^^ 1720 ) 3 }, 
and deduce that 171 ( 1)2 —> 73 Ci)i is an integer multiple of ^t. 

Example 2. Shew that, if ^=exp (»rt« 8 /fli)i), so that | J | < 1, and if 

/’W=e.p(|£),in (|^) n_ {l- 2 y-coa^'+?**}, 

then F{z) is an integral function with the same zeros as <r(z) and also F{z)fff{z) is a 
doubly-periodic function of z with periods 26 >i, 2 o» 3 . 


Example 3. Deduce from example 2, by using Liouville’s theorem, that 

1 — coa (ttz/ mi) + 


O'(2) = —iexp 
tr 


(a I 




Example 4. Obtain the result of example 3 by expressing each factor on the right as 
a singly infinite product. 


206 . Formulae expressing any elliptic function in terms of Weierstrassian 
functions with the same periods. 

There are various formulae analogous to the expression of any rational 
fraction as (I) a quotient of two sets of products of linear factors, (II) a sum 
of partial fractions; of the first type there are two formulae involving Sigma- 
functions and Weierstrassian elliptic functions respectively; of the second 
type there is a formula involving derivates of Zeta-functiona. These formulae 
will now be obtained. 


20 - 61 . The expression of any elliptic functitm in terms of ^{z) and f' {z). 

Let f (z) be any elliptic function, and let p (z) be the Weierstrassian 
elliptic function formed with the same periods 2 a»*. 

We first write 

/W = 5 [/(*) +/(- *)] + ^ [(/(«) -/(- z)i W'(z). 
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20*5-20*52] 


The functions 

/(^) +/(- \f{z) -/(- ^)| 1^'Wl- 

are both even functions, and they are obviously elliptic functions \vhen/(^) is 
an elliptic function. 

The solution of the problem before lis is therefore effected if we can 
express any even elliptic function <t>(z), say, in terms of 

Let a be a zero of (f> (z) in any cell; then the point in the cell congruent 
to - a will also be a zero. The irreducible zeros of <l> (z) may therefore be 
arranged in two sets, say a^, a^, ...an and certain points congruent to — a,, 

In like manner, the irreducible poles may be arranged in two sets, say 
hi, ... bny and certain points congruent to —6i, — b^, ... —6„. 

Consider now the function* 


2_ fr (^) - P (flr) 
(^)r=l l|pU)'-lP(Mr 


It is an elliptic function of z, and clearly it has no poles ; for the zeros of 
4> (z) are zerosf of the numerator of the product, and the zeros of the 
denominator of the product are polesf of 4>{z). Consequently by Liouvilles 
theorem it is a constant, A^, say. 

Therefore <#, (^) = ^. H , 

that is to say, <l>(z) has been expressed as a rational function of ^(z). 
Carrying out this process with each of the functions 

/w +/(- ^). {/(^) -/(- ■i')l if' Wh', 


we obtain the theorem that any elliptic function f {z) can be expressed in terms 
of the Weierstrassian elliptic functions ip{z) and p'{z) with the same periods, 
the expression being rational in p {z) arid linear in p' (z). 


20*52. The expression of any elliptic function as a linear combination of 
Zeta-functions and their deHvates. 

Let f{z) be any elliptic function with periods 2a>,, Let a set of 

irreducible poles of /(2) be ft,, and let the principal part (§5'Gt) 

of f {z) near the pole a* be 

z — ajc {z - atcf * 

* If any one of the points or b^. is congruent to the origin, we omit the corresponding 
factor P {^) - p {a^) or ^ (x) - g>( 6 ,,). The zero (or pole) of the product and the zero (or pole) 
of 0 (z) at the origin are then of the same order of multiplicity. In this product, and in that of 
§ 20*53, factors corresponding to multiple zeros and poles have to be repeated the appropriate 
number of times. 

t Of the same order of multiplicity. 
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Then we can shew that 


f{z) = jCfc,, ^( 2 - at) - ct,i i'(2-at) + ... 

d* 

where A 2 is a constant, and f (z) denotes f(A 

dZr 

Denoting the summation on the right by F(z), we see that 

F(z + 2(Di)-F{z)= 1 2v,ct,u 

k-\ 

by § 20 41, since all the derivates of the Zeta-functions are periodic. 

n 

But Ct,\ is the sum of the residues of f{z) at all of its poles in a cell, 
and is consequently (§ 20*12) zero. 

Therefore F{z) has period 2&),, and similarly it has period 20)*; and so 
f(z)-‘F {z) is an elliptic function. 

Moreover F{z) has been so constructed that f{z) — F {z) has no poles at 
the points Ut, o^, ... an; and hence it has no poles in a certain cell. It is 
consequently a constant, A^^ by Liouville’s theorem. 

Thus the function f{z) can be expanded in the form 

= 1)1 

This result is of importance in the problem of integrating an elliptic 
function f{z) when the principal part of its expansion at each of its poles is 
known; for we obviously have 

J f{z)dz^A^Z’>r^^k,x\oga{z-at) 

where (7 is a constant of integration. 

Example. Shew by the method of this article that 

and deduce that 




who'e C is a constant of int^ration. 

20‘53. The expression of any elliptic function as a quotient of Sigma- 
fvnctions. 

Let f(z) be any elliptic function, with periods 2w, and 2&>2, and let a set 
of irreducible zeros of f{z) be o,. Uj, ... a„. Then (§2014) we can choose a 
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set of poles 6i, 69, ... such that all poles of f{z) are congruent to one or 
other of them and f 

Consider now the function 

« <t{z- ar) 
r=i < t{z ~ brY 

This product obviously has the same poles and zeros as f{z ); also the 
effect of increasing z by 2cu, is to multiply the function by 

n exp 127?, {z - 0^)1 

r = iexp [27i^(z-br)] 

The function therefore has period 2a)i (and in like manner it has period 
26>8X &nd so the quotient 

filling) 

is an elliptic function with no zeros or poles. By Liouville’s theorem, it must 
be a constant, say. 

Thus the function f{z) can be expressed in the form 

r=lO-(^-fcr) 

An elliptic function is consequently determinate (save for a multiplicative 
constant) when its periods and a set of irreducible zeros and poles are known. 

Example 1. Shew that 

Example 2 . Deduce by differentmtion, from example 1, that 
and by further differentiation obtain the addition-theorem fur ^(2). 

n n 

Example 3 . If 2 2 6^, shew that 

rel r»1 

2 q'(g. -fcl) gCgr-feg) — Q 

r=i o-(ar-ai)o'(a7--a,) a-(a,.-a„) ’ 

the • denoting that the vanishing factor a (a^—a,.) is to bo omitted. 

Example 4 . Shew that 

ip{z)-er^arH^)l<T\z) (r=l, 2 , 3 ). 

[It is customary to define {g? («) — e^}^ to mean (z)(<t (z), not -o-r(2)'(r(z).] 

Example 5 . Establish, by example 1 , the 'three-terrn equation,’ namely, 

<r (« + a) <r {« - a) <r (6-fc) 47 - (6 —c) + ( 7 - (^-^6) < 7 - («- 6) o- (c-|-o) <r fc — a) 

+ <r («+c) (T (« - c) <7 («-{-6) <7 (rt — b) — 0. 

t Multiple zeros or poles are, of course, to be reckoned according to their degree of multi¬ 
plicity; to determine , b-t, chouse bj, ... , b^' to be the set of poles in the cell in 

which tti, o^, ... a,^ lie, and then choose b,^, congruent to b^', in such a way that the required 
equation is satisfied. 
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[This result is due to Weierstrass ; sec p. 47 of the edition of his lectures by Schwarz.] 

The equation is characteristic of the Signia-function ; it has been proved by Halphen, 
Fovx^tions Elliptiques^ I. (Paris, 1886), p. 187, that no function essentially different from the 
Sigma-function satisfies an equation of this type. See p. 461, example 38. 

20 54. The connexion between any two elliptic functions with the same 
periods. 

We shall now prove the important result that an algebraic relation exists 
between any two elliptic functions, f {z) and <^(^), with the same periods. 

For, by § 20*51, we can express / (z) and (z) as rational functions of the 
Weierstrassian functions and p' {z) with the same periods, so that 

/ (z) = R, {p {z), p' (z)], (l>{z) = R^ Ip (z), p' (z)], 

where R^ and R^ denote rational functions of two variables. 

Eliminating p{z) and p'(z) algebraically from these two equations and 

p'^ (z) = 4>p^ (2) _ g^p (2) - g^, 

we obtain an algebraic relation connecting f{z) and ; and the theorem 
is proved. 

A particular case of the proposition is that every elliptic function is con¬ 
nected with its derivate by an algebraic relation. 

If now we take the orders of the elliptic functions f(z) and <l>{z) to be m 
and n respectively, then, corresponding to any given value of f(z) there is 
(§20 13) a set of m irreducible values of z, and consequently there are m 
values (in general distinct) of 0 (z). So, corresponding to each value of f there 
are m values of </> and, similarly, to each value of <f) correspond n values of f 

The relation between f(z} and 4>{z) is therefore (in general) of degree ni 
in <!> and n in f 

The relation may be of lower degree. Thus, if f(z) = p (z\ of order 2, and 
4> { 2 ) = p"^ {z), of order 4, the relation is f’ — 

As an illustration of the general result take f(z) = p(z), of order 2, and 
4>{z)=p'{z), of order 3. The relation should be of degree 2 in and of 
degree 3 in /; this is, in fact, the case, for the relation is = 4f^ - g^f-g,. 

Example. If », v, w are three elliptic functions of their argument of the second order 

with the same periods, shew that, in general, there exist two distinct relations which are 
linear in each of u, v, w, namely 

A umv+£vw+Cuni + Duv + Ev + E v+Gw + JT =0 

A'ui'w + B'vic+C'wu + iruv + E'u + F'v+Ow+ff' = 0 ^ 

where A, B, ..., H' are constants. 

20-6. On the integration of (a,** + 4a.x» + 6a,x‘ + 4a,a: + a.) - 

It will now be shewn thst certain problems of integration, which are 

insoluble^by means of elementary functions only, can be solved by the intro- 
ductiou of the function p{z). 
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20*54, 20*6] 

Let + 4a,d7 + a^=/ (a?) be any quartic polynomial 

which has no repeated factors; and let its invariants* be 

= Goa* - 4aiG3 + Sa^\ 
gs = aoG2a* + 2a,GeGs — 

Let z = \ [f (0) ~ where Xo is any root of the equation f{x) = 0\ then, 

J *, 

if the function ^ {z) be constructedf with the invariants ^2 and g^, it is possible 
to express x as a rational function of <p{z \ ^ 2 > 

[Note. The reason for assutnitig that/(.r) has no repeated factors is that, when f{x) 
has a repeated factor, the integration can be effected with the aid of circular or logarithmic 
functions only. For the same reason, the case in which a<j = a, = 0 need not be considered.] 

By Taylor’s theorem, we have 

/(O = 4.^3 {t - Xo) + (t - + 4^ I (« - Ao(t- a'oY, 

(since f (a^o) = 0), where 

Ao = Go, A\ — + Gi, 

^g = Goiro* + 2a,a:o + a^, 

A^ = Go V + 3a,^0* + 302^0 + cts- 

On writing = t, (x — = ?- we have 


= j (4i4jT* + 6^2 t“ + 4.4iT + ^ 0 } “ ^dr. 


To remove the second term in the cubic involved, writej 

r — Ag~‘(a-- ^As), ^ — A 3 ~^ (s — ^A,), 

and we get 

^ = J” 14<7^ - (3^,> - 4^.^,) o- - (2^,.4,4, - A,’ - A,A,^)l - 

The reader will verify, without difficulty, that 

3 A 3 ^- 4 >AiA 3 and 2 A 1 A 2 A 3 —Aa‘^ ~ AgA^^ 

are respectively equal to g^ and g,, the invariants of the original quartic, 
and so 

gs)- 

Now X = Xo-\-A 3\8 — 

and hence « — + }/'(^ 0 ) ^'s) “ A/ 

so that X has been expressed as a rational function oiip{z \ g,, g^. 

• Burnside and Pantoo, Theory of Equatiom, 11 . p. 113. 
t See §21-78. 

t This substitution is legitimate since ^< 34 = 0 ; for the equation ^<3 = 0 involves /{x)--0 
having x = j:o a repeated root. 
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This formula for x is to be regarded as the integral equivalent of the 
relation 

J 

Example 1. With the notation of this article, shew that 
Example 2. Shew that, if 

where a is any constant, not necessarily a 2 ero of /(a*), and/(ar) is a quartic polynomial 
with no repeated factors, then 

2 (z) - ^/" («)}2 - :*/(«)/•' (a) 

the function (P(z) being formed with the invariants of the quartic/(x). 

(Weieratrass.) 

[This result was first published in 1865, in an Inaugural-dissertation at Berlin by 
Biermann, who ascril>ed it to Weierstrass. An alternative result, due to Mordell, Mettenger^ 
XLiv. (1915), pp. 138-141, is that, if 

_ (*'^ydx'^xdy 

y) ’ 

where/(a.*, y) is a homogeneous quartic whose Hessian is k {x, y), then we may take 

y=W 

where/and h stand for/(a, b) and A (a, 6), and suffixes denote partial dififerentiations.] 
Example 3. Shew that, with the notation of example 2, 


O /■N_ t/W/W}^+/W . /'(°) , /"(«) 

^ ^ 2(jr-a)2 X /- 


4(.r —a) 24 ’ 


and 


P' (?)= - [ /(O)!^ - f ] t 


20'7. The uniformisation* of cui'ves of genus ?<ntfy. 

The theorem of § 20*6 may be stated somewhat differently thus : 

If the variables x and y are connected by an equation of the form 

y* = + 4 aia:» + 6 aaX* + 403^; + a*, 

then they can be expressed as one-valued functions of a variable z by the 
equahmis * = + J/' (^.) (p (^) _ -v 

y = - V' (0 */" ’ 

where /'(^) = + ^aiX^ + Ga^x^ + 403 ^ + a^, x,, is any zero of f (x), and the 

function p (z) is formed with the inuaWante of the quartic; and z is suck that 

2 =f {f{t)]~^dt. 

• This term employs the word uniform in the sense one-vaIii«(i. To prevent confusion with 
the idea of uniformity as explained in Chapter iii, throughout the present work we have used the 
phrase ‘one-valued function ’ as being preferable to ‘ uniform function.’ 
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207] 

It is obvious that y is a two-valued function of x and x is a four-valued 
function of y ; and the fact, that x and y can be expressed as one-valued 
functions of the variable z, makes this variable z of considerable importance 
in the theory of algebraic equations of the type considered; z is called the 
y/n.iformising variable of the equation 

y^ — A- 4ai .t?* -P + ia^x -f- . 

The reader who is acquainted with the theory of algebraic plane curves will be aware 
that they are classified according to their deficiency or genus*, a number whose geometrical 
significance is that it is the diffei’ence between the number of dotible |K)ints possessed 
by the curve and the maximum number of double points which can be possessed by a 
curve of the same degree as the given curve. 

Curves whose deficiency is zero are called nnicursal curves. If/(x, y) = 0 is the equation 
of a unicursal curve, it is well known t that x and y can l>e expressed as rationaf functions 
of a parameter. Since rational functions are one-valued, this parameter is a uniformising 
variable for the curve in question. 

Next consider curves of genus unity; let f{x, y) = 0 l>€ such a curve; then it has 
been shewn by Clebsch| that x and y can be expressed as rational functions of ^ and t) 
where ij* is a polynomial in ^ of degree three or four. Hence, by § 20 6, | and ciin be 
expressed as rational functions of and ^'(0* (these functions being formed with 
suitable invariants), and so x and y can be expressed as one-valued (elliptic) functions of z, 
which is therefore a uniformising variable for the equation under consideration. 

When the genus of the algebraic curve /(x, y)=0 is greater than unity, the imiformi- 
aation can be effected by mejins of what are known as automorphic functions. Two classes 
of such functions of genus greater than unity have been constructed, the first by Weber, 
06ttingei' Nach. (1886), pp. 359-370, the other by Whittaker, Phil. Trans, cxcil. (1898), 
pp. 1-32. The analogue of the period-parallelogram is known as the ‘fundamental polygon.’ 
In the case <if Weber’s functions this polygon is ‘multiply-connected,’ i.e. it consists of a 
region containing islands which have to be regarded as not l>elonging to it; whereas in 
the case of the second class of functions, the polygon is ‘simply-connected,’ i.e. it contjvins 
no such islands. The latter class of- functions may therefore be regarded us a more 
immediate generalisation of elliptic functions. Cf. Ford, Introduction to theory of Auto¬ 
morphic Functions, Edinburgh Math. Tracts, No. 6 (1915). 
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1. Shew that 


2. Prove that 


Miscellaneous Examples. 




PW f’(^+y + “’)-2a.sp'W{p(y)-p(«,))- 

where, on the right-hand side, the subject of differentiation is symmetrical in 2 , and w. 

(Math. Trip. 1897.) 

3. Shew that 


r' - y) 

P‘" 

p"'(w-z) 

II 

P"' 


P'” 

(y-uf) 

F" 

P" (^-y) 

P" {.¥ ~ 

P" 


P 

(«-y) 

P 

(y-KO 

P («-2) 

P (^-y) 

P (y-w) 

P (w-2) 



1 


1 

1 


*■ If y=f>W-«., y=^; 

shew that y is one of the vahie4i uf 


(Trinity, 1898.) 


{y' logy)* + («i - «2) (Cl - e3)J-*. 


(Math. Trip. 1897.) 


5. Prove that 

2 {j? (2) ~e}{f(y)-p (w))* ip (y+ 1 ^) - ej* {p(^- 10 ) - e}i =0, 

where the sign of summation refers to the three arguments 2 , y, w, and e is any one of the 
roots fii, 62 , e^. 

(Math. Trip. 1896.) 

6. Shew that 

P" (^+<^i) _ _ i p (|<tfi) —P (wi) ! * 

P'i^) \ P(^)-P{<^i) J • 

(Math. Trip. 1894.) 


7. Prove that 

P ( 22 ) - P (<.0 = iP' (2))-’* iP (^) - P (i-l)}» [P ( 2 ) -~p(<^ + K)}'- 

, (Math. Trip. 1894.) 

8. bhew that 

(Trinity, 1908.) 

9. If *0(u) have primitive periods 2«i, 2«3 and /(«)= {p («)-p (o.-^)}*, while (w) 
and /i (u) are .similarly constructed with periods 2a),//i and 2 &» 3 , prove that 

^?i(«)=P(“)+ £ {j?(tt + 2»/iw,/n) 

m=l 


and 


fi-i 

n /(u-}- 2 mai,/n) 

- • 

n f (2ma>|/n) 

masl 

(Math. Trip. 1914 ; the first of the formulae is due to Kiepert? 
Journal fur Math. Lxxvi. (1873), p. 39.) 
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10. If x = jp{u + a\ y = (P(«-a), 

where a is constant, shew that the curve on which (a*, y) lies is 

{xy+cx A-cy^- = 4 (jr+y + c) {cxy - \gz), 

(Burnside, Messenger, xxi.) 
2p''3 («) - 3^2^''^ (m) +^2^= 27 (k)+^3}^- 


where c = g5(2a). 

11. Shew that 


12. If 


(x* + ecx^ + e^)-^cLc, 


(Trinity, 1909.) 


^ W(± 


verify that 

the elliptic function being formed with the roots — c, i ^ 

13. If m be any constant, prove that 


(Trinity, 1905.) 




e 




-p(y) ^ ^ 




P’WJ PM-PW -'-j (f>(2)-f>(y) 

where the summatioD refers to the values 1, 2, 3 of r; and the iutegrals are 

(Math. Trip. 1897.) 

14. Let (^) = ^ + Bx^ + Cj^ + Dx + E, 

and let f=<^>( 3 r) be the function defined by the equation 

where the lower limit of the integral is arbitrary. Shew that 

2<^' (a) d»' (a +y) + <#»' («) _L + (a) _ «j>'(a-by) - (^) 

<i(^+y)_<^(a)" <^)(a + y)-<i>(a) 4> («-y)-<^> («) (a+y) - </> l-*^) 

{a-y)-<t> (x) 

<t> (a -.y) 

[Hermite, Proc. Mat/i. Congress (Chicago, 1896), p. 105. This formula is an 
addition-formula which is satisfied by every elliptic function of order 2.] 

15 Shew that, when the change of variables 
is applied to the equations 

they transform into the similar equations 

Shew that the result of jwrforming this change of variables three times in succession 
is a return to the original variables $, r, ; and hence prove that, if ^ and r, be denoted as 
functions of u by E{u) and P(«) respectively, then 




where A is one-third of a period of the functions E{u) and /’(«). 


Shew that 


£:(u) = f^-PC«: ff2>93\ 
g2 = ^p+^P*^ !/3= 

(De Brun, Ofversigt af K. Vet. AL'ad., Stockholm, Liv.) 


where 
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16. Shew that 




aud 


where 


_ 2<r (g a (g + c»>t) tr (g — 6>i — 

(?) <r («t) <T (<B 2 ) <r (©i +© 2 ) ’ 

6<r (g + g) <7- (g~ a) <r (? + c) O’ (^ — c) 


^ <rV2)<r'{a)o-2(c) 

P(«) = (i>5.72)*, 


17 . Prove that 


(Math. Trip. 1913.) 


g3(2-a)g^(2-i) = p(a-6) {p {z 

+ P{<^)P(b). 


a) + P(2-b)-pia)-p{b)} 
a)-f(j-6) + f(a)-f{6)) 


18. Shew that 


(Math. Trip. 1895.) 


1 i P'(u) + P '(w) P' (v) + P' (w)) 

2 l(?(w)-|?(M') 8?(v)-g?(if)j 


19. Shew that 


-f(«'-w) + C(t^'^y) + f(v)-fC«). 

(Math. Trip. 1910.) 


20 . 


C (“ 1 ) + C (“a) + f («3) - f («i + «2 + U 2 ) 

= _ gjP («l) -PM) iP (U2)-P(ll3)) {p (U,) P (».n 

P' f“i) {P (wa) - P {u3)}+p' (k^) (U 3 ) - p + p' _ p • 

Shew that Trip- 1912 ) 


p-(.g+y-hg)<r(j?~^) g-(y-^)g(z- x) 1 
^(■P)<r^(y) (e) *2 


1 ^(.r) 

1 s;>(y) r(y) 

1 P(^) P'i^) 


Obtain the addition-theorem for the function p (z) from this result. 
21. Shew by induction, or otherwise, that 

1 Pi^o) P'{z,)...pi-~^)(z^) 


1 P(zi) P’izO ...p^^-^Hzi) 


= 1 » 2 ! ... n ! ^ +0 n<r(z^—^M) 




(«o) ... ff 


»» + l 




1 PM 

where the product is taken for pairs of all integral values of X and ^ from 0 to n, such 
that X < f(. 

(Frobenius u. Stickelberger* Jouf7ial/ar Math. Lxsxili. (1877), p. 179.) 
22. Express 

1 P(^) PH^) p^(x) 

1 ^(y) rcy) F(y) 

1 PW PHz) p-iz) 

1 F(») ^?"(w) Pill) 

OH a fraction whose numerator and denominator are products of Sigma-functions. 

* See also Kiepert, Journaf/Ur Afalh. Lxxvi. (1873), pp. 21-33 ; Hermite, Journal fur Math. 
Lxxxii. (1877), p. 346. ’ ^ 
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Deduce that if a = p (j:), & = p (y), > = p («), ft = ^ (u), where x+y + z + k = 0, then 

(cj - 63 ) {(a - tfi) {3 - tfi) (y - eO (d - «t)}^ 

+ («s - eO {(a - Ca) (3 - ea) (y " «s) “ « 2 )}^ 

+ («i - «*) {(a — «a) {/3 “ ^ 3 ) (y “ ® 3 ) “ * 3 )}^ = («« “ ^ 3 ) (^3 - «i) («i “ ^i)' 


(Math. Trip. 1911.) 


23. Shew that 


2f(2«)-4a») = ^’, 


Ck) 




(Math. Trip. 1905.) 


24. Shew that 


^’=3P(“)r(«)-ir‘c«). 


and prove that a (nu)/{<r (w)}'^ is a douWy periodic function of u. 


(Math. Trip. 1912.) 


26. Prove that 

. ... .... <r(« — 2a + 6)<r{«-26 + a) 

(Math. Trip. 1895.) 

26. Shew tbat^ if ?i+22 + ^ + ^*=0* then 

(OP = 3 {2C(2r)} {2P(2r)} + 2Sf>'CO, 

the Bummations being taken for r=l, 2, 3, 4. (Math. Trip. 1897.) 

27. Shew that every elliptic function of order n can be expressed as the quotient of 
two expressions of the form 

ai C« + 6) + «2i?' (« + 6) +. -. + anP*"" 

where 6, ai, a ^,... a* are constants. (Painlev4, Bvlletin de la Soc. Math, xxvii.) 

28. Taking fii>c2>tf3. 8^(w) = «i, F(“) = ^3» 

consider the values assumed by 

f(«)-«C («')/«' 

as u passes along the perimeter of the rectangle whose corners are -«,<»,« + «', — w + w. 

(Math. Trip. 1914.) 

29. Obtain an integral of the equation 


1^» = 6PW + 36 


in the form 


d ra(z + c) t zp’jc) 11 

S L<r (*) <r (c) 1* - 2? (c) J ’ 


*L<^Wo-(c) l6-2p(c) 

where c is defined by the equation 

(6®-3yj)P(c) = 3(fc3+^3). 

Also, obtain another integral in the form 

(a.)- zC(<h)}, 

where p (oi) + p (oj) = b, p' (ai) + p" (o^) = 0, 

and neither + 0 ^ nor aj - a* is congruent to a period. 


(Math. Trip. 1912.) 
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30. Prove that 


•T {22 + ^ {^1 +^2 + ^ + ^ 4 )} 


is a doublj-periodic function of «, such that 

^ + 5 ' (^ + "i)+^ (2 + 0)2) + J/' (2+«i + a> 2 ) 

= - 2 (r {H «2 + ^3 - - 24 )} (T (23 + 2 , - 22 _ 2 J} o- {J ( 2 , + 23 - 23 - z^)}. 

(Math. Trip. 1893.) 

31. If /( 2 ) be a doubly-poriodic function of the third order, with poles at 2 = Ci, 2 = ^ 2 , 
2 -C 3 , and if ( 2 ) be a doubly-periodic function of the second order with the same periods 
and poles at 2 = 0 , 2 ^/ 3 , its value in the neighbourhood of z^a being 

‘^(^) = J^ + ^l( 2 -«) + A 2 ( 2 -a)*+..., 

prove that 

if (") -/" (0)] - X {/' (a) +/' (^)} 2<^ (c,) + {/(a) -/(/3)} |3XX| + 50 (cg) 0 {c 3 )| = 0. 

(Math. Trip. 1894.) 

32. If X(r) be an elliptic function with two poles a,, a*, and if z,, 2 ,, ... be 2« 
constants subject only to the condition 

ii+z 2 +...+ 22 „ = 7i(a|+a2), 
shew that the determinant whose ith row is 

1. X(2i), X2(2,.), ... X,(2i), X(2i)Xi(2*), X* (2^) X, (2,), ... X^-^ (z^) X, (2;) 

[where X, ( 2 ,) denotes the result of writing z^ for z in the derivate of X(z)l, vanishes 

(Math. Trip. 1893.) 

33. Deduce from example 21 by a limiting proces.s, or otherwise prove, that 


r (^) 


(f>"(z) ... g!?l*-i)(z) 
P"'(z) ... p(")(z) 


^l'-»)(z) P")(z) ...»(*«*-3) (z) 


(--)’* '{1! 21 ... (n^ 1) a-(nu)/{(r (u)}***. 


(Kiepert, Journal fUr Math. LXXVi.) 
34. Shew that, provided certain conditions of inequality are satisfied. 


(g+y) 




m 

2<i)] 


2cd 


1 / 


Sy^^-sin-(mz+ny), 


V (z) <T (y) 

where the .summation applies to all positive integer values of m and n, and y = exp («-i «3 <«i) 

(Math. Trip. 1895.) 


35. Assuming the formula 


Si e 


TTZ 


W _..2w, 2«j . JTZ ® 

= « • -am 

"■ (1—y*»)* 


1 — 2y*"cos — 


prove that 

«. \2«,y 2«, 

when z satisfies the inequalities 


coa 


nnz 




(Math. Trip. 1S96.) 
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36. Shew that if 2'a^ be any expression of the form 2mo>j + 2 no>2 and if 

then X is a root of the sextic 

^ - 5^2^ - ~ 6^2*^ - 8^2^3-r - •V3*=0» 

and obtain all the roots of the sextic. (Trinity, 1898.) 

37. Shew that 


where 


/{(^ - „) (^ - 6)1-1 - i log 1 log . 

3a (a-6)’ ^ 6 {a-6)’ 

(Dolbnia, Darhoux' Bulletin (2), xix.) 


38.. Prove that every analytic function f{z) which satisfies the three-term equation 

2 /(z + a)/(z-a)/{6-»-c)/{6-c) = 0, 

a, ft. c 

for general values of a, 6, c and 2 , is expressible as a finite combination of elementary 
functions, together with a Sigma-function (including a circular function or an algebraic 
function as degenerate cases). 

(Hermito, Fonctions elliptxquesy i. p. 187.) 

[Put 2 =-a = 6s:c=0, and then /(0) = 0; put 6 = 0 , and then /(a — 6)+/(6-a)s=0, so 
that fii) is an odd function. 


If F{z) is the logarithmic derivatc of f{z\ the result of differentiating the relation 
with respect to 6, and then putting 6=“C, is 

Differentiate with respect to 6, and put 6 = 0; then 


If /' (0) were zero, F' ( 2 ) would be a constant and, by integration,/(r) would be of the 
form A exp (Bz + Cz^)y and this is an odd function only in the trivial case when it is zero. 

If /'(0):j|t0, and we write F' (z)= -4* ( 2 ), it is found that the coefficient of a* in the 
expansion of 

12/’(2+a)/(^-a)/{/(2)}* 


is 6 {4> ( 2 )}® - 4>" ( 2 ), and the coefficient of a* iu 12 {/(a)P {♦ (a)-<l» ( 2 )} is a linear function 
of ♦ (z). Hence 4>" ( 2 ) is a quadratic function of ♦ ( 2 ); and when we multiply this 
function by 4>' ( 2 ) and integrate we find that 

{*' (j))2 = 4 {♦ (2)13 -f-12^ {* (2)}^ -I-12^0 ( 2 ) + 4C, 

where Ay B, Care constants. If the cubic on the right has no repeated factors, then, by 
§ 20'6, ( 2 ) = ^ (2 -p a) -I- .d, where a is constant, and on integration 

/( 2 ) = o-( 2 -f-a) exp Kz-L\ 

where K and X are constants ; since f{z) is an odd function a = A'=0, and 

/( 2 )-=(r( 2 ) exp {-\Az^-L]. 

If the cubic has a repeated factor, the SigmA-function is to be replaced (cf. 20*222) by 
the sine of a multiple of 2 , and if the cubic is a perfect cube the Sigma-function is to be 
replaced by a multiple of 2 .] 


CHAPTER XXI 

THE THETA FUNCTIONS 


211. The definition of a Theta-function. 

\\ hen it is desired to obtain definite numerical results in problems 

involving Elliptic functions, the calculations are most simply performed 

with the aid of certain auxiliary functions known as Theta-functiom. These 

functions are of considerable intrinsic interest, apart from their connexion 

with Elliptic functions, and we shall now give an account of their funda¬ 
mental properties. 

The Theta-functions were first systematically studied by Jacobi*, who 
obtained their properties by purely algebraical methods; and his analysis 
was so complete that practically all the results contained in this chapter 
(with the exception of the discussion of the problem of invemion in §§ 21-7 
et seq.) are to be found in his works. In accordance with the general scheme 
of this book, we shall not employ the methods of Jacobi, but the more 
powerful methods based on the use of Cauchy’s theorem. These methods 
were fimt employed in the theory of Elliptic and allied functions by Liouville 
in his lectures and have since been given in several treatises on Elliptic 
functions, the earliest of these works being that by Briot and Bouquet. 

[Note. The first ^auction of the Theta-function type to appear in Analysis was the 
Partition (1 - ^.)-i of Euler, IrUroductio in Anatysin InfinUon.^ i. 

' ci 8 21-3, it is easy to express 

Thetu-functions m terms of Partition functions. Euler also obtained properties of p Juots 


(1 +4.-), (1 n (ita.-*-*). 

The associated senes 1 k ^ . j • 

n^o fi»o^ r ^ previously occurred m the 

posthumous work of Jukob Bernoulli, Ar, Cmjectaldi (1713), p. 55 . 

pp. 497-537"“ (Konigsberg, 1829), and Wcrh, 

'"”■=«<»» have been studied by Gauss, Comm. Soo. 
reg. sa. Go«., r„. .. (1811). pp. 7-12 [IVorh, n. pp. 16-21) and IPerte. n.. pp. 433-480 so,d 

Cauehy, Co,ep « li,„du., x. (1840), pp. 178-181. For a discussion of properties of ,«ious functions 

mvolvmg what are known as Basic number, (which arc closely connected with Partition funcUons) 

see Jackson Proc Boyai Soc. Lxx.v. (1905), pp. 64-72. Proc. London Math. See. (1) xxv.„. (1897), 

pp. 47^186 and (2) M1904 , pp. 63-88, n. (1904), pp. 192-220; and Watson, CaL Phil. Tran.. 

*^®*^*’ ’?*’■ f ^ «9. A fundamental formula in the tl.eory of Basic numbers was gi.cn by 
Heme, Kugelfunkttoxen (Berlm, 1878), i. p. 107. 
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21*1^ 21*11*1 Tjaiij xni!<iA r 

Theta-functions aUo occur in Fouriei^s La Thiorie Analytique de la Chalear (Paris, 
1822), cf. p. 266 of Freeman’s translation (Cambridge, 1878). 

The theory of Theta-functions was developed from the theory of ellipUc functions 
by Jacobi in his Fandamenta Nova Tkeoriae Functionuo, ElhpUcarum (1829X 

in his Qe,. ireri-e, I. pp. 49-239; the notation there emptoyed 
i In his subsequent lectures, he introduced the funct.ons d.scu^ed m this chapter an 
account of these lectures(1838) is given by Borchaidt ,n Jacob, s 6«. We, i. pjo 49,-638. 
The most important results contained in them seem to have teen disco, ered in 1835, 
cf. Kronecker, SiUungtbericf.te d.r Atad. zu Berlin (1891), pp. 0o3-6o9.] 

Let T be a (constant) complex number whose imaginary part is positive ; 

and write q = e"^, so that 191 < 1- 

Consider the function ^(z, q), defined by the series 

n=-oe> 

qyui function of the variable z. 

^ If A be any positive constant, then, when | z | ^ ^, we have 
n being a positive integer. 

Now d’Alemberfs ratio (§ 2-36) for the series is 


which tends to xero as n - «. The series for S (.^ q) is therefore a series of 
analytic functions, uniformly convergent (§ 3^3^) m any bounded domam of 
values of and so it is an integral function (§§ 5‘3, 5 64). 

It is evident that 


and that 
further 


& (z, 9) = 1 + 2 s (-)"9"’ cos 2 nx, 

^ (z + TT, ^^ (z, q) i 

^(^ + 7rr,9)= i 


n- - 




n=-«> 


and so 


^ + WT, 9 ) = - 9 -'^ 9)- 

In consequence of these results, ^ (x, 9 ) called a quasi donbly-periodic 
function of z The effect of increasing ^ by w or nr is the sa.ne “ ^ejffec^ 
of multiplying ^ (z, 9 ) by 1 or - 9 - >«=cordmgly 1 and - 9 e are 

called the 'multipliers or periodicity fax^tors associated with the pemods n and 

* TTT respectively. 


The four types of Theta-functions. 

It is customary to write ^4 (^. ?) ^ ' 

types of Theta-functions are then defined as follows: 


the other three 
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The function ^ 3 ( 2 , g) is defined by the equation 

^3 (^, 5 ) == + 2 TT, = 1 4 - 2 S cos 2 ns. 

^ f n=l 

Next, g) is defined in terms of q) by the equation 

9 ) = - ie'‘ +a, + i TTT, 9 ) 

= _i- £ (_)«g(» + i)%(2n + l)w^ 

w = ^ ® 

and hence • y) = 2 S (-)" y(’■ + «’ sin ( 2 n + 1 ) ^. 

n»0 

Lastly, ^2(^. 5 ) is defined by the equation 

^2 9 ) = ^1 f ^ 4- 5 TT, = 2 2 g^”cos ( 2 n + l)z. 

Writing down the series at length, we have 

^ 1 ( 2 . g) = 2g^in^- 2g*siu 3^ + 2g^*‘sin .5^ - 
^2 (^. ?) = 2g^ cos z + 2g^ cos 3z + 2g^ cos oz -\-..., 

^3 (^> 9 ) — 1 + 2 g cos 2z + 2 g* cos 4z + 2 g* cos 6 ^ + ..., 

^4 (^1 9 ) — 1 ~ 2 g cos 2 ^ + 2 g^ cos 4^ — 2 g* cos 6 ^ +_ 

It is obvious that {z, q) is an odd function of z and that the other 
Theta-functions are even functions of z. 

The notation which has now been introduced is a modified form of 
that employed in the treatise of Tannery and Molk; the only difference 
between it and Jacobi's notation is that {z, q) is written where Jacobi 
would have written ^ {z. g). There are, unfortunately, several notations in 
use; a scheme, giving the connexions between them, will be found in § 21 - 9 . 

For brevity, the parameter g will usually not be specified, so that (z), ••• 
will be written for («, g), .... When it is desired to exhibit the dependence 
of a Theta-function on the parameter t, it will be written Also 

^ 3 ( 0 ), ^ 3 ( 0 ), ^<( 0 ) will be replaced by respectively; and will 

denote the result of making z equal to zero in the derivate of (z). 

Example 1. Shew that 

9) = '93(2z, ?*)+3b( 2^, y*), 
q*)-S^i2z, q*). 

Example 2. Obtain the results 

Si(2)= —3i(2 + i»r) =-»i^53(z + |ff4-4«'r)= — 

5a(ri= J« 3 (« + itrr)= ifSi(e + iw+^wT)= Si(z+^^\ 

53(ri= 34(2 + in-) = + i^3j(« + i7rrX 

■54 (2) = - ijf3i (2 + = iJifSi {« + ifl- + ^nr) = ^3 (* + ^ff), 

where M=q^ «**. 

• Throughout the chapter, the many-valued function g* ie to be interpreted to mean 
exp (X»-»t). 


THE THETA FUNCTIONS 


465 


21-12] 


Examph 3. Shew that the multipliers of the Theta-fuuctions associated with the 
periods rr, nr are given by the scheme 



5,(^) 

B,{z) 

Ss ( 2 ) 

, 54 (^) 

TT 

-1 

- 1 

1 

1 ' 

trr 


N 

N 

-N 


where 

ExumpU 4. If S W he any one of the four Theta-funetions and 3' (r) its derivate with 
respect to 2 , shew that 

y(2+7r) S'(2) 

S{z + ir) S(z)' S{z+irT) 5(2)* 


2112. The zeros of the Theta-functions. 

From the quasi-periodic properties of the Theta-functions it is obvious 
that if ^ (z) be any one of them, and if Zo be any zero of ^ (z), then 

Zo + rmr -f tittt 

is also a zero of & (z), for all integral values of m and n. 

It will now be shewn that if C be a cell with corners f, f + tt. < + w + ttt, 
t + TTT, then a (z) has one and only one zero inside C. 

Since & (z) is analytic throughout the finite part of the z-plane, it follows, 
from § 6-31, that the number of its zeros inside C is 

27riJc^W ■ 

Treating the contour after the manner of § 20-12, we see that 


2,r»Jc^W 


1 l-'+’(y(z) 

' (^) 

= — I 2idz, 

27rtj t 


=—r 

27rt j, 


_ a- (z + wt)! _ 1 r 

^(z + Trr)) 27nJt 


fV(g) ^^(^ + 7r) 
^( 2 ) ^(2+7r)J 


- dz 


dz » 1, 


by § 21*11, example 4. Therefore 

J_ C 

27ri J c ^ (■^) 

that is to say, a ( 2 ) has one simple zero only inside C; this is the theorem 
stated. 
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Since one zero of ^i(^) is obviously it follows that the ^eros of 

% U), % (^), (2) are the points congruent respectively to 0, 

2 

2'n* + -7rT, ^TTT. The reader will observe that these four points form the 
corners of a parallelogram described counter-clockwise. 

21 2. The relations between the squares of the Theta-functions. 

It is evident that, if the Theta-functions be regarded as functions of a 
single variable this variable can be eliminated from the equations defining 
any pair of Theta-functions, the result being a relation* between the functions 
which might be expected, on general grounds, to be non-algebraic; there 
are, however, extremely simple relations connecting any three of the Theta- 
functions; these relations will now be obtained. 

Each of the four functions VW, V(^) is analytic for all 

values of ^ and has periodicity factors 1, q-^e-*^ associated with the periods 
TT, TTT; and each has a double zero (and no other zeros) in any cell. 

From these considerations it is obvious that, if a. 6, a and 6' are suitably 
chosen constants, each of the functions 

{z) -f- (z) a'%^ {z) + {z) 

is a double-periodic function (with periods tt, ttt) having at most only a 
simple pole in each cell. By § 20*13, such a function is merely a constant; 
and obviously we can adjust a, 6, a', 6' so as to make the constants, in each 
of the cases under consideration, equal to unity. 

There exist, therefore, relations of the form 

V (s) == (z) -f- feV (^), (s) = a%* (z) + 6'V (e). 

To determine a, b, a!, h\ give z the special values J ttt and 0 * since 

we have V = -aV. V = V = -a'V, V = 6'V. 

Consequently, we have obtained the relations 
a,* {z) = V (^) V - (z) V, V (z) (^) 

If we write ^ + ^7r for jt, we get the additional relations 

^ 1 * (^) V = ^3* (z) V - (z) V, V {z) V = V (z) - V (^) V- ' 

By means of these results it is possible to express any Theta-function in 
terms of any other pair of Theta-functions. 

• The ^..logons relation tor the fnnetione ein r and coe r ie. of conree, (ein r)» + (coe r)>= 1. 
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21-2-21-22] 

Corollary. Writing s=0 in the last relation, we have 

S8*+34‘ = V. 

that is to say ^ « o . \i 

16?(1 + 9 >> + }’> + «>‘ + .-)‘ + ( 1 - 2 v + V-2«‘’+-)* = (' + 2j + 2j +2j +...)• 

21 - 21 . The addition-formulae far the Theta functions. 

The results just obtained are particular cases of formulae containing two 
variables; these formulae are not addition-theorems m the strict sense as 
they do not express Theta-functions of ^y algebraically in terms of Theta- 
functions of r and y. but all involve Theta-functions of x - y as well as of 

z + y, z and y. 

To obtain one of these formulae, consider -h y) - y) funet.on 
of The periodicity factors of this function associated with the periods vr 

and TTT are 1 and 9 - • 9 - = 9'' ^ , 

But the function (z) + has the same periodicity 

we can obviously choose the ratio a:6 so that the doubly-periodic Junction 

has no poles at the zeros of%(z-y) -, it then has, at niost, a " 

pole inLy cell, namely the zero of X(z + y) m that cell, and consequent j 
(§ 20-13) it is a constant, i.e. independent of z ; and, as only the ratio « , 6 is 
so far fixed, we may choose a and b so that the constant is unity. 

We then have to determine a and b from the identity in z, 

(«) + (^)=+y) - y)* 

To do this, put z in turn equal to 0 and g 2 


TT + g trT + 


y)^,(^vr + | 7 rT-y); 


= a,’ (y), bX’‘ (5 vr - 1-1 vtt) = 

and so “ = (y)/V. b = ^i' (y)IX'. 

We have therefore obtained an addition-formula, namely 

(Z y) ^3 (Z - y) = V (y) V (z) -t- (y) (z). 

The set of formuUe. of which this is typical, will be found in examples 1 

and 2 at the end of this chapter. 

21*22. JacobCi fundamental formulae*. . . ^ 

The addition-formulae just obtained .are particular cases of a set of identities first given 
by JacoK who obtained them by purely algebraical methods; each identity involves as 

many as four independent variables, w, x, y, z. 

Let vf, af, y\ il be defined in terms of le, w, y, r by the set of equations 

2u»'= -u^ + z+y + z, 

2x' *» u»-a:+y+z, 

2/ = ir+z-y+z, 

2/ =» v>+z+y-z. 

* Get. Werke, i. p. 605. 
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connexion between ^ and v/, V, /, / ia a 

For hi^yityf wnte [r] for (w) (x) (y) 5^ ( 2 ) and [rj' for 3^ (v/) 3r (o') 3^ (y) 3r (/). 

is The effect of inoreaaing 2 b,. or .r 

or third row respectively!'^”^ ^ foUowing Uble into those in the second 


I 

1 

[3] 

[IT 

'[27 

f2T 

-[ 1 ]' 

[37 

w 

1 

("■) 

[3j 

w 

[37 

(tit) 

W[3] 


Jf[3J 

W [27 

-A ^[17 


tbeirqu!IientladLb[v^>tiS^ Periodicity factors 1 and A^ and so 

namely the zero of ^3 (z) iiUhat cell * ^*“«*e simple pole in any cell, 

By § 2013, this quotient is merely a constant i « JnH j 
of symmetry shew that it is also indlpecdent of xlndT ’ consideratioos 

We have thus obtained the result 

^[3]=-n]'+[2]' + [3]'+[47, 

whore d ,s mdependent of y, r; to determine d put „=..yand we get 

■d—-52^ + ^3* + 5/; 

and so, by § 212 corollary, we see that A^2. 

r, K-. "M=-C‘I+[ 2 I+[ 3 r+[ 4 ]'.(i). 

also a-'.V,V"y)°by 4 “ ludTgir' 

2[4]=[1J'-[2J + [3J^[4J. 

Increasing all the variables in (i) and (ii) bv w« .K* • .u i. 

\ ) y 5 »rr, we obtain the further results 

2M = [17 + [2J+[3J-[4]' .(iii), 

2[1]=[1]-+[2J-[3]' + [4J .. 

obtii„rfrom “■' ^s(»)5,(:r)^(y,5.w „ti„h can be 

only those in wl.leh V f “h "" ^ 

to formulae not containing quar^V periods on tL r^hTLnd^Zr 
Example 1. Shew that 

[] + [J [ 1 ]+[ 2 J, n]+W-[l]' + [ 4 ]', [ 3 ]+[ 4 ]=[ 37 +[ 47 , 

t ] + [3]-r27+[47, [ 2 ] + [4] = [i 7 + [; 3 y. 

* In Jacobi’s work the signs of v x' u’ z' at h 

Bymn,etry of .he relations .sdestroyedj’tho'symmetriLl’m™ so tba, the complete 

Proc. London Math. Soc. t. (May 21, 1866. pp *i-12t «‘’en aredoe to H. J. S. Smith, 

t The idea of this abridged notation is to be t «i • 

however, not to have been used before TTr^r..-!,.. \ *“ Smith’s memoir. It seems. 

before Kronecker. Journal fUr Math. cn. (1887). pp. 260-272. 
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21*3] 

Example 2. By writing + jr+|ir for w, x (and consequently y + i»r, z' + ^n 
for y, z:'), shew that 

[3344] + [2211] = [4433J + [1122]', 
where [3344] means ^3 («;) ^3 (x) 3* (y) 3* ( 2 ), etc. 

Example 3. Shew that 

2[1234]=[3412]'+[2143]'-[1234]' + [4321]'. 

Example 4. Shew that 

V W+V (3)=V (z)+V (4 

21'3. Jacobis expressions for the Theta-functions ns infinite products*. 
We shall now establish the result 


40 


^^(z) = G n (I — 25”*”^cos2^ + 9^”“’), 

n^l 

(where G is independent of z), and three similar formulae. 

Let f(z) = n (1 - 9=^"-* 5(1- 9^”-^ ; 

n=l «=l 

each of the two products converges absolutely and uniformly in any bounded 
domain of values of z, by § 3‘341, on account of the absolute convergence of 


00 


2 9*"“*; hence/(i:) is analytic throughout the finite part of the ^-plane, 

n»l 

and so it is an integral function. 

The zeros of/ (z) are simple zeros at the points where 

e^ = (n = ..., - 2. - 1, 0, 1, 2, ...) 

i.e, where 2tz = (2n + 1 ) ttit + 2m7ri; so that f(z) and ^4 (^) have the same 
zeros; consequently the quotient ^i(z)lf{2) has neither zeros nor poles in 
the finite part of the plane. 

Now, obviously /(^ + tt) —fiz) ; 

^ - I —\ II /I 


/(^ + ttt) = n (1 - 9*'*+' c^) n (1 - e -^) 

n«l n=l 


That is to say f{z) and '^tiz) have the same periodicity factors (§ 2111 
example 3). Therefore %{z)lf{z) is a doubly-periodic function with no 
zeros or poles, and so (§ 20*12) it is a constant (?, say; consequently 


00 


a,(«) = G n (1 - cos 2z + 

»=i 

[It will appear in § 21-42 that G = ft (1 - 9“).] 

n = l 

Write z + ^TT for z in this result, and we get 


OD 


(^) = (? n (1 + 29*”^* cos 2z + 9*“ *). 

I 

• Cf. Fundamenta Nwa, p. 146. 
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(^)-*9^ + I TTT^ 


and so 


while 


. 1 . » • 00 

= — iq* e** (? n (1 — e^) n (1 — 

n=l u~l 

• 0^ 00 

= 2(75* sin ^ n (1 — IT (1 - 

n=l n=l 

ce 

(^) = 2^9* sin ^ n (I — 25*" cos 2z + 


n=l 




Example, Shew that* 


, * 

= 2(79* cos ^ n (1 + 25 »*»cos 2^ + ^"). 

n=l 


r2n-l 


')■ 


(Jacobi.) 


21-4. The differential equation satisfied by the Theta-functi(ms. 

We may regard as a function of two independent variables z 

and t; and it is permissible to diflferentiate the series for any 

number of times with regard to ^ or t, on account of the uniformity of 
convergence of the resulting series (§ 4*7 corollary); in particular 

5-5 -=-4 'I n*exp(n>7riT + 2m>) 

go 

_4 d%(z\r) 

TTt dr ' 

Consequently, the functio7i % (z | t) satisfies the partial, differential equatum 




^ dr ^ 

The reader will readily prove that the other three Theta-functions also 
satisfy this equation. 

2141. A relation between Theta-f unctions of zero argument 
The remarkable result that 

V(0) = ^.(0)^,(0)^.(0) 

wiM now be esUblished f. It is first necessary to obtain some formulae for 
differential coefficients of all the Theta-functions 

uroofffiven her. Vj « 615-517), though somewhat more difficult than the 
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Since the resulting series converge uniformly, except near the zeros of 
the respective Theta-functions, we may differentiate the formulae for the 
logarithms of Theta-functions, obtainable from § 21‘3, as many times as we 

please. 

Denoting differentiations with regard to z by primes, we thus get 

(«) = (z) 1^^-^ 1 ^.n-1 ^ ~ 1 + ^-1 e^J ■ 

a," (z) = (z) 1 + g^n-> 1 + er^ 

f » {2iy g”- » (2iy q”‘-' e-^ ] 

+ ^ (1 + g-^y] ■ 


, 211-1 


Making z~^0, we get 

V (0) = 0. V' (0) = - 8^, (0) ^ . 

In like manner, 




V(0) = o. V (0) = sa. (0) 


V(0) = o. V(0) 


= a. (0) [- 


OP 


.m 






and, if we write (z) = sin ^^ (z), we get 


9 


9“ 




If, however, we differentiate the equation (z) = sin a. <^ (z) three times, 
we get 


Therefore 


a.' (0) = <#. (0), a.'" (0) = 30" (0) - 0 (0). 
a"'(0) o. ? 9” 1- 

#v y ^yv\ «*■ f 


V(0) 


(1 - q”^y 


and 


, . V (0) . V (0) , V' (0) 
a, (0) a, (0) (0) 


i _jr— I 9-‘-L _+ i g"-' 1 

“ L (1 + 9”')’ "=> (1 + »-i (1 - 9“-’)’J 

.of i _9::_ + ? - i —, 

" * r --1 (1 + 9")’ »=. (1 - 9”)” -1 (1 - 9’")’J 


on combining the first two series and writing the third as the difference of 
two series. If we add corresponding terms of the first two series in the last 

line, we get at once 


^ ^ %" (0) ^ V (0) ^ V (0) ^ 24 ? 9” 

A • fv yrvv * Cv /i\\ ’ /A\ 


a,{0) ^ a.(0) '^.(0) 


T , ( 0 ) 

,r,(i-r)' v(o)- 



472 


THE TRANSCENDENTAL FUNCTIONS [cHAP. XXI 


Utilising the differential equations of § 21*4, this may be written 

1 dX (01 t) 

(0 I t) dr 

_ 1 d^,(0| T) . 1 d^,(0\T) ^ 1 d^4(0|T) 

^2(0|t) dr a,(0|T) dr dr ' 

Integrating with regard to t, we get 

(0, q) = C% (0, q) % (0. q) % (0, q\ 

where C is a constant (independent of q). To determine C, make g—>0; since 

lim5r-iV = 2, lim7-i&, = 2, = Iim&, = l, 

9**'0 

we see that C—1; and so 


which is the result stated. 




21*42. The value of the constant G. 

From the result just obtained, we can at once deduce the value of the 
constant G which was introduced in § 21*3. 

For, by the formulae of that section, 

V = «^(0) = 2giG n i\-q^)\ = 11 (1 + 


n»l 


n^l 


<o 


<o 


= G n (1 + ^.=G n (1 - o'"-')*, 

n*I n=l 


and so, by § 21*41, we have 


00 


00 


n (1 - q^'^y ^ n (1 + q^y n (i + f^-^y n (i - 

n*l u=l nal nal' ' 

Now all the products converge absolutely, since |g|<l, and so the 
following rearrangements are permissible: 


n (l-g*"-‘) n (1-g*") 

ln=l «=l 


► < 


n (1 + ^1) n (1 + 

^ 1 ti» 1 


>t 


00 


OD 


= n (1 - 9«) n (1 + g«) 

«— 1 n^l 


oo 


= n (1 - 9’»). 

11 = 1 


the first step following from the consideration that all positive integers are 
comprised under the forms 2n — 1 and 2n. 

Hence the equation determining G is 


n«l 


OD 


and so 0 = ± IT (1 — g*"). 
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To determine the ambiguity in sign, we observe that G is an analytic 
function of q (and consequently one-valued) throughout the domain |^| < 1; 
and from the product for we see that (?—»1 as ^—>0. Hence the 

plus sign must always b.e taken; and so we have established the result 

n (1-gn 

n®l 

Example\. Shew that = 

Example 2. Shew that 

3^= n {(1 

ns| 

Example 3. Shew that 

1 + 2 i n {(I-9*») ()+?*”-*)*}. 

n=l n*! 


21*43. Connexion of the Sigma-funetion with the Theta-function$. 

It has been seen (§ 20*421 example 3) that the function <r (z | wi, formed with 
the periods 2wj, 2 a) 2 , is expressible in the form 

-p © - ©i {(’ ■ 

where j=exp (»ri« 2 /<*)i). 

If we compare this result with the product of § 21*4 for 3, {z \ r), we see at once that 

" (*)=V • i ?■ I ^) ■ 

To express »;i in terms of Theta-functions, take logarithms and dififereotiate twice, 
so that 

— ^ (z) = — — (^ cosec- ( 


. /jlv 

\2a^^/ V2o>i/ \2wi/ J’ 

where v — \irzla>^ and the function ^ is that defined in § 21*41. 

Expanding in a.scending powers of z and equating the terms independent of z in this 
result, we get 

o=5i_if^y 

^ 3 V2a>,/ 

fr* Si" 

*''4 so "12«, 5,' ■ 

Consequently ca“ ^ expressed in terms of Theta-functions by the 

formula 


, {nyr (0) 


2ti)| / 


where v^h7TzJ<t>i. 

Example. Prove that 


• 72 = - 


?ri\ 


Vl2a),25, 2<^,y 


. 


21*6. The expression of elliptic functions by means of Theta-functions. 

It has just been seen that Theta-functions are substantially equivalent 
to Sigma-functions, and so, corresponding to the formulae of §§ 20 5-20'53, 
there will exist expressions for elliptic functions in terms of Theta-functions. 
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From the theoretical point of view, the formulae of ^ 20*6-20*53 are the 
more important on account of their symmetry in the periods, but in practice 
the Theta-function formulae have two advantages, (i) that Theta-functions 
are more readily computed than Sigma-functions, (ii) that the Theta- 
functions have a specially simple behaviour with respect to the real period, 

which 13 generally the significant period in applications of elliptic functions 
in Applied Mathematics. 

Let f(i) be an elliptic function with periods 2&>., 2<a,; let a fundamental 
set of zeros (a., a,,... a„) and poles (^„ be chosen, so that 

^(ar-0r) = O, 

as in § 20'53. ' 

Then, by the methods of § 20-53, the reader will at once verify that 

II I a. (I (I f - ^0r 

r=i I \ 2a>, lo),/ 2a>i 

where A, is a constant; and if 



Wsl 


be the principal part of/(z) at its pole /8„ then, by the methods of § 20-52 

/fy) = il,+ I I S ^ lo- ^ /-TTZ- Trff, 

r=iU=i (m-l)I ds'” 2a)j (ojy 

where is a constant. 


This formula is important in connexion with the integration of elliptic 

functions. An example of an application of the formula to a dynamical 
problem will be found in § 22*741. 


Example. Shew that 
and deduce that 


(*) Si* dz Si {z) ^,'3 » 


Si’(z)^n \ 


w 

Si'3 • 


21 61. Jacobi s imaginary transformation. 

If ah elliptic function be constructed with periods 2ft)„ 2«„ such that 


/ (Wa/<o,) > 0, 

it might be convenient to regard the periods as being 2ft>„ — 26>,; for these 
numbers are periods and. if /(6>,/a),) >0. then also 7(- a„/«.)> 0. In the 
case of the elliptic functions which have been considered up to this point, 
the periods have appeared in a symmetrical manner and nothing is gained 
by this point of view. But in the case of the Theta-functions, which are 
only quasi-peri<^ic, the behaviour of the function with respect to the real 
period tt is quite difierent from its behaviour with respect to the complex 
period ttt. Consequently, in view of the result of § 21-43, we may expect to 


THE THETA FUNCTIONS 


475 


21 - 51 ] 


obtain transformations of Theta-functions in which the period-ratios of the 
two Theta-functions involved a^e respectively t and — l/r. 

The transformations of the four Theta-functions were first obtained by 
Jacobi*, who obtained them from the theory of elliptic functions; but Poisson f 
had previously obtained a formula identical with one of the transformations 
and the other three transformations can be obtained from this one by ele¬ 
mentary algebra. A direct proof of the transformations is due to Landsberg, 
who used the methods of contour integration^. The investigation of Jacobi’s 
formulae, which we shall now give, is based on Liouville’s theorem ; the precise 
formula which we shall establish is 




exp 




where (— tV) ^ is to be interpreted by the convention j arg (- it) i < s’t. 


For brevity, we shall write - 1/t = t, q = exp( 7 nT'). 

The only zeros of ^3 {z \ t) and ^3 {rz | t') are simple zeros at the points 
at which 


z = mtr + nTTT + ^1 ^+ nirr + ^ ^ ^ ttt 

respectively, where n, m\ n take all integer values; taking m"^ 
n =s m, we see that the quotient 


-n- 1, 




is an integral function with no zeros. 


Also 


while 


ylr(z + ttt) -T-yfriz)- exp = 1, 

yfr (z — 7r)-7-yjr (z) — exp ^ ^ = 1 . 


Consequently >^( 2 ’) is a doubly-periodic function with no zeros or poles; 
and so (§ 20'12) ylr(z) must be a constant, A (independent of z). 

Thua A% {z\r) — exp {Wz^jw) % (zr' \ r '); 

and writing ^ -H ^ tt, ^ ttt, z -t- ^ tt + | ttt in turn for z, we easi ly get 

A% (z I t) = exp (itV/tt) ^3 (zT | t'), 

A% (z I t) = exp (it z^Itt) ^4 (zt' | t ), 

(z I t) — i exp (iW/tt) (zt' I t'). 

• Journal ftlr Math. m. (1828), pp. 403-404 [Ge$. Werke, i. (1881), pp. 264-265]. 

t Mim. de VAead, d€$ Sei. vi. (1827), p. 692; the speci&l case of the fonntila in which zsO 
had b4ea given earlier by Poisson, Journal de v£eole polyteclinique, xii. (cahier xix), (1823), 
p. 420. 

t This method is indicated in example 17 of Chapter n, p. 124. See Landsberg, Journal /Ur 
Math. oxx. (1893), pp. 234-253. 
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We still have to prove that to do so, differentiate the last 

equation and then put z = 0 ; we get 

-4V(0|t) = -7VV(0|t). 

'^i(0\r) = %{0\T)%(0\T)%(0\r) 

X(0\r) = %(Q\r')%(0\T')%(0\r'); 
on dividing these results and substituting, we at once get and so 

A = ±(-iT)i 

To determine the ambiguity in sign, we observe that 

^^3(0|t)=^3(0|t'), 

both the Theta-functions being analytic functions of t when / (t) > 0 ; 

thus A is analytic and one-valued in the upper half r-plane. Since the 

TheU-functions are both positive when t is a pure imaginary, the plus sign 

must then be taken. Hence, by the theory of analytic continuation, we 
always have 

-4 = + (- iT)i; 

this gives the transformation stated. 

It has thus been shewn that 


<o 


2 « 


1 


OD 


nas - oe 


Example 1. Shew that 

when TT - 1 . 

Example 2. Shew that 

Example 3. Shew that 


n=-« 


2 


^k) Ss(OIt') 
^3 (0 I r) 3, (0 I r') 


j3(0k + l) 

is(0|r+l) 3,{01r)' 


and shew that the plus sign should be taken. 


21-52. Laiiden's type of transformation. 

A transformation of elliptic integrals (§ 22-7), which is of historical 

interest, is due to Landen (§ 22-42); this transformation follows at once 

from a transformation connecting Theta-functions with parameter r and 2r. 
namely 

(01 t ) (01 T ) 

^4(2^1 2t) ^(01 2t) * 

which we shall now prove. 

The zeros of ^3 (^ | t) | t) are simple zeros at the points where 
^=(“+0’^+("+l)’rT and where ;■ = mw H-(a-|-i) wr, where m and n 


21 - 52 , 21 - 6 ] 
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take all integral values; these are the points where = witt + ^ j tt . •2t, 

which are the zeros of (2ir \ 2t). Hence the quotient 

{z\ r) 

^4(2^|2t) 

has no zeros or poles. Moreover, associated with the periods tt and ttt, it 
has multipliers 1 and (-is therefore 

a doubly-periodic function, and is consequently (§ 2012) a constant. The 
value of this constant may be obtained by putting z = 0 and we then have 

the result stated. 

If we write z + for z, we get a corresponding result for the other 
Theta-functions, namely 

% (z 1 t) I t) _ ^3 (0 |t) (0|t) 

^,(2^12r) ^4(0i2T) 

21-6. The diffe^'ential equations satisfied by quotients of Theta-functions, 

From §21-11 example 3, it is obvious that the function 

{z) - (z) 

has periodicity factors - 1, + 1 associated with the periods tt, ttt respectively; 
and consequently its derivative 

{%' {z) ^4 (^) “ (^) (^)l - V 

has the same periodicity factors. 

But it is easy to verify that %{z)X{z)l%Hz) has periodicity factors - 1. 
q-1 ; and consequently, if 4> (z) be defined as the quotient 

(V (^)^4 (Z) - V (Z) (^)l - (^) ^3 (^)l. 

then ( f > (z) is doubly-periodic with periods tt and ttt ; and the only possible 

poles of 4) (z) are simple poles at points congruent to ^ tt and g tt + ^ 

Now consider from the relations of§21'll, namely 

a. ^ ttt) = ig -1 e - » (z). x{^ + l = fg ' 1 e " (^), 

i = g 0 ). (^ + 5 ’tt) = g' 

we easily see that 

0 q-iTTT^ — W + ^/(^)^*('^)) 1^3 (^) ^2 (^)l* 

Hence 4> (z) is doubly-periodic with periods tt and ttt ; and, relative to 
these periods, the only possible poles of 4>{z) are simple poles at points 

congruent to^n. 
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Therefore (§2012), <l>{z) is a constant; and making z->0, we see that 
the value of this constant is - 4 - (^ 2 ^ 3 ) = V- 

We have therefore established the important result that 


d 

dz 






%{2) 


(: 


. 

writing ^ = % (z) and making use of the results of § 21 * 2 , we see that 

(S)'=f 

This differential equation possesses the solution It is not 

difficult to see that the general solution is ± (^ + a)/^, (^ + a) where a 

is the constant of integration; since this quotient changes sign when a is 

increased by tt, the negative sign may be suppressed without affecting the 
generality of the solution. 

Example 1. Shew that 

_ S,{J) 

Shewthat 

dz \$^ (z)f (z) 3^ (z) * 

21-61. Th^ genesis of the Jacobian Elliptic function* snw. 

The differential equation 

- f • V) (V - f. V). 

itgeX" ^ by a alight 

Writet i^,IX = y. = «; 

be written in place of the equation determining y in terms 

dy\> 

This differential equation has the particular solution 

a, 

a. («»,->) • 

The function of u on the right has multipliers - 1+1 associated with 

congruent to'i„v’™d.V+Srt'‘.'rd‘r '“'‘l “ ““ ‘fT 

sign, the zeros of the function are the points congruent to 0 and wV- 

;"a!!" t" t:: v't r “• 

Which cse the Thete.ruochoas de,ener..e; e^heUt^.ilV.t'^J/j,:/; “ 


(i 
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It is customary to regard y as depending on k rather than on q ; and to 
exhibit y as a function of u and k, we write 

y = sn (u. k\ 

or simply y = sn u. 

It is now evident that sa(u,k) is an elliptic function of the second 
of the types described in § 20-13 ; when g->0 (so that it is easy to see 

that sn (u,.A')—»sin u. 

The constant k is called the modu/iw; if A:^ = ^ 4 /^s, so that '\-k^—\, 
k* is called the complementary modulus. The quasi-periods ttV. -rTr^ are 
usually written 2if, 2iK\ so that sn(w, k) has periods 4ir, 2iK'. 

From § 21*51, we see that 27^'= ttV (0 | r'), so that K' is the same 
function of t' as ilT is of t, when tt' = — 1. 




Example 1. Shew that 


d ^2 (*) _ _ Q a 

dz ^4 {Z) * ^4 (^) *^4 (^) ’ 


and deduce that, if y=^ u — then 

E.ampU 2. Shew that ^ . 

Tzsn^r 


and deduce that, if ^hen 

Example 3. Obtain the foUowing results ; 

=33=l+2} + 2y* + 29® + ..., 

^?^!^y = 34«l-2y + 2j* + 29»-..., 

[These results are convenient for calculating k, F, K when g is given.] 

21*62. Jacofei** eaWter nofafton*. The Theta-function ©(«) and tU 
Eta-function H (u). 

The presence of the factors &,"> in the expression for sn (u, k) renders it 
sometimes desirable to use the notation which Jacobi employed m the 
Fundamenta Nova, and subsequently discarded. The function which is of 
primary importance with this notation is 0 (u), deHned by the equation 

0 (u) = a. 1 -r). 

so that the periods associated with 0 («) are 2Jf and 2f^r . 

* This ia the notation employed tbroughout the Fundamenta Nova. 
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The function <^{u + K) then replaces %{z); and in place of we 
have the function H (u) defined by the equation 

H (w) = - iq - 0 (u + iK') = {u%-^ | r), 

and % {z) is replaced by H (w + K). 

The reader will have no difficulty in translating the analysis of this 
chapter into Jacobi’s earlier notation. 

Example 1. If shew that the singularities of are simple poles 

at the points congruent to iK' (mod 2A, ^iK '); and the residue at each singularity is 1. 

Example 2. Shew that 

H'(O) = UA'-*H(A)e(O)e(A0. 

21*7. The problem of Inversion. 

Up to the present, the Jacobian elliptic fnnction sn (a, k) has been 
implicitly regarded as depending on the parameter q rather than on the 
modulus A;; and it has been shewn that it satishes the differential equation 

(d snu\* 

\dir) =^l-sii''«)(l-A;»sn^a), 

k'‘ = V (0. y)/V (0, q). 

But. in those problems of Applied Mathematics in which elliptic functions 
occur, we have to deal with the solution of the differential equation 


'dy\» 


values a d 1 * “ knowledge of the 

which If function sn (a. k) 

which satisfies this equation, we have to shew that a number r exists* such 

^ = V(0|t)/V(0|t). 

lira sn(M, k)/u = l, 

tf-^0 

That is to say, we can invert the integral 

dt 


I. 


so as to obtain the equation y= sn (u, k). 

that I, I cl. An altamauve procedure would be to diacuas the differential equation diLtly, 
after the manner of Chapter x. - u* /i 
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The difficulty, of course, arises in shewing that the equation 

c = V(0|t)/V(0;t). 

(where c has been written for k~), has a solution. 

When* 0<c<l. it is easy to shew that a solution exists. From the 
identity given in §2f2 corollary, it is evident that it is sufficient to prove 

the existence of a solution of the equation 

1_c = V(0|t)/V(01t), 

» /1 - 

which may be written 1 - c — 11^ ^ g»‘*”V 

Now as a increases from 0 to 1. the product on the right is continuous 
and steadily decreases from 1 to 0; and so f 

value 1 - c once and only once. Consequently a section of the equation 
in T exists and the problem of inversion may be regarded as solved. 

21-71, The problem of inversion for complex values of c. The modular functions 

pmbl of inversion may ^ regarded - ^ of 

may be proved, by somewhat lengthy algebraioal ini est.gations im oiv. g 

the behaviour of f ’ (1 * d - ^ ^ 

J ^ t For an exhaustive discussion of this aspect of 

problem of Elliptic Function., i. (New York, 1910). 

the problem, the reader le ^ by Cauchy-e 

It ie, however, more in accordan^ I.(0M/V(0|r) has one root lying in a certain 
method (§ 6-31) that the equation c=9. ^ I this root is an analytic 

domain of the r-plane and that (subje existence of this 

function of c, when c is i^garded as variable. * ^ of the Jacobian 

The method j^t ind^t^ has thefe functions (which are of 

«™,::nrf:l:n^r of T^nsformation of Kiliptic Functions) 

baa been considered in a treatise by Klein and nc 


Let 


/(r) = 16 evir n_ {- 

“ill 


+ « 


.( 2 » 


SsHOlr)' 






^ 4 * (01 r) 

3s' (0 1 r) * 


A(r)«-/(r)/y(r)- . 

Then, if „'= -1. the functions just introduced possess the following properties : 

/(T+2)-/(r). y(r+2)-lf(r), 

/ (r +1) = A (t). / (’•') =^9 C’")' 9 (’■) /1’")’ 

by 21*2 corollary. 21*61 example 1. 
verTollBiandigt von B. Fricke). (Leipzig. 1890.) 
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It is easy to see that as /(r)-*-+a>, the functions iV«“”’'/(r)=/i(T) and^(r) tend to 
unity, uniformly with respect to R (t), when — 1 ^ A (r) $ 1; and the derivates of these two 
functions (with regard to r) tend uniformly to zero* in the same circumstances. 


21*711. The principal Bolution o//(r) —c=0. 

It has been seen iu § 6*31 that, if/(T) is analytic inside and on any contour, 27ri times 
the number of roots of the equation/(r) — c=0 inside the contour is equal to 


/ 


1 df jr) , 


token round tho contour in question. 

Take the contour ABCDEFE'D’C'BA shewn in the 6gure, it 
temporarily + that /(r) — c has no zero actually on the contour. 


being 


supposed 



The contour is constructed in the following manner; 

FE is drawn paraUel to the real axis, at a large distance from it. 

AB is the inverse of FE with respect to the circle | r | -1. 

BC is the inverse of ED with reepeot to | r | = 1, i) being ehosen so thst 2)1 = 40. 

By elementary geometer, it foUowa that, ainre C and 2) are inverse points and 1 is its 
own inverse, the circle on 2)1 as diameter passes through C; and so the arc CD of this 
circle is the reflexion of the arc AB in the line 

The left-hand half of the figure is the reflexion of the right-hand half in the line 
R{t)=0. 


* This follows from the expressions for the Theta-functions as power aeries in q, it being 
observed that | 9 |-»' 0 as/(r)-»■ + ». 

+ The values of/(r) at points on the contour are disonssed in § 3K12. 
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It wiU now be ehewn that. 

only one, root inside the contour. p.-ov.ded that .s euaae. y 
alia This root will be caUed the frxncxfoi root of the equation. 

• f ^ taken along the 

To establish the existence of this root, consider J dr 

various portions of the contour. 

Since/(T + 2)=/(r), we have 




_ <ir=0. 

c dr 


Also, as r describes and Jfo , r - 

»“<*“ . ir r ) 1 


"{js'iy'^JDsf ^(O- 


. dr' 

c dr' 


*0, 


Smoe/(T±l)-A(0. ^e have 


{ r /’ll f - - — J — dr ; 

If + f-nl dr ^ j BAB A (t)-C ^ 

t J } CDi TO ^,tour 

but, as describes B'A B, r describes EE . and so i-ne 
reduces to ... 

[ ( 1 dfM 1 ^ + _4_^V'- 

Now as moves off to infinity+, » 

limit of the inteffral is 


_H.nf -_i^^{logA(r))<ir 
J BB' 1 —c. A(r) or 


' [ 1 f 


df\{r) Q ^O-*.0, and so the limit of the 

But I-“ST"^ ’ 

# 


integral is 


! B'B 


trtrfr«*2irl. 


Now, if we choose EE' to be initi^ly so to from ^ „ve,. no zeros 

g (t)-c have no zeros when r is above » _ TyC\ B'AB diminish 

of/W - c as moves off to iuBuity and the radn f’ „„ ,hc 

to zero; and then the integral will not change . j iuaije the original 

original contour integral will be 2irt, and the number of zeros ol / 

contour will be precisely one. 

w thon fiT\~c has a zero on the contour. 

• It is shewn in ft 21*712 that, xte'^lorc ^0, then/( ) 

+ It has been sappoeed temporarily that c 4* an < 


484 


THE TBANSCEN DENTAL FUNCTIONS 


[chap. XXI 


21-712. The valuei of the modular fumtion f {r) <m the contour considered. 

We now have to discuss the point mentioned at the beginning of § 21-711, concerning 

““ “"-Joining ±1 to + Jd on%he ae’nuoirolee of 

As T goes from 1 to 1 + cof or from -1 to -1 + ooi,/(t) goes from -® to 0 through 
eal negative values. So, if c is negative, we make an indentation in DE and a com-- 

Ztrafiri /(“ /W ' “ncnl in virtue of 

As r d^cribes the semicircle OBCl, r goes from - 1 co f to -1 , and f(r) = a (r') = 1 - f(r’) 
“c anT^“tl to'id”th''T* T' ' ‘‘ ** fndentations in 

rlTpart of^r i7o : «i change “f tt 

short oath • if Rfr^^n small, this merely makes r cross OFhya 

.a 'r, “ r,? z”'" -t 

of c SO far as circuits round /«-j. i «. ^ U, and so y is not a one-valued function 

we cut the c-plane from +1 to »o InTthT* f ^ ^ r function of c, 

J , . . + to -I- CO , and then for values of c m the cut plane, g is 

de^temined as a one-valued analytic function of c, say y (c), by the formula g 

r(c)_L [ f tf/fr) . 

2v. ;/(r)-c ^*> 

as may be seen from § 6-3, by using the method of § 8-22. 

cne-valu^Tonlylf" riddfriX " 

21-72. ne period., regarded a, function, of the modulue. 

Since A= (o, q) we see from S 21-712 that KW. i . 

^ j ^ is'made in the c i """-^iued analytic function of 

that K‘ is not a one-valued function , ‘i"® ®-pi»ne: but since A"= -irK, we see 

U Will appear late; “the :ut“ f:::.T “wit ^ ° = 

A IS concerned is not necessary os regards K\ ^ ^ ^ necessaiy so far as 

uSi niw 

is possible to oonstruTthe Weretrtt etnUcT'* + H 

to say, we shall shew that * « vouihU tn invariants; that is 

P {« I «], Mj) has invarianU and g^ periods 2«,, 2ofla such that the function 

Tb. c.b,.n 

\dz) “V-^sy-^3 

of the form , . 

W cad «* ^ — P (* I •»!» ®8). 

W e proceed to effect the aolufift^ n. 

Let s K aid of Theta-functions. 

Let c = A., where A is a constant to be determined presently. 

the Email circular arcs. ^ chosen that /(r) - e has no zeros either on EE' or on 

t On tbe actual calculation of the periods see B T a i 
Mvii. (1907), pp. 357-366. ' T. A Innea, Proe. Edinburgh Royal Soe. 
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By the methods of § 21 * 6 , it is easily seen that 

^2 (k) Si (v) - Si’ (v) 5* (p) = - ^3 (*') 
and hence, using the results of § 21 * 2 , we have 

(J (IJg! 


+ S 


■)• 


5i*(p) ^ • j Wl**) / 

Now let e„ e,. ^3 be the roote of the equation 4 y-<, 3 y -?3 = 0, chosen in such an oraer 
that (e,-e 3 )/(e,-« 3 ) is not* a real number greater than vmity or negatne. 

In these circumstances the equation 

e. - ^2 S,* (0 I r ) 

ei-e, V (010 

possesses a solution (§ 21-712) such that /(r)>0; this equation determines the parameter 
r of the Theta-functions, which has. up till now, been at our d.spos,a. 

Choosing r in this manner, let A be nest chosen so that! 

Then the function 

■y V(*'K) 

satisfies the equation 

= 4 (y - ei) (M - < 55 ) fy - «i)' 

t AMia ^ j 4 • thftsc 2ci>iv 2<i)> 'V6 hdvc 

The periods of y, qua function of Zy wAy • © 

/(o)2/<>>l) ^ 

The function p(r | o,. constructed with these periods, and it is easily 

eeen that V (0 i r) VCOl r)-c. is an elliptic function with no ,«le at 

the origin I; it is therefore a constant, C, say. 

If 63 , Ga bo the invariants of ff >(2 ! «i, " 2 ). have 

and so, comparing coefficients of powera of ^ ( 2 ), we have 

0=12(7, (?2=y2-12r“, 03-^3 

Hence C=--0, ^ 3=^3 1 

and so the function p(r 1 w„ »,) with the required invariants has been constructed. 

21-8. The numerical computation of elliptic functions. 

The series proceeding in ascending powers of q are convenient for 

calculating Theta-functions generally, even when j 9 | is as large as 0 9. But 
it usually happens in practice that the modulus k is given and the calculation 


• n'^i=.l, thenO^^ <l; ,,-,3 


if ' 'i 


0, then 1 - 


ti-'k 


> 1, and 


'< 1 . 

0 - «'* t 'i~ f 


* •• 

1 A 1 /,# f/. -/oW^e, - < 1 ) are excluded Bince4* 27»73^. 

VThe“ i«n attached to a is a matter of indiflerence, since we deal exclusively with 
functionR of v aod z. 


4*ven 


J The tlrmTin z-s cancel, and there is no term in z ■ because the function 


13 even. 
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of K, K' and q is necessary. It will be seen later (§§ 22*301, 22*32) that 
K, K are expressible in terms of hypergeometric functions, by the equations 

but these series converge slowly except when | k | and |!(' | respectively are 

quite small; so that the series are never simultaneously suitable for numerical 
calculations. 

To obtain more convenient series for numerical work, we first calculate q 
as a root of the equation k = V (0, q)/^j‘ (0. q). and then obtain K from the 

formula IwS,MO, q) and K' from the formula 

K'=n-'K log, {11q). 

The equation k = V (0, ?)/V (0, q) 

is equivalent to* V*' = (O, q)/^, (O, g). 

Writing 26 = . (so that 0 < e < i when 0 < < 1), we get 

^ ^ 3 ( 0 . g)-&.( 0, q) _ % (0, 5 ^) 

^.( 0 , ?) + ?yM 0 , 9 ) ^,( 0 , 9 *)- 

We have seen (§§ 21-71-21-712) that this equation in q- possesses a 

solution which is an analytic function of e* when | e | < i; and so 9 will be 

expansible in a Maclaurin series in powers of e in this domainf. 

It remains to determine the coefficients in this expansion from the 
equation ^ 

which may be wntten ’ ^ 

9=e + 29‘e-9»+29>«6-9»+ 

the reader will easily verify by continually substituting e + 20*6 - 
for 9 wherever 9 occurs on the right that the fimt two temsj are given by 

? = € + 2€» + 156* + 150e>» + 0 (€»’). 

It has just been seen that this series converges when le] < 

1 if * be « 

large a.i s/(08/04)=0933..., « = |, 2r‘‘=0 0000609, 15*»=0-0000002.] 

Example. Given calculatj^ n k” ir' v. ^ , 

, . , . . ' calcinate q. A, K by means of the expansion just 

obtamed, and also by observing that r-i, so that q=e-*. 

[9 = 0^32139, Ar=fr'-1-854075.] 

* In numerical work 0 < * < 1, and so 9 U positive and 0 < ^ 1 . 

<*<> “»» »hen Uld eicept at ,= 0 . k. this gives the only 

possible branch point. ^ 

X This expansion was given by Weieratnws, irer*<, w, (1895), p. 276. 
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21*9. The notations employed for the Theta-functiona. 

The following scheme indicates the principal systems of notation which have been 
employed by various writers; the symbols in any one column all denote the same 

function. 


5i (irz) 

58 (wz) 

5s (ttz) 

5 (irz) 

Jacobi 

5x(2) 

5a (z) 

5s (z) 

54 (z) 

Tannery and Molk 

5i (f»z) 

6% (a)Z) 

5s (taz) 

1 

5(«z) 

Briot and Bouquet 

5i( z) ! 

52 (z) 

53 (z) * 

5o(z) 

Weierstrass, Halphen, Hancock 

5(2) 

5i(z) 

53 (Z) 

52 (z) 

Jordan, Harkness and Morley 

J___ 


The notation employed by Herraite, H. J. S. Smith and some other mathematicians is 
expressed by the equation 

,,(x)= S (^ = 0, 1 : .=0, 1) 

with this notation the results of § 21-11 example 3 take the very concise form 

^(:r+ a) =.(->* . (.r), ^ + ar)= q~^ 6^v{x). 

Cayley employs Jacobi’s earlier notation (§ 2162). The advantage of the Weiei-strossian 
notation is that unity (instead of ir) is the real period of 6z{2) and 6a{z). 

Jordan’s notation exhibits the analogy between the Theta-functions and the three 
Sigma-functions defined in §20-421. The reader will easily obtain relations, similar 
to that of § 21*43, connecting 6r («) with Vr (2wi2) when r= 1, 2, 3. 

REFERENCES. 

L. Eolbr, Opera Omnia., (1), xx. (Ijeipzig, 1912). 

C. G. J. Jacobi, Fundamenta Nova* (Kfinigsberg, 1829); Oea. Math. Werke, i. 
pp. 497-638, 

C. Hermite, Oeuvres Matkhnatiques. (Paris, 1906-1917.) 

F. Klein, VorUtungen Uber die Theorie der elliptischen Modulfu7ii:tione?i (Ausgear- 
beitet und vervollstandigt von R. Fricke). (Leipzig, 1890.) 

H. Weber, Elliptische FunJctionen und algebraische Zahlen. (Brunswick, 1891.) 

J. Tannery et J. Mole, F<ynctxons Elliptiques, (Paris, 1893-1902.) 

Miscellaneous Examples. 

I. Obtain the addition-formulae 

9i (y +*) (y - *) v= V Cy) V (*) - V (y) V (*)=(y) 

5a (y+*) ^2 (y - 5**=54* (y) 5** (z) - 5|* (y) 5s* (z)=5** (y) 54* (z) - 53* (y) 5,* (z), 

53 (y+z) 5a (y - z) 54*=54* (y) 5s* (z) - 5,* (y) 5,* (z) - Sj* (y) 5,* (z) - 5,» (y) 5^* (z). 

54 (y+ 2 ) 5* (y - z) 5**=5s* (y) 53* (z) - 58* (y) 5,* (z) = 5** (y) 5** (z) - 5i* (y) 5i* (z). 

(Jacobi.) 

• Bepriotod in hifl 0€$* Mdth. Wttkti x» (1881)i pp. 49-239. 
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2. Obtain the addition-formulae 

^4 (y + «) Si - 2) S2*= Si" (y) Sa^ {z) H-V (y) y,2 (^) = (y) V (2) + S,* (y) ^3* (^), 

Si (y+Z) s* (y - r) 33 = = Si^ (y) ( 2 ) + (y) 3,* ( 2 ) = 33 * (y) 3,^ ( 2 ) + 3^2 (y) (z) ; 

and, by increasing y by half periods, obtain the corresponding formulae for 

Sr (y+z)S,.(.y- 2 ) 32 * and 3 r(y+ 2 j 3 r(y- 2 ) 332 , 
where r= 1, 2, 3. (Jacobi.) 

3. Obtain the formulae 




Si (y ± 2) 32 (y -4- 2) 3334 = 3, (y) 32 (y) 33 (2) 34 (2) ± 33 (y) 3* (y) 3, (2) 32 (2), 

51 (y ± 2) Sg (y + 2) 3234 = 3, (y) 33 (y) 32 (2) 34 (2) d: 32 (y) 34 (y) 3, (2) 33 (2), 
S,(y±2)34(y + 2) 3233=3, (y)34(y)32(2)33(2)±32(y)33(y) 3, (2)34(2), 

52 (y ± 2) 33 (y + 2) 3233=32 (y) 33 (y) 32 (2) 33 (2) + 3, (y) 34 (y) 3, (2) 34 (2), 

52 (y ± «) Si (y + 2) 323, = 3-2 Cy) S4 (y) S ., (2) 3* (2) + 3, (y) 33 ( y ) 3, (2) 33 (2), 

53 (y ± ^) S4 (y + 2) 3334 = 33 (y) 34 (y) 33 (2) 34 (2) + 3, (y) (y) 3, (2) 3^ (2). 

(Jacobi.) 

Obtain the duplication-formulae 

S2 {2y) 32342 = 32^ (y) 34* (y) - 3,2 (y) 33“ Cy). 


S 3 (2y) 3334 ^ = 332 (y) 342 (y) - 3,2 (y) 3-22 (y), 
Si(2y) 3,^ =S3*(y)-32^(y).= 34^(y)-3,^(y). 
Obtain the duplication-formula 


(Jacobi.) 


3, (2y) 323*34 = 23, (y) 3* (y) 33 (y) 34 (y). 

6 . Obtain duplication-formulae from the results indicated in example 2. 

7. Shew that, with the notation of § 21*22, 

[1] -[ 2 ] = W-[3]', [1]-[3] = [1]'-[3J. [l]-[4] = [2r-[3]', 

[2] -[3]=[lJ-[4]', [2]-[4] = [2]--[4]', [3]-[4]=[2r-[l]'. 

8 . Shew that 

2[1122] = [1122]'-t-[2211]'-[4433j-(-[3344]', 
2[1133]=[1133]'-H[33nj-[4422]'-|-[2244]', 

2 [1144] = [1144 y -I- [441- [3322J + [2233y, 

2 [2233] = [2233J -|-[3322]' - [4411]' -|- [1144^, 

2 [2244]=[2244^ -f [4422J - [331 ly + [1 133]', 

2[3344] = [3344]'-|-[4433J-[2211J+[lI22]'. 

9. Obtain the formulae 


(Jacobi.) 


(Jacobi.) 


2»r-ifi'-t^=2j* n {(1-?**)®(l-y*"-‘)-*b 

= n {(l+g*»)a(i 


10. Deduce the following results from example 9 : 

5 (l-$*"-»)®=2yii'^’4, n (l+9*"'?)«-2y*(iti0-4. 


n^l 

<0 


n^l 


n(l-9*")« n (i-f-g*»)« 

1 


n^\ 
oe 


n (1-J»)« = 47 r -’2 n(l-|-9»)® 


11=1 




(JacobL) 
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11. By considering f taken along the contour formed by the ijarallelogram 

J ^4 (^) 

whose corners are - itr, iw + trr, - in- + wt, shew that, when n is a positive integer, 

SI 

and deduce that, when | /(z) | < 4 /(rrr), 

4 ? 

S.izjnt l-g^ ' 

12. Obtain the following expansions : 

^*'^^^-cotz + 4 i 9'^lli}^ 

_^-cot.+4j^ l-y*» ’ 

^>--tanz4-4 i 

S^(z) 1-9-" 

^ 3 ' (^) A ^ (-)”g ”sin 
53 ( 0 ^ u=i 1-9^ * 

each expansion being valid in the atrip of the 2 -plane in which the senes invoived is 
absolutely convergent. 

(Jacobi.) 

13. Shew that, if | /(y) ] < f (nr) and ( / ( 2 ) (< / (irr), then 


'^h = coty-hcot24-4 2 2 9*""sin (2wy + 2«2). 

3\ (y) Si (^) m^\ nsi 


14. Shew that, if | /(«) 1 < (trr), then 


(Math. Trip. 1908.) 


S * 

— «-^=ioo+ 2 a„cos 2712, 

tr %^4 {Z) nsl 


where a„ = 2 2 (- )*»y(« + l>( 2 « + ™ + *>. 

(Math. Trip. 1903.) 

[Obtain a reduction formula for a, by considering J {^4 ( 2 )} "*«*"*• rf 2 taken round the 
contour of example 11 .] 


15. Shew that 


3 

3 


iM r 


cot 2 +4 2 

A 


9 *" sin 22 
=1 1 — 29 ** cos 22 + 9 ^’ 


] 


is a doubly-periodic function of 2 with no singularities, and deduce that it is zero. 


Prove similarly that 


3 ^ (2) 

— tan 2 

• 0^^ sin 2^ 

A ^ » 

52 (^) 

„_l 1 + 29*"cos 22 + 9^" 

53' W 

40 

q'Z%- 1 3 in 22 


AbI 

1 +29**"* cos 22 + 9^"”*’ 

3; (2) 

4 D 

A T _ 

9*»”* sin 22 

3 ^{z) 

4 i 1 
A^l ^ * 

- 29**“* cos22 + 9^"“® ’ 


18. Obtain the values of iP, K' correct to six places of decimals when 9 *»tV' 

[k =0-895769, y =0-444518, 

A'* 2-262700, A’'= 1*658414.] 


490 


THE TRANSCENDENTAL FUNCTIONS 


[chap. XXI 


17. Shew that, if w+;F+y + z=0, then, with the notation of § 21*22, 

[3]+[1] = [2] + [4], 

[1234] + [3412] + [2143] + [4321 ]-= 0. 

16. Shew that 

Si (y) . 3/ {z) 3V(y+z ) _ 0 Q 

54(y)‘^34(2) ^4(y+^) ^ '54(y)54(2)54(y+2) 

19. By putting x^y=z, w^Zx in Jacobi’s fundamental formulae, obtain the following 
results : 

5,3 {X) 5, (3:c) +54® (x) i3x) = S^^ (2x) 5*, 

53® (x) 53 (Or) - 5,3 (:r) 5* {Zx) = 52® (2:i:) 52, 

5j® {x) $i (3x) + 54® (x) 54 (3x) = 53 ® (2x) 53 . 


20. Deduce from example 19 that 

{3,> ( X ) S, (3x) 3.* + 3.’ (X-) 3, (3x) 3fl * + { 33 ’ (x) S 3 (3x) 3,* - 34> (x) 3. (3x) 3j>} * 

= (33’ (*) St (3x) 33 ’+3.’ (x) St (3x) 3,’} *• 


(Trinity, 1882.) 


21. Deduce from Liouville’s theorem that 

25, (z)3^(z) $^(z)Stiz) 

5, (2*) 52(0) 53(0) 54(0) 

is constant, and, by making 9-»>0, that it is equal to 1. 

Hence, by comparing coefhcients of 2 ® in the expansions of 

'”8 37 ( 0 )+'‘> 8 W ) + ''’« 3 ;( 0 ) 


•''‘=*25,(2) 

by Maclaurin’s theorem, deduce that 


54 ( 0 ) 


sr (0) V (0) , V (0) , V (0) 

5,'{0) “ 5,(0) 5,(0) 5,(0) • 

Hence, after the manner of § 21*41, deduce that 

5,'(0)-5, (0)5, (0)54(0). 

[This method of obtaining the preliminary formula of § 21*41 was suggested to the 
authors by Mr C. A. Stewart.] 
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THE JACOBIAN ELLIPTIC FUNCTIONS 

22'1. Elliptic functions with two simple poles. 

In the course of proving general theorems concerning elliptic functions 
at the beginning of Chapter xx, it was shewn that two classes of elliptic 
functions were simpler than any others so far as their singularities were 
concerned, namely the elliptic functions of order 2. The fii'st class consists 
of those with a single double pole (with zero residue) in each cell, the second 
consists of those with two simple poles in each cell, the sum of the residues 
at these poles being zero. 

An example of the first class, namely f(z), was discussed at length in 
Chapter xx; in the present chapter we shall discuss various examples of 
the second class, known as Jacobian elliptic functions*. 

It will be seen (§ 22*122, note) that, in certain circumstances, the Jacobian 
functions degenerate into the ordinary circular functions; accordingly, a 
notation (invented by Jacobi and modified by Gudermann and Glaisher) will 
be employed which emphasizes an analogy between the Jacobian functions 
and the circular fimctions. 

From the theoretical aspect, it is most simple to regard the Jacobian 
functions as quotients of Theta-functions (§ 21*61). But as many of their 
fundamental properties can be obtained by quite elementary methods, 
without appealing to the theory of Theta-functions, we shall discuss the 
functions without making use of Chapter xxi except when it is desirable to 
do so for the sake of brevity or simplicity. 

22*11. The Jacobian elliptic functions, sn w, cn u, dn u. 

It was shewn in § 21*61 that if 

the Theta-functions being formed with parameter t, then 

where (0 | t)/^, (01 t). Conversely, if the constant h (called the 

modulus^) be given, then, unless Ar^l or ^$0 , a value of t can be found 

• These functions were introduced by Jacobi, but many of their properties were obtained 
independently by Abel, who used a different notation. See the note on p. 512. 

t If and $ is the acute angle such that sin S—k, S is called the modular angle. 



492 the transcendental functions [chap. XXII 

§§ 21-7-21-712) for which V (0 I (0| t) = A:®, so that the solution 
of the differential equation 

subject to the condition = 1 is 

\<iuj 

the Theta-functions being formed with the parameter t which has been 
determined. 

The differential equation may be written 

[%! (1 
Jo 

and, by the methods of § 21‘73, it may be shewn that, if y and u are con¬ 
nected by this integral formula, y may be expressed in terms of w as the 
quotient of two Theta-functions, in the form already given. 

Thus, if 

u ^ ^(1 - k*t-)-^dt, 

Jo 

y may be regarded as the function of w defined by the quotient of the Theta- 
functions, so that y is an analytic function of u except at its singularities, 
which are all simple poles; to denote this functional dependence, we write 

y = sn (u. k), 

or simply y = sn u, when it is unnecessary to emphasize the modulus*. 

The function sn u is known as a Jacobian elliptic function of u, and 

.^ 

[Unlesa the theory of the Theta-functions is assumed, it is exceedingly difficult to shew 
that the integral formula defines y as a function of u which is analytic except at simple 
poles. Cf. Hancock, Elliptic Fvnctiont, i. (New York, 1910).] 

Now write cn («.*) = | .(B), 

dnfu jtq — tr\ 

dn(u. (C). 

Then, from the relation of § 21'6, we have 

^ sn u = cn u dn «.(I), 

au 


* The modulus will always be inserted when it is not k. 
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and from the relations of § 21 * 2 , we have 

sn*u + cn*u = l .(II), 

sn’ u + dn“ u=l .(III). 

and, obviously, cn 0 = dn 0 = 1 .(IV). 

We shall now discuss the properties of the functions sn u, cn v, dn u as defined by the 
equations (A), (B), (C) by using the four relations (I), (II). (Ill), (IV) ; these four relations 
are sufficient to make an u, cn u, dn u determinate functions of u. It will be assumed, 
when necessary, that sn u, cn u, dn u are one-valued functions of w, analytic except at their 
poles; it will also be assumed that they are one-valued analytic functions of when cuts 
are made in the plane of the complex variable from 1 to -fco and from 0 to — x. 

2212. Simple properties of sn u, cn «, dn u. 

From the integral u = (1 - t*)" ^ (1 - ~ ^ dt, it is evident, on writing 

J 0 

— t for f, that, if the sign of y be changed, the sign of u is also changed. 

Hence sn u is an odd function of u. 

Since sn (- u) = - sn u, it follows from (II) that cn (- u) == ± cn w; on 
account of the one-valuedness of cn u, by the theory of analytic continuation 
it follows that either the upper sign, or else the lower sign, must always be 
taken. In the special case u= 0, the upper sign has to be taken, and so it 
has to be taken always; hence cn(—u) = cnu, and cnu is an even function 
of u. In like manner, dn u is an even function of u. 

These results are also obvious from the definitions (A.), (B) and (C) of 
§ 22 * 11 . 

Next, let us differentiate the equation sn® u + cn* u = 1; on using equation 
(I), we get 

dcxiu j 

— 5 — — — sn M dn w; 
du 

in like manner, from equations (III) and (I) we have 

dduu ,, 

— • « - A:®sn u cn w. 

du 


22T21. The complementary modulus. 

\{ k ^k^ = \ and + 1 as A: 0, A' is known as the complementary 
modulus. On account of the cut in the A:®-plane from 1 to -I- co, A: is a one¬ 
valued function of k. 

[With the aid of the Theta-fiinctions, we can make one-valued, by defining it to be 
Example. Shew that, if 

y = cn (u, k). 


then 
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Also, shew that, if u=j (1 —(i* — 

then y=dn (u, i). 

[These results arc sometimes written in the form 

J cnu J dnu 


22 '122. Olaiskers notation* for quotients, 

A short and convenient notation has been invented by Glaisher to express 
reciprocals and quotients of the Jacobian elliptic functions; the reciprocals 
are denoted by reversing the order of the letters which express the function, 
thus 

nsi4 = l/sn«, ncu = l/cnn, ndwssl/dnw; 

while quotients are denoted by writing in order the first letters of the 
numerator and denominator functions, thus 

scu = snu/cntt, sdu^snu/dnu, cd u = cn t//dn «, 

cs u = CQ u/sn u, ds u dn u/sn u, dc ^ = dn u/cn u, 

[Note. Jacobi’s notation for the functions snu, cnv, dnu was sinamu, cosam u, 
Aam u, the abbreviations now in use being due to Qudermannti who also wrote tnu, 
as an abbi*eviation for tanam u, in place of what is now written sc u. 

The reason for J acobi’s notation was that he regarded the inverse of the integral 

u = j\l-J^siu*e)~^d3 

ae fundamental, and wrotej 0 = amu; he also wrote A<^»—for ^.] 
Example. Obtain the following results: 

J ^ J e**» 

JO J 

22*2. The <tddition~theorem for the function sn u. 

We shall now shew how to express sn (u + v) in terms of the Jacobian 
elliptic functions of u and v ; the result will be the addition-theorem for the 
function snw; it will be an addition-theorem in the strict sense, as it can 
be written in the form of an algebraic relation connecting sn u, sn v, sn (u + v). 

* Meitenger of Slathematiea, xi. (1882), p. 88. 
t Journal fUr Hath. xviu. (1838), pp. 12, 20. 

X Fundamenta Nova, p. 80. As A;^0, amu^u. 
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[There are numerous methods of establishing the result; the one given is essentially 
due to Euler*, who was the first to obtain (in 1756, 1757) the integral of 


dx 



in the form of an algebraic relation between x and y, when X denotes a quartic function 
of X and Y is the same quartic function of y. 

Threet other methods are given as examples, at the end of this section.] 


Suppose that u and v vary while w + v remains constant and equal to a, 
say, so that 

dv _^ 


Now introduce, as new variables, Jx and defined by the equations 


Sj = sn u, 6^ — sn v, 

so that! = (1 - «!*) (1 - 

and V = (1 - V) (1 - ^V). since t)“ - 1. 

DiflFerentiating with regard to u and dividing by and 2 ^ respectively, 
we find that, for general values§ of u and v, 

- (1 + A :») = - (1 + 

Hence, by some easy algebra, 

_ 2A^S|5a(S|* — Jj*) 

~ W - 5i*) (1 - * 

and so 

^ = (1 - *«**)-' ^ (1 - ; 

on integrating this equation we have 

_ Q 

where G is the constant of integration. 

Replacing the expressions on the left by their values in terms of u and v 
we get 

cn u dn u sn v + cn v dn w sn a _ ^ 

1 — sn* u sn* V 


> 


* Acta Petropolitana, vi. (1761), pp. 85-67. Eoler had obtained some speoial oases of this 
result a few years earlier. 

t Another method is given by Legendre, Fonetiom Elliptiqwit i. (Paris, 1625), p. 20, and an 
Interesting geometrical proof was given by Jacobi, Journal fUr Math. ni. (1828), p. 876. 
t For brevity, wo shall denote differential coefficients with regard to u by dots, thus 

dv <Pv 

vm-r- , VB-t-;. 
du du* 


§ I.e. those valnes for which en u dn u and cn v dn v do not vanish. 
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ss 0, namely 


That is to say, we have two integrals of the equation du + dv 
(i) « 4- V = a and (ii) 

sn tt cn v dn D + sn u cn u dn M _ ^ 

1 — sn^ u sn* V 

each integral involving an arbitrary constant. By the general theory of 
differential equations of the first order, these integrals cannot be functionally 
independent, and so 

sn u cn V dn r + sn v cn u dn u 
I — sn’ u sn’ v 

is expressible as a function of tt + v; call this function / (w + v). 

On putting v = 0, we see that /(it) = snw; and so the function y is the 
sn function. 

We have thus demonstrated the result that 


sn(u4- v) = 


sn u cn t dn v + sn V cn u dn u 


1 — A4 sn’ u sn’ v 


which is the addition-theorem. 


Using an obvious notation*, we jnay write 

_/.. , + 4'2CiC?i 

sn (« + .)= 

Example 1. Obtain the addition-theorem for sinu by using the results 

'dsinwN* . . „ /dsinvN* 


/tfsinwy , . , /tfsinvN* , . . 


du ) -’ V dv 

Example 2. Prove from first principles that 

0\ «iCj<i, + «3Ci<f, 


(d 8 \ 
V&p Zu) 


and deduce the addition-theorem for snu. 


Example 3. Shew that 


sn («-|-r) = 




(Abel, Journal fiir ^ath, xi. (1827), p. 105.) 

___ ^ e\d\C^-^9^diC\ 

~ CiCf\-9xdi$xdt ~ 

(Cayley, Elliptic Functione (1876), p. 63.) 
Example 4. Obtain the addition-theorem for sn u from the results 

5, (y+ 2 ) 54 (y- *) S»53=5 i (y) (y) 5a (*) 5, (r)+5a (y) 53 (y) 5i ( 2 ) 54 (*), 

54 (y+*)54(y-*) 54»=54’(y)54’ (*)-54*(y) ^^iz)y 
given in Chapter xxi, Miscellaneous Examples 1 and 3 (pp. 487, 488). (Jacobi.) 

Example 5. Assuming that the coordinates of any point on the curve 

ya-(l-jr’)(l-i»x’) 

can be expressed in the form (an u, cn « dn uX obtain the addition-theorem for sn u by 
Abel’s method (§ 20‘312). 

* This notation is doe to Olaisher, UeMtengery x. (1681), pp. 92, 124. 
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rConsider the intersections of the given curve with the vannWe curve 1 +m,r+; 
one is (0 1); let the others have parameters «„ «■., «3, of which i/„ 112 niay 1«! chosen 
arbitrarily by suitable choice of 111 and «. Shew that «, + «. +"3 >» constant, by the 
method of S 20-31'2, and deduce that this constant is zero by taking 

m = 0, n= - ^ (1 

Observe also that, by reason of the relations 

_ n^) = 2m, (J^i + -fa + -** 3 ) = 


we have 




(1 (1 + ,^ 2 ) 2 mx,x,=X 3 - 2 m.t:,X 2 - na.xj (x. + Xj+x,) 

= (i'l + ^2 + ^3 “ ”^i “ (-^i + -*^ 2 )" 2ma-i x-t - /uti x^ (oti + x*) 


22-21. The addition-tkeoremf! for cn u and dn w. 

We shall now establish the results 

cn u cn V — SD w sn y dn u dn tf 

cn (u + v) — 1 — Ar* sn^ u sn^ v 


dn u dn v — A;^ sn w sn y cn u cn y 
dn (u + y) — X — sn® u sn® v ’ 

the most simple method of obtaining them is from the formula for sn (a + r). 

Using the notation introduced at the end of § 22"2, we have 

(1 - k‘s,'‘s,^y cn’ (u + ti) = (1 - f s.’s.’)’ 11 - sn’ (a + y)l 

= (1 - ill’s,’s.’)’ - (s.c.d. + s.c,d,)’ 

= 1 - 2)f s,’s.’ + fc*s,‘S 2 ‘ - s,’ (1 - s.’) (1 - Ai’s.’) 

- s.’ (1 - s,’) (1 - A-’s,’) - 2s,s.c.c.<i,d. 

= (1 - s,=) (1 - s.’) + s.’s.’ (1 - A-’s,’) (1 - A-’s.’) 

— ^SiSiCiOididz 




and so 


— (C1C2 — SiS^did^^ 

\ CjCj 

cn (“ + «) = ± ■ 


But both of these expressions are one-valued functions of u, analytic 
except at isolated poles and zeros, and it is inconsistent with the theory 
of analytic continuation that their ratio should be -1- 1 for some values of u, 
and - 1 for other values, so the ambiguous sign is really definite; putting 
u = 0, we see that the plus sign has to be taken. The first formula is 

consequently proved. 

The formula for dn (u + v) follows in like manner from the identity 


(1 - A-’s.’s,’)’ - A" (s.c.(is + s,c,d,y 

= (1 - A’s,’) (1 - A’s.’) -I- A’s.’sj’ (1 - a,’) (1 - «»’) - 2A’s,«.c,Cjd.<is, 


the proof of which is left to the reader. 


498 


THE TRANSCENDENTAL FUNCTIONS 


[chap. XXII 


Examine 1. Shew that 


dn (« + v) dn (w — 1 >) 




(Jacobi.) 

[A set of 33 formulae of this nature connecting functions of tt+r and of w-v is given 
in the Fundamenta Nova^ pp. 32-34.] 


Example 2. Shew that 

0 cnu+cnt> _0 enw+env 
0u sn udnv + sni;dn u dv snudnv+snvdn u * 

so that (cn u +cn f)/(so -u dn z) + sn v dn -u) is a function of u +only; and deduce that it is 
equal to {1 + cn (« + r)}/sn (w + v). 

Obtain a corresponding result for the function (siCs + S 2 Ci)/(cfi+< 23 ). 

(Cayley, Meuenger^ xiv. (1886), pp. 66-61.) 

Example 3. Shew that 

1 —i*8D*(u+u) sn* (u —w) = (l — jt*sn*w) (1 — <(:*sn* »)(1- i*8n“ «8n* *>)“*, 

P*+A®on®(u+D) cn* (« - v) — (P* + i* cd*w) ((t^+i*cn* v) (1 —i*8n*«8n*i>)“*. 

(Jacobi and Qlaisher.) 


Example 4. Obtain the addition-theorenls for cn (w + *>), dn {u + v) by the method of 
§ 22*2 example 4. 


Example 6. Using Glaiaher’s abridged notation (MeteengeVy x. (1881), p. 106), namely 
»y c, d=an u, cn u, dn w, and S, Cy D — an 2u, cn 2u, dn 2i/, 


prove that 


^ 2<cd l-.2<*+A«#* 


l-it*ri 






(i+.y)^-(i-.,g)^ 

(l + ife5)i + (l-*5)^' 

Example 6. With the notation of example 5, shew that 

j_l-C \-D _E~k*C-E* D-C 
1+Z) F(T+Q <fc*(D-U) 

+ P*(l-/)) P*(l + <7) 

“i + D" i:*(l + U) >fc*(/)-0“P*+D-it»C* 

P*(l-U) ^*(1 + 2)) 

l+/> "l + U D~C P*+D-2*C' 

22‘3. The constant K. 


(Qlaisher.) 


We have seen that, if 

u=f'(l-t«)-4 (!-*»<>)-»*, 

J 0 

then y = sn (w, k). 

If we take the upper limit to be unity (the path of integration being 
a straight line), it is customary to denote the value of the integral by the 
symbol K, so that sn (K, A:) = 1. 

[It will be seen in § 22*302 that this definition of K is equivalent to the definition as 

^trV in §21*61.] 



499 


22'3-22'302] the ja(X)BIAN elliptic functions 

It is obvious that cn «: = 0 and dn A" = ± fc'; to fix the ambiguity in sign, 
suppose 0<k< 1. and trace the change in (1 — as t increases from 0 to 1 , 
since this expression is initially unity and as neither of its branch points (at 
t = + k-') is encountered, the final value of the expression is positive, and so 
it is~+ k '; and therefore, since dn iT is a continuous function of k, its value is 

always + k\ 

The elliptic functions of K are thus given by the formulae 

snK — ly cnK = 0t dalC — h. 


22‘301- The expression of K in terms of k. 

In the integral defining K, write t = sin 4>, and we have at once 

K = [^ 

J 0 

When Ifcl < 1, the integrand may be expanded in a series of powers of k, 
the series converging uniformly with regard to <#> (by § 3'34, since sin" <#> S I) I 
integrating term-by-term (§ 4-7), we at once get 

where c = *>. By the theory of analytic continuation, this result holds for 
all values of c when a cut is made from 1 to + oo in the c-plane, since 
both the integrand and the hypergeometric function are one-valued and 

analytic in the cut plane. 

Example. Shew that 

(Legendre, F<mction$ Elliptiques., I. (1825), p. 62.) 
22*302. The equivalence of the definitioru of A- 

Takine M = in ^ 21'61, we see at once that sn (ie-S 3 *) = l and so cn = 

Consequently, 1-sn « h'as a donWe sero at Therefore, since the number of poles 

of sn^ in th; cell with corners 0, 2 w^ 3 ^ v (t-H)53*. w (r- 1) V two. it foUows from 
8 20 13 that the only zeros of 1-sna are at the points u= ( 4 m-H-(- 27 .r) S, . whcie 
m and n are integers. Therefore, with the definition of § 22-3, 

A'=lir(4m-|-1-P2nr)d3». 

Now take r to be a pure imaginary, so that 0<i<l, and K is real; and wo have 
» = 0, 30 that 

!«• (4m +1) ^3* = j J (1 - ** sin* 0)" ® 

where m is a positive integer or zero; it is obviously not a negative integer. 

If m is a positive integer, since J* (1 - sin^./.)- i d<(. is a continuous function of .. and 

so passes through all values between 0 and K as a increases from 0 to Jir. we can find 
a value of a Um than !«■, such that 

A7(4m + 1) = j J (1 

and so s*' (ijr33*)*=sin « < b 

which is untrue, since sn(^»r33*)=i. 
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Therefore m must be zero, that is to say wo have 

But both K and are analytic functions of k when the c-plane is cut from 1 to 
+ 00 , and so, by the theory of analytic continuation, this result, proved when 0<it<l, 
persists throughout the cut plane. 

The equivalence of the definitions of K has therefore been established. 

Example 1. By considering the integral 

shew that an 2A—0. 

Example 2. Prove that 

sniir=(l + if)"i, dniA’=i^. 

[Notice that when cn2u=0. The simplest way of determining the signs to 

be attached to the various radicals is to make ^-*>1, and then sn «, cn u, dn w 

degenerate into sin u, cos u, 1.] 

Example 3. Prove, by means of the theory of Theta-functions, that 

cs4A=dniA'^Ir'i. 


22'31. The periodic properties (associated with K) of the Jacobian 
elliptic functions. 

The intimate connexion of K with periodic properties of the functions 
sn u, cn w, dn u, which may be anticipated from the periodic properties of 

Theta-functions associated with ^tt, will now be demonstrated directly from 

the addition-theorem. 


By § 22 2, we have 

' 1 -/fc»sn> usn’if -cttu. 

In like manner, from § 22'2], 

cn (u -I- A") = - k’ ad u, dn(u + K)^kf nd u. 


Hence 


sn 


I _cn(ti + A) A:'sd u 
(U + iif ) - = _ sn 


and, similarly, cn (u + 2K) = - cn w, dn (u + 2K) = dn w. 

Finally, sn (u -h 4A) = - sn («-|- 2A') = sn u, cn (u + 4A) = cn u. 

Thus 4,K is a period of each of the functions sn u, cn u. while dn u has 
the smaller period 2K. 


Example 1. Obtain the results 

sD(tt+A) = cdu, cn(tt + A’)= -ir'sdw, dn (u-|-A')«*-t'nd u, 
directly from the definitions of sn u, cn m, dn u as quotients of Theta-functions. 
Example 2. Shew that cs u cs (A— u)=P. 


22*31, 22*32] the jacobian elliptic functions 

22*32. The constant K'. 

We shall denote the integral 
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['(1 

Jo 


W V 

by the symbol K'. so that K' is the same function of (= c) as if is of 
(= c); and so 


i; k-). 


when the c'-plane is cut from 1 to + «. i.e. when the c-plane is cut from 
0 to — « . 

To shew that this definition of A” is equivalent to the definition of § 21-61, we observe 
that if tt' = -1, a: is the otu-valued function of F, in the cut plane, defined by the equations 

A-=iwS3M0 I t), (0 I r)-=-S3‘ (0 I r), 

while, with the definition of § 21'51, 

= (0 I r ), i'* = V (0 I r')H-V (<> I 

so that A' must be the same function of i” as A is of ; and this is consistent with the 
integral definition of K* as 

It will now be shewn that, if the c-plane be cut from 0 to - oo and from 
1 to + 00 , then, in the cut plane, K' may be defined by the equation 

First suppose that 0<A:<1, so that 0<k'<l. and then the integrals 
concerned are real. In the integral 


p(l _ea)-4(l 
Jo 


make the substitution 
which gives 

(so_l)J = Ff(l(1 _ tv)! = fc'(1 - (1 - ■. 

dg _ k'H 
dt {l-k'^ef 

it being understood that the positive value of each radical is to be taken. 
On substitution, we at once get the result steted, namely that 

K' = y 1)’ ^ (1- ds, 

provided that 0 < it < 1; the result has next to be extended to complex values 
of k. 
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Consider 


(I - «2) - i (1 _ i dt, 

the path of integration passing above the point 1, and not crossing the imaginary axis*. 
The path may be taken to be the straight lines joining 0 to 1 — and 1 +d to together 

with a semicircle of (small) radius fi above the real axis. If (1—and (1 — 

reduce to +1 at i = 0 the value of the former at 1 + ^ ia e ^ (2 + — 1)^, where 

each radical is positive ; while the value of the latter at ^ = 1 is +P when k is real, and 
hence by the theory of analytic continuation it is always + iP. 

Make and the integral round the semicircle tends to zero like ; and so 

Now (1 - (2)-i (1 - J* (**- «*)" ^ (1 - dw, 

which t is analytic throughout the cut plane, while A is analytic throughout the cut plane. 
Hence 




is analytic throughout the cut plane, and as it is equal to the analytic function A' when 
0 < Ir < 1, the equality persists throughout the cut plane; that is to say 

A' = ((2 - 1) - i (1 - *2^2) - i 

when the c-plane is cut from 0 to — co and from 1 to +co. 


Since iT -f* = f (1 - f*) ~ ^ (1 - k^t^) " i dt, 

Jo 

we have sn (J?" + iif') = 1/A:, dn (iT + ijK"') = 0; 

while the value of cn(ir + tIC') is the value of (1 —t^)^ when t has followed 
the prescribed path to the point 1/A:, and so its value is —ik'/k, not + H^jk. 

Example 1. Shew that 

Example 2. Shew that K! satisfies the same linear differential equation as K (§ 22*301 
example). 


22*33. Thepenodic propertiesX ip^sodated with K + iK*) of the Jacdnan 

elliptic function$. 

If we make use of the three equations 

sn (i^ + t^K") = A:-\ cxi{K -\-iK')^~~iklk, dn{K + iK') = 0, 

* H (Jk) > 0 because | arg c | < ir. 

t The path of integration passes above the point u = k. 

* The double periodicity of sn u may be inferred from dynamical considerations. See 
Whittaker, Analytical J>ynamic$ (1917), § 44. 
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and similarly 


we get at once, from the addition-theorems for sn u, cn u, dn u, the following 
results: 

, ,, sn ucn (A’'+liT') dn (iT + tiT') + sn (if + tif') cn u dn u 

sn (tt + A + %K ) *--T— U —i-TT L - ^ ■i^'\ - 

^ ' 1 — sn®w8n*(A + tA ) 

— Ar* dc u, 

cn (« + A^ + iK') = — ik'k~^ nc u, 
dn (n + A + iK') = ik‘ sc u. 

By repeated applications of these formulae we have 

sn (u + 2A + 2iA') = — sn w, pn (« + 4A + 4iA') = sn u, 

cn (u + 2A + 2iA') = cn u. | cn (u + 4A + 4iA') = cn u, 

+ 2A + 2iK') = — dn u, [dn (u + 4A + 4iA') = dn u. 

Hence the functions sn u and dn u have 'period 4A + 4iK\ while cn u has 
the smaller period 2A + 2^A^ 

properties (associated with iK') of the Jacobian 


L 

[dn(w 


22*34. The periodic properties {as 
elliptic functions. 

By the addition-theorem we have 

sn (u + iK*) = sn (w — A + A + iK*) 

— A:"* dc (u — A) 

= A;"** ns u. 

Similarly we find the equations 

cn {u + iK*) = — tA'“* ds u, 
dn {u + iK*) = — i cs 1 /. 

By repeated applications of these formulae we have 

sn(«-f2iA')= sn (“sn (w + 4iA') = sn w, 


cn (u + 4iA') =5 cn u, 
Idn (u + 4iA') = dn u. 


cn (u + 2iK*) = — cn u, 
dn {u + 2iK') = — dn «, 

Hence the functions cn u and dn u have period 4iK', tvhile sn u has the 
smaller peinod 2iK'. 

Example. Obtain the formulae 

sn ('« + 2m/r+2niA'0=( ~an w, 
cn (?( + 2mAr + 2nt A') = {-)"♦" cn «, 
dn (« + 2mA+2ntA'''J = (-)'*dn u. 

22'341. The behaviour of the Jacobian elliptic functions near the origin 
and near iK*. 

We have 

1 

i sn « = cn 14 dn u. -i— sn u = 4A:* sn* u cn u dn u - cn u dn a (dn* u -f- A:* cn* u). 
du du* 
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Hence, by Maclaurin’s theorem, we have, for small values of |«|, 

sn w = w — ^ (1 + u® + 0 (u®), 

on using the fact that sn u is an odd function. 

In like manner 

cnu = l — 


dn w = 1 — ^ + 0 (u*). 


It follows that 


sn (w + xK') — k~^ ns u 


Aw ( 6 


(l + A®)w* + 0(u") 


—I 


and similarly 


cn 


— V 9A» — 1 


dn (u + xK*) = — ^ + — 0 -^ + 0 (u*). 


It follows that at the point iK' the functions sn v, cn v, dn v have simple 
poles with residues A“', — lA"*, — i respectively. 

Example. Obtain the residues of sn?«, cnu, dnw at xK' by the theory of Theta- 
functions. 


22*35. General description, of the functions sn w, cn w, dn u. 

The foregoing investigations of the functions sn u, cn u and dn u may bt 
summarised in the following terms: 

(I) The function sn w is a doubly-periodic function of u with peri(jds 
4/f, 2iK'. It is analytic except at the points congruent to iK' or to 2K + iK' 
(mod. 2iK') ; these points are simple poles, the residues at the first set all 
being A“‘ and the residues at the second set all being - A-*; and the function 
has a simple zero at all points congruent to 0 (mod. 2K, 2iK'). 

It may be observed that sn u i.s the only function of u satisfying this description; for 
if (u) wei-e another such function, sn u — 0 (u) would have no singularities and would W 
a doubly-periodic function; hence (§ 2012) ft would be a constant, and this constant 
vanishes, as may be seen by putting u=0; so that <^(u) = sn u. 

When 0< A*< 1. it is obvious that K and K" are real, and sn it is real for 
real values of n and is a pure imaginary when « is a pure imaginary. 

(II) 1 ho function cn u is a doubly-periodic function of a with periods 
and 2K + 2tA It is analytic except at points congruent to iK' or to 

2K-\-iK (mod. 4A'^, 2A’^ + 2iK')\ these points are simple poles, the residues 
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at the first set being —ik and the residues at the second set being il’*; 
and the function has a simple zero at all points congruent to K (mod. IK, 2iK'). 

(Ill) The function dn u is a doubly-periodic function of u with periods 
2K and 4dK'. It is analytic except at points congruent to iK' or to SiK' 
(mod. 2K, these points are simple poles, the residues at the first set 

being — i, and the residues at the second set being i ; and the function has 
a simple zero at all points congruent to K -\-iK' (mod. 2K, 2iK') 

[To see that the functions have no zeros or poles other tlian those just 8 i>ecifierl, 
recourse naust he had to their dchnitions in terms of Theta-fuuctions.] 

22*351. The conne.tion hetioeen eientrasgian and Jacobian elliptic functicnte. 

If Cl, 621 he any thi'ee distinct numbers whose sum is zero, and if we write 


we have 


ky 

=4 (ci — 63 )* ns^ Xii cs^ Xk ds® Xw 
= 4 (c, -C 3 )® X® iis^Xm (ns® Xu — 1) (ns® Xu -i®) 

= 4 X* (c, _ gj)-1 (y - ^3) (,y - Cl) {y - ^® (^i - C3) - 63}. 

Hence, if X® = <fi -63 and I'® = (C 3 -e 3 )/(c, - 63 ), then y satistics the equation* 

. 3 

:du) 

where a is a constant. Making we see that a is a }>eriod, and so 

P (« : ^ 2 . .^ 3 ) = C 3 + (ci - «3) ns® f n («! - 63 )^}, 
the Jacobian elliptic function having its modulus given by the equation 


(; 


and so 


+ («i — C 3 ) ns® 


>t2 = 


e-i-ey 

ei-es 


22*4. Jacobi's imaginary trauHforniation'\. 

The result of §21*51, which gave a transformation from Theta-functions 
with parameter r to Theta-functions with parameter t' = — 1 /t, naturally 
produces a transformation of Jacobian elliptic functions; this transformation 
is expressed by the equations 

sn (iu, k) = tsc (u, k'), cn (iu, k) = nc (u, k'), dn (iw, ^’)s= dc (u, k'). 
Suppose, for simplicity, that 0 < c < 1 and y > 0 ; let 

['*'(1 -t-)^ ^(l-kH^)-^dt = iu, 

Jo 

so that iy = sn (iu, k) ; 

take the path of integration to be a straight line, and we have 

cn (iit, A) = (1 + dn (iu, k) = (1 + 

* The values of g-i ^ud are, aR usiml, - ami 

+ h'uintamentn Nova, pp. 34, 35. Al>el {Jounuil /Ur Math. ii. (1S27), p. 104) deiivcK tho 
double periodicity of elliptic functions from this result. Cf. n letter of Jan. 12, 1B28, Jacobi 
to Logeudre (Jacobi, Ge$. H'erfcr, i. (1881). p, 402). 
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Now put y = V(l —where 0< 17 < I, so that the range of values 

of t is from 0 to iv/{l—7}^)^, and hence, if t = ~ the range of 

values of is from 0 to rj. 

Then rfi = i(l _ (1 - = (1 - 

1 (1 - i (1 - 

and we have iu = ['(1 - v)“^ (1 - k'%^) 


so that 17 = sn (u, J!/) 

and therefore 7 / = sc (u, Jc'). 

We have thus'obtained the result that 
sn (tu, k) = % sc (u, k'). 


Also cn {iu, ^) = (1 + = (1 - 17 =)“ * = nc (h, k'), 

and dn (iu, &) - (1 - k^f)^ = (i -f^^r}^)i{l _ ^>) - i ^ dc (a, k'). 

Now sn {ut, k) and tsc(w, k') are one-valued functions of i^and k (in the ^ 
cut c-plane) with isolated poles. Hence by the theory of analytic continuation 
the results proved for real values of u and k hold for general complex values 
of u and k. 


22*41. Proof of Jacobis imaginary irunsfvrmation by the aid of Theta- 
functions. 


The results just obtained may be proved very simply by the aid of 
Theta-functions. Thus, from § 21-61, 


where 

and so, by §21*51, 


sn {iuy k) s= 


e =5 


sn (tu, k) = 


(01T) (i> I r) 

WV(0|t), 

- 1 ^, (izr' IT-) 
^ 4 ( 0 | t ')‘ ^,(izr'lr) 


1 


= -1 sc (v, k'), 

where v = tW V (0 | t') i>t' . (- tV) V (0 1 r) = - «, 

so that, finally, sn (tu, k) = i sc (u, k'). 


Exampte 1. Prove that cn (lu, 1 -)=nc (u, P), dn (tu, 1:)=dc (u, P) by the aid of Theta- 
functions. 

£j:ample2. Shew that 

8n(J*A'', i)=isc(4A', P) = tt-*, 

cn dtE', dn i) = (i+i)*. 

[There is great difficulty in determining the signs of sniiA’', ciiit'A'', dnitAT', if any 
method other than Jacobi’s transformation is used.l 
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Example 3. Shew that 

dn J (A+e’A’'')= +!■')*-» (1-F)*} 

Example 4. If 0 < ^ < I and if be the modular angle, shew that 

30 i (A -f %K') = V(C 08 ec &\ cn ^ (A' + iK') = e “ ^{cot ). 

dn i (A' + tA') 5;. 
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22'42. Landen*s traiisfomiation*. 
We shall now obtain the formula 


(Glaiaher.) 


/. 


sin 01 = (1 + A:')ain 0 cos 0 (1 — ^*sin^ 0 )“ i 

A:* - (1 - + ky 

This formula, of which I^anden was the discoverer, may be expressed by 
means of Jacobian elliptic functions in the form 

an 1(1 + k‘) u, A-.l = (1+ i') sn (u. k) cd (u, k), 
on writing <^. = am«, </.. = am«.. 

To obtain this result, we make use of the equations of § 21-52, namely 

MLklMlLl) _ I t) a, (« I t) a,(0jT)2(,(0|T) 

&.( 2 «| 2 t) &,( 2 ^| 2 t) a, (01 2 t) ■ 

and quarter-periods 

formed with parameter r^; then the equation 

(22 I T.) 

may obviously be written 

k su {2Kzlv, k) cd k) = k^ sn ( 4 AV 7 r, k,) .(A). 

To determine k, in terms of k, put ^ ? w, and we immediately get 

kl(l + k') = ^,1 

which gives, on squaring, 1 :. = (1 - *')/(! + k'), as stated above. 

To determine A, divide equation (A) by z. and then make i -»0 ■ and 
we get 

2Kk = 4/t,i A, 

so that A=\{l+k')K. 

Phil, Tram, of the Royal Soe. lxv. (1775), p. 285. 
t It will be auppoBed that to avoid difflcuUiea of eign which arise if JJ (r.) does 

he between ±1. This condition is satisfied when 0< for r is then a pure imaginary. 


not 
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Hence, writing u in place of 2Kzl7r, we at once get from (A) 

(1 + k') sn (w, k) cd (w, k) = sn ((1 + k') u, 
since 4 A^/ 7 r = 2Au/if = (1 + ^') m ; 

so that Landen’s result has been completely proved. 

Exam-pie 1. Shew that A'Ia. = 2K'IF, and thence that A'=(l +F) E\ 

Example 2. Shew that 

cn{(1 + ^)= -(l+F)sn®(w, i)} nd («, k), 

dn= + cn®Ca, i:)}nd(«, k). 

Example 3. Shew that 

dn (a, i) = (l -i^)cn {(1 + F) a, i,} + (H--P) dn {(l + F) a, ^i}, 
where >t’=2itii/(l+^i)- 

22*421. Transformations of elliptic functions. 

The formula of Landen is a particular case of what is known os a transformation 
of elliptic functions ; a transformation consists in the expression of elliptic functions with 
parameter t in terms of those with parameter (a + 6t)/(c + rfr), where a, 6, c, d are integers. 
We have had another transformation in which a* -1, 6=0, c=0, namely Jacobi’s 
imaginary transformation. For the general theory of transformations, which is out¬ 
side the range of this book, the reader is referred to Jacobi, Fundamenta Novoy to Klein, 
Vorlesungen iiher die Theorie der elliptischen Modvlfunktionen (edited by Fricke), and to 
Cayley, Elliptic Functions (London, 1895). 

Example. By considering the transformation r 2 =T±l, shew, by the method of 
§ 22*42, that 

sn {kuy sd («, it), 

where ±t/t//t', and the upper or lower sign is taken according as (t)<0 or A(t)>0 ; 
and obtain formulae for cu (Fu, it^) and dn (Fu, k-^. 


22*6. Infinite products for the Jacobian elliptic functions*. 

The products for the Theta-functions, obtained in § 2r3, at once yield 
products for the Jacobian elliptic functions; writing u = 2Kxlrr, we obviously 
have, from § 2211, formulae (A), (B) and (C), 

1 — cos 2x 4 - (p" 


sn u = sin X n 

M »1 


cn w = COBX n 

n = l 


[I — COS 2x + 

1 + 2q^ cos 2;r + q*^ 


[1 — 2^*^*“* cos 2x + q* 


n—2 


j ,,i * (1-b 2g*"~*cos 2a;-I-9^” 

„=i|l — 2g®**“*cos2a; + g^"“’J 


From these results the products for the nine reciprocals and quotients can 
be written down. 

There are twenty-fovir other formulae which may be obtained in the following manner; 
From the duplication-formulae (§ 22*21 example 5) we have 


1 -cnu 1 .1 

-= sn 5 tt dc 5 u, 

unu 2 2 


1 -^dn s ,1 I 

= ds - u nc 5 a. 


sn u 


dn M-f cn u I ,1 

-= cn : u ds w. 

sn u 2 2 


* Fundamenta Nova, pp. 84-115. 
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Take the Brat of these, and us© the products for sn^u, cn Am, dn^K ; we get 

1 - _ I-c oa X « a - 2 ( - cos j: + 

u siax n=i tl + 2 * 


sn 


on combining the various products. 

Write u + K for «, x+^n- for x, and we have 

dnii + P sn tt 


cn 


{r'sn« _ 1 + sinx * H+ 2 (- 9 )*»sin x + ^ 2 i.| 
u cosx n=i (1 “2 (•“y)'‘sinx + y‘'"J ■ 


Writing u + iK' for u in these formulae we have 

isnu+idnu^in 

n^i (I — 2i (—)« i Sin X - - ij ’ 

and the expression for icd w + i'^ nd u is obtained by writing cos.r for sin x in this product. 

From the identities (1-cn u) (1+cu w) = sn»«, (X-sn w+idn w) (^-sn i dn «)= 1 , etc., 
we at once get four other formulae, making eight in all; the other sixteen follow in the 
same way from the expressions fords^ttne^u and cn^wds^u. The reader may obtain 
these as ah example, noting specially the following: 

)(1 - (1 fi-gix) 


sn u+t cn 


Example 1. Shew that 

dni(;r+.-yr-;=^'‘ 5 

n=i 1(1 - l(/'* ■*) (1 

ll+(_)njy*+4J • 

Example 2. Deduce from example 1 and from ^ 22*41 example 4, that, if $ be the 
modular angle, then 

e-»"= n 

R=0 h+(-)” ’ 

and thence, by taking logarithms, obtain Jacobi’s result 


^2^(- )" arc tan ^"■'■*=arc tan ^q-&rc tan Vy^ + arc tan vV~ 

‘ quae inter formulas elcgantissimas censeri debet.' (Fund. Fova, p. 108.) 
Example 3. By expanding each term in the equation 
log sn Us:log (2^^) — ^ log it + log sin x+ 2 {log (1 


nsi 


+ log (1 - j!"* t?- 2**) - log (1 - y2'* -1 *>2'-^) - log ( ] - -1 ^ j 

in powers of and rearranging the resulting double series, shew that 

logsn t£=log( 29 *)-^ logi- + Iogsinx+ 2 gyT’ cos -Imx 

when 1/(«)!< i,r/(T). 


(Jacobi, Fundamenta Aom, p. 99.) 


Obtain similar series for log cn u, log dn u. 
Example 4. Deduce from example 3 that 


f log8nwrfu=-i)rA"-^AlogX-. 


(Qlaisber, Proc. Royal Soc. xxix.) 
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22'6. Fourier series for ike Jacobian elliptic functicms*. 

If w = 2Kxl7r, sn u is an odd periodic function of x (with period 27r), which 
obviously satisfies Dirichlet s conditions (§ 9*2) for real values of x ; and 
therefore (§ 9'22) we may expand sn a as a Fourier sine-series in sines of 
multiples of x, thus 


00 


8 n«= X 6„sinnar, 

n»l 


the expansion being valid for all real values of x. It is easily seen that the 
coefficients bn are given by the formula 

7ribn = j sn u . exp (nix) dx. 

To evaluate this integral, consider j sn u. exp (nix) dx taken round the 
parallelogram whose comers are — tt, tr, ttt, — 27r + wr. 

From the periodic properties of sn u and exp (nix), we see that j cancels 

^ ; and so, since ■" ‘w + ^ ttt and ^ irr are the only poles of the integrand 

(qua function of x) inside the contour, with residuesf 


/ 


“ (“ +1 nirir^ 


and 


k ^{-nlK^expf^^niriT) 


respectively, we have 


Writing a: — tt + ttt for a? in the second integral, w’e get 

(I+ (-)"?") j_^Bnu.exp(nix)dx = ^gi’'lI -(-)»}. 
Hence, when 7i. is even, 6„ ^ 0; but when n is odd 


6 „ = 


27r oi" 


Consequently 


JCk 1 — o** ’ 


sn 


27r fg^sina; . 9 * sin 3a: g^sinoa: 1 

“-ifil l-g 


when X is real; but the right-hand side of this equation is analytic when 

gi"exp(ma.) and exp (-Jiix) both tend to zero as n->Qo, and the left- 
hand side is analytic except at the poles of sn u. 

* These resiUts arc substantially due to Jacobi, Fundammta Ntyva, p. 101. 
t The factor Jt/K haa to be inserted because we ere dealing with sn {2KxIt). 
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Hence both sides are analytic in the strip (in the plane of the complex 
variable x) which is defined by the inequality | / (a) | c ^ nl (t). 

And so, by the theory of analytic continuation, we have the result 


(where u = ^Kxltr), valid throughout the strip | /(a:) | < - tt/ (t). 
Example 1. Shew that, if u = 2KxJn^ then 

y ?"■*■* coa(2n+l)A , «• 2tr * y** cos 2nA 


■=/. 


«m«=/“dnrrf^=x+ i 

Jo n=i n{l+q^)* 

these results being valid when | f{x) j<^tr/(r). 


Example 2. By writing x+^tr for x in results already obtained, shew that, if 

u = 2Kxlir and \I{x)\<^nI (r), 


then 


Cd„=^, 5 (-)"«"^oos( 2 « + l)^ I (-)•?"+* sin (2n + l)x 

Kk n=o Kkkf + i 


ndu-— 4 -— 2 (-)" 9 *c<» 2 nx 

+ l+y»- 


22*61. Fourier series for reciprocals of Jacobian elliptic functions. 

In the result of § 22*6, write u + iK* for u and consequently x + i ttt for x; 
then we see that, if 0 > / (x) > — tt/ (t), 


sn (u + iK‘) = ^ i gll>ain(2»+J.)(s: + i^T) 

Ek ,=o 


1 1- jtn+i 


and BO (§ 22*34) 

ns w = (—itt/A") 2 [^+4e0n+i)to _ ^ -n-ig-mi+ncrjy^j _ 


»=0 ^ . 

«(—i-jr/iC) 2 {2t5^"'*'*8in(2n + l)a: + (l — — ^+*) 

16® 0 

I g”+-8m(2n+l)s; Vtt | 

"if,to ^oto 

That is to say 

TT 27r S g***'*’*8in(27i +l)x 

n8»=^cosec^+^ 2 ^—r:::V;Tr^• 


- 1-9*"-^* 

But, apart from isolated poles at the points x »n7r, each side of this 
equation is an analytic function of a; in the strip in which 

tt/ (t) > I (x) > — ttI (r) : 

—a strip double the width of that in which the equation has been proved to 
be true; and so, by the theory of analytic continuation, this expansion for 
ns u is valid throughout the wider strip, except at the points x » n 7 r. 
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Example. Obtain the following expansions, valid throughout the strip J I (:r) [^ir/(r) 
except at the poles of the first term on the right-hand sides of the respective expansions; 

qin* \ gjn (2« + l)x 


ds « = 


cs M = 


dc u= 


nc u = 


8 CW = 



2Tr * 

2A' 

cosec X —p 2 
A n=u 

rr 

2»r * 


cot X — -ys- 2 


A nsi 

tr 

2w * 


.sec A* + -p- 2 

A nsA 

TT 

2ir • 


ir 

2ir * 



+ l ’ 

9*” sin 27 fcr 
r+9=^*‘~ ’ 

(- )n cos (2n-f l).r 

(_)» cos (2n + l)x 

( —)n q2n 8in2nx 


1 + 9 


2 n 


22*7. Elliptic integrals. 

* 

An integral of the form jii (w, x)dx, where R denotes a rational function 

of w and X, and is a qvartic, or cubic function of x (without repeated 
factors), is called an elliptic integral*. 

[Note. Elliptic integrals are of considerable historical importance, owing to the fact 
that a very large number of important properties of such integrals were discovered by 
Euler and Legendre before it was realised that the invertes of certain standard types of 
such integrals, rather than the integrals themselves, shovild be regarded as fundamental 
functions of analysis. 

The first mathematician to deal with elliptic function* as opposed to elliptic integral* 
was Gauss (§ 22 8), but the first results published were by Abelt and Jacobi J. 

The results obtained by Abel were brought to the notice of Legendre by Jacobi 
immediately after the publication by Legendre of the Traite dea fonctiona dliptique*. In 
the supplement (tome iii. (1828), p. 1), Legendre comments on their discoveries in the 
following terms: “A peine mon ouvrage avait-il vu le jour, ^ peine son titre pouvait-il fitre 
conuu des savans Strangers, que j’appris, avec autaiit d*etonnement que de satisfaction, 
que deux jeunes gdom^tres, MM. Jacobi (C.-G.-J.) de Kocuigsberg et Abel de Christiania, 
avaient r^ussi, par leurs travaux particuliers, k perfectionner consid^rablement la thdorio 
des fonctions elliptiques dans ses points les plus elev^” 

An interesting correspondence between Legendre and Jacobi was printed in Journal fur 
Math. Lxxx. (1875), pp. 205-279; in one of the letters Legendre refers to the claim of 
Gauss to have made in 1809 many of the discoveries published by Jacobi and Abel. The 
validity of this claim was established by Sobering (see Gauss, Werke^ in. (1876), pp. 493, 
494), though the researches of Gauss ( Werke^ in. pp. 404-460) remained unpublished until 
after his death.] 

We shall now give a brief outline of the important theorem that every 
elliptic integral can be evaluated by the aid of Theta-functions, combined 

* Strictly apeaking, it is only called an elliptic integral when it cannot be integrated by 
loeane of the elementary fanctions, and consequently involves one of the three kinds of elliptic 
integrals introdneed in § 22*72. 

t Journal fitr Math. n. (1827), pp. 101-196. 

t Jacobi announced his discovery in two letters (dated June 13, 1827 and Augnst 2, 1827) to 
Schumacher, who published extracts from them in Jstr. NacK vx. (No. 123) in September 1827— 
the month in which Abel’s memoir appeared. 
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with the elementary functions of analysis; it has already been seen (§ 20 6) 

that this process can be carried out in the special case of jw~^dx^ since 

the Weierstrassian elliptic functions can easily be expressed in terms of 
Theta-functions and their derivates (§ 21*73). 


[The most important case practically is that in which /i ia & real function of x and u:, 
which are themselves real on the path of integration ; it will be shewn how, in such 
circumstances, the integral may be expressed in a real form.] 

Since R (w, x) is a rational function of w and x we may write 

R (w, x) = P (w, x)/Q (w, x), 


where P and Q denote polynomials in w and x ; then we have 

p /.n - wP(w. x)Q(-w, x) 

^ ’ wQ (w, x) Q (— w, x) ■ 

Now Q{w, x)Q{-~Wt x) is a rational function of and x, since it is 
unaffected by changing the sign of tv ; it is therefore expressible as a 
rational function of x. 


If now we multiply out wP {w, x) Q (— w, x) and substitute for in terms 
of X wherever it occurs in the expression, we ultimately reduce it to a poly¬ 
nomial in X and w, the polynomial being linear in w. We thus have an 
identity of the form 

R (w, x)=[Ry (a:) -I- wRi {xy^jw, 

by reason of the expression for as a quartic in x ; where R^ and R^ denote 
rational functions of x. 


Now jR^ {x) dx can be evaluated by means of elementary functions only*; 

so the problem is reduced to that of evaluating jw~^Ri (x) dx. To carry out 

this process it is necessary to obtain a canonical expression for which we 
now proceed to do. 


22*71. The expression of a quartic as the product of sums of squares. 

It will now be shewn that any quartic {or cubic^) in x {with no repeated 
factors) can he expressed in the form 

(a: - a)» -¥B^{x- ^)*j (A, {x - «)»+ (a: - , 

where, if the coefficients in the quartic are real, Ay, By, A%, B^, a, /3 are all 
real. 

* The integration of rational fanctioDB of one variable is diecnssed in text-booka on Integral 
Oalonlns. 

t In the following analyais, a cubic may be regarded aa a quartic in which the coefficient of 
X* vanishes. 
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To obtain this result, we observe that any quartic can be expressed in 
the form where Si, S^ are quadratic in x, say* 

Si=.aia^ + 2biX-\-Ci, + 2b2X-\-Cf 

Now, X being a constant. Si — XS^ will be a perfect square in x if 

(a, - Xa^) {ci - Xca) - (6, - Xb^y = 0. 

Let the roots of this equation be X,, then, by hypothesis, numbers 
a, exist such that 

Si — Xi^a = (o, — XjOj) (x — ay. Si — XjiS'a = (Oi — XgO,) {x — fiy; 
on solving these as equations in Si, S^, we obviously get results of the form 

Si = Ai{x~ay^Bi{x-fiy, S,~A,(x~ay + B,(x-ffy, 

and the required reduction of the quartic has been effected. 

[Note. If the quartic ia real and has two or four complex factors, let Si have com¬ 
plex factors; then X] and X 2 are real and distinct since 

(®i—(ci—XC2)—(61— xb^y 
is positive when X=0 and negativet when X^aj/o^. 

When Si and S^ have real factors, say (x-^ 2 )(x-fA the condition 

that X| and Xj should be real is easily found to be 

iii - $ 2 ) {$ 1 ' - ii) - ^ 2 ') - 6') > 0 , 

a condition which is satished when the zeros of Si and those of S^ do not interlace; this 
was, of wurse, the reason for choosing the factors and S^ of the quartic in such a way 
that their zeros do not interlace.] 

22*72. The three kinds of elliptic integrals. 

Let a, ^ be determined by the rule just obtained in §22*71, and, in the 
integral Jur^Bi (x) dx, take a new variable t defined by the equation^ 

t^(x-a)l{x-B); 

we then have — -I- _ (a — 'dt _ 

If the coeflBcients in the quartic are real, the factorisation ean be carried out 00 that the 
coefficientB in Si and Sj are real. In the special case of the qnartio having four real linear 
factors, these factors should be associated in pairs (to give S, and Sj) in such a way that the 
roots of one pair do not interlace the roote of the other pair; the reason for this wiU be seen in 
the note at the end of the section. 

f Unless a| : 02=61 : 6 s, in which case 

Si»oi(i-o)« + Bi. S,eo,(jr-a)»+Bs. 

t It is rather remarkable that Jacobi did not realise the existence of this homographio 
substitution; in his reduction he employed a quadratic substitution, equivalent to the result of 
applying a Landen transformation to the eUiplic functions which we shall introduce. 
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If we write iJ, (a?) in the form ± (a — /8) iJ, (0, where iJ, is rational, we get 




'i?i (a:) dx 


w 


-/ 


R, (0 dt 




Now R,(,t) + R, (- t) = 2R, («»), R, (0 - R, (-1) = 2tR, («'). 

where and R^ are rational functions of t*, and so 

R, (0 = R, («») + (t^). 


But 


j 1(4,«• + 5.) (4,<> + 5,)1 - itR, (t>) 


can be evaluated in terms of elementary functions by taking as a new 
variable*; so that, if we put (i*) into partial fractions, the problem of 

integrating jii (ty, x)dx has been reduced to the integration of integrals of 
the following types: 

((4,«‘ + Bi) (4,t> + £,)} - idt, 

J(l + M')-"' 1(4.<’ + B,) (A,(^ + B^)) - idt; 

in the former of these m is an integer, in the latter m is a positive integer 
and 

By differentiating expressions of the form 

<«"-> {(4.«* + B.) (A,t’ + B,)l* t (1 + Nf)-" ((4.<» + B.) (A^f + B,)]i 

it is easy to obtain reduction formulae by means of which the above 
integrals can be expressed in terms of one of the three canonical forms: 


(i) j{(A,P + B,)(A,t' + B^)]-idt, 

(ii) jt-{(A,t’ + B.)+ B,)} - idt. 


(iii) j(l +N<“)-‘ ((4.t’ + B.)(4,t>+ B,))-i*. 

These integrals were called by Legendref elliptic integrals of the first, 
second and third kinds, respectively. 

The elliptic integral of the first kind presents no difficulty, as it can be 
integrated at once by a substitution based on the integral formulae of 
§§22121, 22-122; thus, if A^, are all positive and A^B,>A^B.i, 

we write 

4.*« = B.*c8(«, *). [*'‘ = (4.B,)/(4,B.).] 


* See, e.g., Hardy, /ntei^ration oj FunetioM of a tinflU Variable (Camb. Math. Tracts, No. 2). 
t Exereieet de Caleul Integral, i. (Paris, 1811), p. 19. 
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ExampU I. Verify that, in the case of real integrals, the following scheme gives 
all possible essentially different arrangements of sign, and determine the appropriate 
substitutions necessary to evaluate the corresponding integrals. 


Example 2. Shew that 


1 

+ 

+ 


+ 

+ 

— 


+ 

— 

+ 

^ 1 


+ 

Ai 

+ 


+ 

1 

+ 



B, 

1 

1 

+ 

+ 

+ 

— 

+ 

+ 


Jsn«du = llogJ- 
jdn u du = am u, 


— itcd u 
+ >tcd « 


Jen M rfu = 1 arc tan (;& sd a), 

[sc u du= 

J 2P ^dnu-e'^ 


fdsudu^l log f dc u log ' 

J 2 l + cn« J 2 ^l-snu’ 

and obtain six similar formulae by writing u + K for «. 

(Glaisher.) 

Example 3. Prove, by differentiation, the equivalence of the following twelve 
expressions; ® 

u-k^jan^udu, 

j dn* u duy 


^*« + dn u sc w — P* J nc* u du. 
dn tt sc M - P*/sc*« rftt, 
w + ^* sn u cd « - it* Jed*« du, 

P*u —dn u cs « - /ds*« <fu, 
Example 4. Shew that 


P*a + i:*/cn*ttrfM, 

w-dnuc8u-/n8*urfit, 

i*snucda-|-it'»/nd*7(<f«, 

/r * a+i:* sn w cd «+it>it^/sd* u tfw, 

- dn ttcsM~/cs*a<fa, 

«+dn asctt —/dc*urfa. 


* sn” a 

dii^ sn"a + n(«+i)ia3nn-*-ii(, 

and obtain eleven einoilar fomaulae for the second differential coefficients of cn-a, 
dn a, ... nd u. What is the connexion between these formulae and the reduction 
formula for Jr*{(A,i*+3,) 1 

(Jacobi; and Glaisher, Metsenger, xr.) 
ExaiapU 5. By means of § 20-6 shew that, if « and ^ are positive, 

where «j is tlie real root of the cubic and 

^3 = iV (*i* - 3 = - (a* - (9*) {(a* - /9*)*+SBa* i9*J/216; 

and prove that, if <73=0, then a and /9 are given by the equations 

a*-^«-3(2^3)i, a» + ^i = 2V3.|2^3|*. 
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22*73] _ 

Example 6 . Deduce from example 5, combined with the integral formula for cn w, 
that, if ^3 is positive, 

(43’+^3)"*(i* = 2(a“+j3»ri A', 

where a*=-(^/3-^) (2^3)*, ^ = (<^3 + ^) (2^3)*, and the modulus is 

22*73. The elliptic integral of the second kind. The function* E{u). 

To reduce an integral of the type 


|«> {(^.<* + B.) + B,)) - idt, 


we employ the same elliptic function substitution as in the case of that 
elliptic integral of the first kind which has the same expression under the 
radical. We are thus led to one of the twelve integrals 


Jan^udu, 


cn*udu, ... Jnd^udu. 


By § 22*72 example 3, these are all expressible in terms of w, elliptic 
functions of u and fdn^udu; it is convenient to regard 


£(u) = f 


dn^ udu 


as the fundamental elliptic integral of the second kind, in terms of which all 
others can be expressed; when the modulus has to be emphasized, we write 
E(u, k) in place of ^(u). 

We observe that 

= B(0) = 0. 

du 

Further, since dn^ u is an even function with double poles at the points 
2mK^(2n + the residue at each pole being zero, it is easy to see that 

E(u) is an odd one-valuedf function of u with simple poles at the poles 
of dn u. 

It will now be shewn that E{u) may be expressed in terms of Theta- 
functions ; the most convenient type to employ is the function 0 («). 

d (0'(«)1. 


Consider 




du t0(«)j ’ 

it is a doubly-periodic function of u with double poles at the zeros of 0 (u), 
i.e. at the poles of dnu, and so, if A be a suitably chosen constant, 


dn*w — A j- ' 

du 


0(w)J 


^ This DOtatioD was iotrodaoed by Jacobi^ Journal JUt Math, i?* (1829), p. 373 [0^» Wetke^ 
t. (1881), p. 299). In the Fundamenta Nova, be wrote £ (am u) where we write E (u). 

i‘ Since the residnee of dn^u are zero, the integral defining E (u) is independent of the path 
chosen (§ 6*1). 
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18 a doubly-periodic function of u, with periods 2Z, %K‘, with only a single 
simple pole in any cell. It is therefore a constant; this constant is usually 
TOtten in the form EIK. To determine the constant A. we observe that 
the principal ^rt of dn»« at iK’ is - (u - f/T’)-, by § 22-341; and the 
residue o 0 (u)/0 („) at this pole is unity, so the principal part of 


du 


®'(u) 

0(u)J 


is — (w - iKy^. Hence ^ = 1, so 




dn*w=s 


du 


B{u)\ 


E 




Integrating and observing that 0' (0) = 0, we get 

E(u) = &(u)I&(u) + uEIK. 

Since 0' (if) = 0. we have E(K) = E -, hence 

‘JC 


E = 


m ^ ^ integrals of the 

fre 2 Tt . ‘h® “od^ar angle 

are given by Legendre, Fonctions Elliptiques, li. 

Brample 1. Shew that E{u+2nE)^E(,u) + 2nE, where « is any integer 

■^=i {2WW5,')} 

22731. The Zeta-function Z {u). 

with^'rh^““‘'‘‘°” f is not periodic in either I.K or in 2»X',but, associated 
ith these periods, it has additive constants 2E, \2iK'E - inMK- it is 

convenient to have a function of the same general type as £r(j) which is 
smgly-penodic, and such a function is /F W 

Z (u) = 0' (u)/0 (u) j 
from this definition, we have* 

Z(u)^E(u)- uBIK, 0 („) = e (0) exp Z (t) *}. 

22732. Th^ addition-formulae for E (u) and Z («). 

Consider the expression 

©'(w + v) ©'(«) 

©(« + v) ©(u) e^+^snwsnt;sn(« + tJ) 

® “ * W “ i*- PO'"! 

where « “.^e nnmto of pole, encloeed, and the exponential of the Integral i. ttereforw one- 
valued, as it should be, since 0 (u) is one-valued. ^ 
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qua function of u. It is doubly-periodic * (periods 2K and 2iK') with simple 
poles congruent to %K' and to iK' the residue of the first two terms at 

xK' is — 1 , and the residue of sn m sn v sn (w + v) is sn v sn {iK* + v) = k~^. 

Hence the function is doubly-periodic and has no poles at points 
congruent to iK' or (similarly) at points congruent to iK' — v. By 
Liouville’s theorem, it is therefore a constant, and, putting w = 0 , we see 
that the constant is zero. 

Hence we have the addition-formulae 

Z (u) -I- Z (v) “ Z (u -I- v) = A:* sn u sn sn (u -|- v), 

E{u)-¥E (f) — E{u -I- u) = A:* sn u sn r sn (« 4* v). 

[Note. Since Z(«) and E{u) are not doubly-periodic, it is possible to prove that no 
algebraic relation can exist connecting them with sn u, cn u and dn u, so these are not 
additian-theoremt in the strict senset.] 


22733. Jacobis imaginary transformaiionX of Z(«). 

From §21*51 it is fairly evident that there must be a transformation of 
Jacobi’s type for the function Z (u). To obtain it, we translate the formula 

(ia: I t) = (— iV)^ exp (— iTO^/ir). ^4 (iccr' \ t) 
into Jacobi’s earlier notation, when it becomes 


and hence 


H (iu + K.k) = (- ir)i exp 0 („, k'). 


/ • 7 \ / -a / \ ^4 (0 i t) 0 («, A/) 

cn (lu, k) - ( it) exp j | ■ 

Taking the logarithmic diiferential of each side, we get, on making use of 
§ 22-4, 

Z (iu, k) — idn (u, k') sc (w, Ar') — iZ (u, k') — triuK^KK'), 


22 734. Jacobi’s imaginary transformation of E(u), 

It is convenient to obtain the transformation of E (w) directly fi*om the 
integral definition \ we have 


E (iu, k)~ f dn^ (t, k)dt= f dn* (it, k) idt 

Jo Jo 


on writing i = it and making use of § 22‘4. 


* is a period sinoe the additive conetaats for the first two terms cancel, 
f A theorem due to Weierstrase states that an analytic fanotion,/(z), possessing an addition- 
theorem in the strict sense must be either 

(i) an algebraic function of z, 

or (ii) an algebraic function of exp (tu/w), 

or ^tii) an algebraic function of ^ (z | ui, 

where m, (ji, (ifj are suitably chosen constants. See Forsyth, Theory 0 / Functions (1916), Ch. xni. 
X Fundamcnta Nova, p. 161. 
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Hence, from § 22*72 example 3, we have 


E (iu, ^) = t w + dn (u, k') sc (w, k'} - j dn^ (t', kf) , 


and 30 E{iu, k) = iu +1 dn (u, k') sc (w, E) — xE (m, E). 

This is the transformation stated. 

It is convenient to write E' to denote the same function of as ^ is of k, 
i.e. E* = E {K\ k'), so that 

E(UK\ k) = ^i(K* --E’). 


22*736. Legendres relation^. 

From the transformations of E{u) and Z(u) just obtained, it is possible 
to derive a remarkable relation connecting the two kinds of complete elliptic 
integrals, namely 

EK'^-E'K-EK’^lrr. 

it 

For we have, by the transformations of g 22*733, 22*734, 

E{iu, k)~Z{iu, k)^ iu -i {E{u, k')^Z {u, k')] + 7riul{2KK'), 

and on making use of the connexion between the functions E {u, k) and 
Z {u, k), this gives 

iuElK = iu~i {uE'jK'] + 'rriul{2KK'). 

Since we may take w^O, the result stated follows at once from this 

equation, it is the analogue of the relation = -wi which arose in 

2 

the Weierstrassian theory (§ 20 411). 

Example 1. Shew that 

E{u + K) — E{u) = E~k*3u wed u. 

Example 2. Shew that 

^(2w+2iA')=£^(2tt) + 2i(A'- 
Example 3. Deduce from example 2 that 

£(u +1 AT') = ^E (2« + 2i A') + sn2 (« + iK') an (2« + 2tS') 

—E{u)+cnudau+i(K'-E'). 

Example 4. Shew that 

A(u -f A+ iK') = A (u) - su K dc w + A+ 1 {K' - E'). 

Example 5. Obtain the expansions, valid when | I{x) |<4ir/(r), 

= y cos „ , „ « 

nti 1-9*“ ’ 

(Jacobi.) 

Exercicen de Calcul Iiitlgral, i. (1811), p. 61. For a geometrical proof see Olaiaher, 
Afe«en<;er, iv. (1874), pp. 9->-96. 
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22'736. Prop^ties of the complete elliptic integrals, regarded as functions 
of the modulus. 

If, in the formulae — A:* sin’<^)i we differentiate under the 

Jo 

sign of integration (§ 4'2), we have 

= — P ksin* <f>{I —hosin'= 
dk j 0 


E~K 

k 


Treating the formula for K in the same manner, we have 

dK 
dk 


= J^"^^*sin^(^(l —fc^sin*^) ^d<j> — kj sd^udu 


by § 22*72 example 3 ; so that 


dk kid* k 


If we write k* = c, k'*^c\ these results assume the forms 


^dE E-K 

dc c 


^dK E^ Kc' 

Z I ” / 

dc cc 


Example 1. Shew that 


^dE' K'-E' ^dK' cK'-E' 

^~dd^ ~~d ’ ^ dc " cc' ■ 

Example 2. Shew, by differentiation with regard to c, that EK' + E'K — KK' is 
constant. 

Example 3. Shew that K and K' are solutions of 
and that E and E' - K’ are solutions of 

du 






(Legendre.) 


22*737. The values of the complete elliptic integrals for small values of k. 
From the integral definitions of E and K it is easy to see, by expanding 
in powers of k, that 

lim K = Urn ^ tt, lim {K — E)lk^ = ^ tt. 

k^O k-^O ^ k-^O * 


In like manner, 


lim E' — P cos (f>d<f) — I. 
*-►0 Jo 




It is not possible to determine limK' in the same way because 

(I-A:'*sin*<^) i is discontinuous at <^==0. A: = 0; but it follows from 
example 21 of Chapter xiv (p. 299) that, when |arg^•| < tt, 

lim [K' — log (4/A;)) = 0. 

k-^O 
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This result is also deducible from the formulae by makmg 

j -*• 0; or it may be proved for real values of k by the following elementary method: 

By § 22-32, A'=now, when ( 1 -<*) lies between 

1 and 1—and, when <1, (<*—lies between 1 and 1 - A Therefore K* lies 

between 


and 

and therefore 


where 

Now 


^• = (1 - «) - ijlog _ log 

= (1 - tfi) - i [2 log {1 + V(1 - i)} - log i], 

lim [2 (1 - tfi) - 4 log {\ + J{l - k)} - log 4}=0, 
k-^ 

lim {1-(1-^A)”4} logii:=0, 

S-M) 


lim {A"'-log(4/it)}*0, 

ifc -»0 


and therefoie 

which is the required result. 

Example. Deduce Legendre’s relation from § 22'736 example 2, by making k~^0. 

22*74. The elliptic integral of the tfiird kind*. 

To evaluate an integral of the type 

J(l + Nf)-' + £.) {A.P+B,)] - i dt 

in terms of known functions, we make the substitution made in the corre¬ 
sponding integrals of the first and second kinds (§§ 22*72, 22 73). The 
integral is thereby reduced to 

/*o + y38n*u, .. . /■ 6n*u . 

;-r- au * ott 4* (p — av) r-— du, 

Jl + veii*v 'jl-bvsn’u 

where a, v are constants; if v = 0, —1, oo or — A* the integral can be 
expressed in terms of integrals of the first and second kinds; for other values 
of V we determine the parameter a by the equation v * — /fe* sn* a, and then it 
is evidently permissible to take as the fundamental integral of the third kind 

tt/ \ /’*^snacnadna8n*tt , 

n («, a) = —-— 5 -—;-;- du. 

Jo 1 — a:* sn* a sn* u 

To express this in terms of Theta-functions, we observe that the inte¬ 
grand may be written in the form 

^ Ar* sn a sn a (sn (« + a) -I- sn (u - a)] = | (Z (a - a) - Z (a + a) + 2Z (a)}, 

♦ Legendre, Bxereicee de CaUul Intiffraly t. (1811). p. 17; Fonetioru EUipti^, i. (1826), 
pp. 14-18, 74, 76; Jacobi, Fundametua Noea (1829), pp. 137-172; we emplor Jacobi’s notation, 
not Legendre’s. 
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by the addition-theorem for the Zeta-function; making use of the formula 
Z (u) s= 0'(u)/6 (u), we at once get 

^ = I 

a result which shews that !!(«, a) is a many-valued function of u with 
logarithmic singularities at the zeros of 0 (u ± a). 

Example 1. Obtain the addition-formula* 

_ . ^ .1 e(u-l-v + a)e(u-a)©(v-a) 

n («, a)+n a) - n («+r. a)=i log e(„+„-a)e(«+a) ' e( ' -4 :^ 

, . 1 - it* sn a an u sn t> en (u w — a) 

* * 1+ ir* an a sn « Bn r sn (u + w + o) ‘ 


(Legendre.) 


(Take a?:y: 2 :K> = «:v:±a:u-|-i>±ain Jacobi’s fundamental formula 

[4]+[i]=[4]'+[iy.) 


Example 2. Shew that 


n(u, a)-n(a, u) — uZ{a)-aZ («). 


(Legendre and Jacobi.) 

[This is known as the formula for interchange of argument and parameter.] 

Example 3. Shew that 

, 1 — it*8na8n68nMsn(a + 6-u) 

n (ii, a) + n (u, 6) — n (ti, a + 6) = 4 log — -rz -r-;—r-r~.—\ 

' ' V > / V •> / s ® l+it*ana sn 0 sn«8n (a-t-o-l-u) 

-t Wit* an a sn 6 an (a -f- 6). 

(Jacobi.) 

[This is known as the formula for addition of parameters.] 

Example 4. Shew that 

n(tw, ta-hZ, i)=n(M, a-t A"', P). (Jacobi.) 

Example 6. Shew that 

D (tt + V, a -h 6) -t n (tt — V, a - 6) - 2n (w, a) — 2n (v, 6) 

' . , , tx ^ V . IV4 I 1 1-it*sn*(tt —a)sn*(v-6) 

= - an a »n i. {(u+r) sn (a+6) -(u-») sn (a - 6)} + i log j ’ 

and obtain special forms of this result by putting v or 6 equal to zero. (J^obi.) 

22*741. A dynamical appliceUion of the elliptic integral of the third kind. 

It is evident from the expression for n (w, a) in terms of Theta-functions that if u, a, k 
are real, the average rate of increase of D (w, a) as u increases is Z (a), since 6 (u + a) is 
periodic with respect to the real period 2K. 

This result determines the mean precession about the invariable line in the motion of 
a rigid body relative to its centre of gravity under forces whose resultant passes through 
its centre of gravity. It is evident that, for purposes of computation, a result of this nature 
is preferable to the corresponding result iu terms of Sigma-functions and Weierstrassian 
Zeta-functions, for the reasons that the Theta-functions have a specially simple behaviour 




with respect to their real period—the period which is of importance in Applied Mathe¬ 
matics—and that the ^-series are much better adapted for computation than the product 
by which the Sigma-fbnetion is most simply defined. 

* No fewer than 96 forms have been obtained for the expression on the right. See Olaisher, 
Meetenger, x. (1881), p. 124. 
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22*8. The lemniscate functions. 

The integral | occurs in the problem of rectifying the arc of 

Jo 

the lemniscate*; if the integral be denoted by we shall express the 
relation between <f> and x by writing*f* x = sin lemn (p. 

In like manner, if 


we write 




and we have the relation 


X = cos lemn 


sin lemn (p = cos lemn Q ^ • 


These lemniscate functions, which were the first functionsj defined by the 
inversion of an integral, can easily be expressed in terras of elliptic functions 
with modulus 1/V2; for, from the formula (§ 22‘122 example) 


rsd V 
J 0 


it is easy to see (on writing y ~t ^J2) that 

sin lemn <p~2~^sd{<p V2, 1 /\/2); 
similarly, cos lemn <p = cn(<p V2, l/\/2). 

P\irther, is the smallest positive value of (p for which 

cn{<p V2.1/V2) = 0, 

so that tar = V2iS'o. 

the suffix attached to the complete elliptic integral denoting that it is 
formed with the particular modulus l/\/2. 

This result renders it possible to express in terms of Gamma-functions, 
thus 

Jo J ft 

= 2-ir(i)r(j)/r(i) = i,r-Mr(i)i*. 

a result first obtained by Legendre§* 

Since k = k' when k = 1/V2, it follows that = if/, and so 

* The equation of the lemniscate being eoa2S, it is easy to derive the eqoation 

(^)' = {%)'= *+ ■ 

t Ganes wrote si and ol for sin lemn and cos lemn, Werkt, m. (1876), p. 493. 

ij Gauss, Werke, in. (1876), p. 404. The idea ol inveetigating the functions occurred to Gauss 
on January 8. 1797. 

S Exereice$ de Caleul Integral, i. (Paris, 1811), p. 209. The value of Kq is 1-85407468.... 
where u;=2'62205756.... 
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22 * 8 , 22 * 81 ] 


Example L Express Ao in terms of Gamma-functions by using Rummer’s formiila 
(see Chapter xiv, example 12, p. 298). 

Example 2. By writing < = (1 — in the formula 


shew that 2^Eo>=j\\~u*)^^du + ^ u*(l 

and deduce that 2Ao- A'o=2ir^ {r (1)}"*- 


Example 3. Deduce Legendre’s relation (§ 22*735) from example 2 combined with 
§ 22*736 example 2. 


Elxample 4 Shew that 


sin lemn‘<^3s 


I — cos lemn‘<^ 

1+COS lemn^0' 


22*81. The value* of K and K’ for special values of k. 

It has been seen that, when !*.» 1/^/2, K can be evaluated in terms of Gamma-functions, 
and K—K'\ this is a special case of a general theorem* that, whenever 

K' a + AV” 

'K~ c^-d^n^ 

where a, 6, c, cf, n are integers, Ir is a root of an algebraic equation with integral 
coefficients. 

This theorem is basetl on the theory of the transformation of elliptic functions and is 
beyond the scope of this book; but there are three distinct cases in which I*, A', K' all 
have fairly simple values, namely 

(I) I' = V2-1, A' = AV2, 

(II) A=.sin-^WTr, A' = AV3, 

(III) >t=tan*Jff, K'=2K. 

Of these wc shall give a brief investigationt. 

(I) The quarter-period* icith (he modulus — 1. 

Landcn’s transformation gives a relation between elliptic functions with any modulu.s k 
and those with modulus itr, = (l —I'')/(l-fX-'); and the quarter-periods A, A' associated with 
the modulus Xj satisfy the relation \'I\^2K'IK. 

If wo choose k so that L\~k\ then A = A' and kf^k so that A'— A; and the relation 
A7A=2A7A'give8 A'*=2A*. 

Therefore the quarter-|>erioda A, .V associated with the niodulus X, given by tlie 
equation Xi»«(l —X'i)/(1+X^i) are such that A'=±Av^ 2; i.e. if X*js=s/2-l, then a'=Av^ 2 
(since A, .\' obviously are both positive). 

(II) The quarter-periods associated with the modulus sin ^«*. 

The case of X* = 8in-jW was discussed by Legendre^; he obtained the remarkuble 
result that, with this value of X*, 

A' = AV3. 

■* Abel, Journal fHr Math, iii. p. 184 [Oeuvres, i. (1881), p. 377]. 

t For some similar formnlae of a less simple nature, see Kronecker. Jlerhufr Sitzuuijgherichte, 
1867, 1862. 

J Kxereices de Caleul Intlijral, i. (1811), pp. 69, 210; Fonetions FUipluiuex, i. (1826). 
pp. 59, 60. 
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Tbis result follows ftiDm the relation between definite integrals 


To obtain this relation, consider J(1 taken round the contour formed by the 


part of the real axis (indented at 2 =tl by an arc of radius joining the points 0 and 
the line joining to 0 and the arc of radius R joining the points Jl and Jie ^; as 
H-^cc , the integral round the arc tends to zero, as does the integral round the indentation, 
and so, by Caucb/s theorem, 


on writing x and respectively for z on the two straight lines. 
Writing 



we have /, + t7g=^ (I +tV3) A ! 

so, equating real and imaginary parts, 

71=4/3, 71=4/3^3, 

and therefore /i + /3-/jV3«4^s + /3-f/3=0, 

which is the relation stated*. 


Now, by § 22'72 example 6, 

4=4(o*+/3»)-iA, /i+/3=4(a»+/3«)'4jj"^ 

wheie the modulus is a(o*+)3®)”4 and 

a»=2^3-3, /9*=2V3 + 3, 

so that i*=4(2-^3)=sin*^7r. 

We therefore have 

3 " i. 2A=3~ *. 2 A'=/j=34/, 

=3 - i J V»(1 - 0 -r (j)/r (S), 

when the modulus /t is sin 

(HI) TAe quaxter-periodi mth tht moduliu tan’^n-. 

If, in Landen’s transformation (§ 22*42), we take we have 

now this value of k gives 

and the corresponding quarter-periods A, A' are ^(1 + 2“^) A® and (l + 2“*)ir3. 

Example 1. Discuss the quarter-periods when k has the values (2^2-2)^, sin |\ir, 
aud 2^(V2-1). 


• Another method of obtaining the relation is to express I,, 7j, in tenns of Gmmma- 

funetione by writing (<-‘ -1)* respectively for * in the integrals by which /|, Tf, U sr* 

defined. 
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Example 2. Shew that 

H=0 fl=l 

(Glaisher, Meeeenger^ v.) 

Example 3. Express the coordinates of any point on the curve 1 in the fomi 


3^(1-odu) 

1 + cn u * 


2.3^ sn K dn u 
(1 +cn u)^ 


djc 1 

where the modulus of the elliptic functions is sin and shew that 

By considering^ y~^dx=3~^ j <fu, evaluate A in terms of Gamma-functions when 
ir=8in^ir. 

Example 4. Shew that, when 1, 

(x-^y-^~x~^g-^)dx; 

&nd thence, by using example 3 and expressing the last integral in terms of Gamma- 

functions by the substitution x=^t~^, obtain the formula of Legendre (Calcul IntigraU 
p. 60) connecting the first and second complete elliptic integrals with modulus sin ; 

4 - 5 - 3 =^ 

Example 6. By expressing the coordinates of any point on the curve Y^— I - A* in 
the form 


„ 3^(1-env) y^ 2.3^ anifdny 

” 1-hcnv * (1-f-cnv)* * 


(1-f-cn v)* 

in which the modulus of the elliptic functions is sin ^n*, and evaluating 




in terms of Gamma-functions, obtain Legendre’s result that*, when ilr^sin ^n-, 

irs/3 ^3-1 




22*82. A geometrical Hlnetraiion of the functions sn w, cn u, dn u. 

A geometrical representation of Jacobian elliptic functions with l:=\/.J2 is afforded by 
the arc of the lemniscate, as has been seen in § 22*8; to represent the Jacobian functions 
with any modulus k {0<Je<. 1), we may make use of a curve described on a sphere., known 
as Seiferts spherical spiral t. 

Take a sphere of radius unity with centre at the origin, and let the cylindrical polar 
coordinates of any point on it be (p, 2 ), so that the arc of a curve traced on the sphere 

Is given by the formula t 

* It is interestiug to observe that, when Legendre bad proved by differentiation that 
EK' E'K- KK' is constant, be used the results of examples 4 and o to determine the constant, 
before asing the methods of § 22*8 example 3 and of § 22*737. 

t Seiffert, Ueber eine neue geometrische Ein/Uhrung in die Theorie der elliptischen Funktionen 
(Charlottenbnrg, 1806). 

$ This is an obvious transformation of the formula {d$Ys(dp)^+ (dr)^ when p and z 
are connected by the relation 
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Seiffert’s spiral is defined by the equation 

<f>=h, 

where s is the arc measured from the pole of the sphere (i.e. the point where the axis of a 
meets the sphere)-and I: is a positive constant, less than unity*. 

For this curve we have 
and so, since s and p vanish together, 

p=8n («, k). 

The cylindrical polar coordinates of any point on the curve expressed in terms of thd 
arc measured from the pole are therefore 

(p> a)=(sna, ks, cna); 

and dn s is easily seen to be the cosine of the angle at which the curve cuts the meridian. 
Hence it may be seen that, if A be the arc of the curve from the pole to the equator, then 
sn s and cn4 have period 4A, while dna has period 2 A. 
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Miscellaneous Examples. 

1. Shew that one of the values of 

f/ dnu + cDu ^^ ^ /'dnu-cD«\^l \( l-snu / 1+snw 

\V 1+cnu J \ l-cn« / J t\dnu-Fanu/ Vdou + Panw/ J 
is 2 (1+ F). (Math. Trip. 1904.) 

2. If i:+ty=sn*(tt + fr) and x-»y=8n>(M-«V), shew that 

{(x-l)*+3^^=(**+y*)Jdn 2u+cn 2u. 

(Math. Trip. 1911.) 


3. Shew that 


{1 + cn (u+»)} {1 + cn (ti - r)} = v) 

" 1 - Ir* sn*» sn* V 


4. Shew that 


1 +cn («+v) cn (ti - v) 


cn* M+cn*v 


1 — i* 8n*a an* V * 


(JacobL) 


* If I;>1, the carve is imaginary. 
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5. 


\ + on{u + v)cn{u-v) ^ ^ ^^^ 

l+dn(?< + v)dn(u-v) 

(Mftth. Trip. 1909.) 

an tt dn M cn V - an v dn v cn u 

(Jacobi.) 


6. Shew that 


sn (u — v) dn (u + v) = 


I — it* an* u an* v 


7. Shew that 

jl_(l + F)sn«8n (u + A)}{l-(l-ifc')an«8n(u + A)} = {8n (u + A)-8n u}». 

(Math. Trip. 1914.) 

8. Shew that 

. _ ijt'sn u+cn dn u 

8n(u + iA:) = (l+i:) ‘ ’ 


an 


(1-ir') 

. ,_]i(l+i:)anu + icnudnu 

(“+M)=^ 9-rrraii 


9. Shew that 


2 an « cn w dn V 
ain {am (« + v) + am (u - v)} - i_|j8n*u sn^y ’ 


cu* y — sn* vdn*u 
cos {am (tt+i>)-am (u - v)) = ‘ 

(Jacobi.) 

. , . ds*ud 8 *w + ^F* 

dn(u+i-)dn(«-r)= „ 8 »«ns*r-^ ’ 

rfr>(m-v)-ea P(u-v)-e 3 ' ' 1 ^ 

Ll?t“ + v)-«3' ^(w-v)-^3j 
as a rational function of P(«) and P{v). (Trinity, 1903.) 

11 . From the formulae for cn(2A'-w) and dn(2^:-u) combined with the formulae 
for 1 + cn 2 u and 1 +dn 2u, shew that 

(l-cn§A)(l+dn§A)-l. (Trinity, 1906.) 

12. With notation similar to that of § 22*2, shew that 

Cidt-Ctdi cn (ut + u^)-dn (ui-ftf^) . 

«i-«3 ™ 8 n(«i + «a) 

and deduce that, if M| + «2 + *^s+** 4 “ 2 ^« 

(Cldt-Cidi) (03^4 —C4<^)“P*(«|-«2) (*8-*4)- 

(Trinity, 1906.) 

13. Shew that, if u +0 +10=0, then 

1 -dn*w-dn*v-dD*w + 2dn wdn*»dn«»-ir*8n*ttan*v8n* w. 

(Math. Trip. 1907.) 

14. By Liouville’s theorem or otherwise, shew that 

dn « dn (« + w) - dn « dn (V + w)=-t* {an V cn « an (» + w) cn (?t + w) 

- sn tt cn V sn (« + w) cn (v +to)}. 

(Math. Trip. 1910.) 

15. Shew that 

I cn «, cn «3 an (u, —u,) dn «i+sn (u, - u«) en («8 - «i) an (tti - u*) du «, dn Uj dn 1 * 3 = 0, 
the eummation applying to the suffices 1, 2, 3. (Math. Trip. 1894.) 


10. Shew that 
and hence express 
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where 


16. Obtain the formulae 

an 3k -A/D, cn3K = jB/D, dn 3k = C7D, 


and 


17. Shew that 


A = 3» - 4 (1 + 

D=c {1 - 4*3+^ 

C7=rf {1-4X^r*+6^3#i-4>fr3««+I^*8}, 
D= 1 - 6i3** + 4t3 (1 +1:3) ,6 - 

*=8nK, c=cnK, rf=dnK. 


~ = ( I -dn u \ /l+aidnK + a2dn3a + a.,dn 3 K+a-dn<wV 

l+dnSw \l+dnuj Vl^a,dn u + a,dn^u-03dn^u+dn< u) * 

where ai, 02, oj, 04 are constants to be determined. (Trinity 1912) 

18. If Pf,.)- /^ + tin3K\ ^ 

\ l+dn u ) * 


shew that 


P (k) 4* P (k + 2i'A') ^ an 2« cn u 
P (**) “ P (k +2i A') cn 2k en K ‘ 


Determine the poles and zeros of P{u) and the first term in the expansion of the 
function about each pole and zero. 

19. Shew that ™P- 1®°® ) 


where 


8n(Ki + K 2 + K3)=A/D, en(Ki + u 2 +tt,) = 5/i), dn (k,+K i, + a 3 )-C/D, 


A =«1*2*3 { - 1 - Jf2V + 2iH*i3*23,j2J 

+ 2 {<l(’2e3rf2rf3(l 

5-C|C2C3{l-it32,,2,3!+2it<V^3^2J ^ ^ 

C = did2d^{\ -i^2<2**s3^2I3j|2j28jj8j 

+ i;»2 {<=^1^2«3C8C3(-l+2i:2*2‘*^* + 2*i3-it*S*,2* 3)}, 
D=l-2i:3l*2V + 4(i3 + i4),,3^3,3*_2iH,,3^3,335,^2 + i4^^,^^^ ^ ^ 

and the summations refer to the suffices 1, 2, 3. (Glaisher, Mes^ger, xi.) 

20. Shew that 


sn(a, + «,+a3) = a7i)', cn{t<, + u, + „3) = B-/fl., dn(u. + «,+„3) = (77/y, 
where —*1*3*3 + 

-ff'=*CiC3C3(l - ^*iV*3*)-Ai 

C" =^,<4^5 (1 - i**,3*23*3*) - ^c, C2(^2*2 *sC| A,, 

D'= 1-i»2*2»*5» + (^+Xr*) *, 3 «, 8438 _^ 3 j 3 ^,^ 

{Cayley, Journal fur Math, xu.) 

2D By ap^ying Abefs method (§ 20-312) to the intemcctions of the twisted curve 
x»+y»=l, z«-pi»x»-l with the variable plane £r + oiy+az= 1, shew that, if 

«1+“* + K3+K4 = 0, 

then *1 C| 1 =0. 

*j C2 1 

*3 ^3 1 

*4 C4 1 

Obtain this result also from the equation 

(*2 ~ *1) (C3 A4 - C4fl^) + (*| — *s) (<Ji rf, - Cg^) = 0, 
which may be proved by the method of example 12. 

(Cayley, Meuenger^ xir.) 
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22. Shew that 

by expi'essing eaoh side in terms of Si, <9, «3) *4» deduce from example 21 that, if 

ttl + U< + U3 + W« —0, 

then <4 C| dj+«s ctrfi+03^4+«i C4<fs=0, 

< 4 Cj 14 -<3 Cl <^2+*2 C4 tij + «i C3 <^4 *= 0. 

(Forsyth, Messenger^ xiv.) 


then 


23. Deduce from Jacobi’s fundamental Theta-function formulae that, if 

Ui + % + W3 + M4 = 0, 

P»-i«P*«l«3«5«4-|-i*C,C3C3C4-<flCf2^fsrf4“0. 

(Gudermann, Journal fiir Maih^ xvm.) 

24. Deduce from Jacobi’s fiindamentel Thete-functiou formulae that, if 

Ui-l'Uj+W3 + «4 = 0» 
it* («1«2C3C4 - CjC2*3<4) — £^1(^2 + *^<^4 = 

P* (<i<2 “ *3*4) + “ CiC^didi =* 0, 

SxHdzd^ - di rfj<3«4 + <^s^i - Cl cj * 0. 

(H. J. S. Smith, Proc. London Math. Soc. (1), x.) 

25. If t(| + W9-l-U3+«4=0) shew that the cross-ratio of sn «i, sii 1(2, su M31 sn n^ is equal 
to the cross-ratio of sn (Uj-f-A), sn (uj-t-A), sn (1*3-b A), sn (U4 + A'). 

(Math. Trip. 1905.) 

26. Shew that 


then 


an*(w-fv) sn(u-l-v) sn(«-u) 3n2(w-t-*) 

cn* (« + v) on (u + v) cn (« - v) cn* (u ~ v) 
dn*(« + r) dn'(«-t-y)dn(«-t») dn*(w-v) 


dJb'^St^/^i^dida 
(1 ■ 


(Math. Trip. 1913.) 


27 Find all systems of values of « and y for which sn^u + fr) ‘s real when « and t- 
are real and 0</<l. (Math. Trip. 1901.) 

28. If (a”* “«)'^» where 0<a < 1, shew that 

4a® 




and that rni^ #A' is obtained by writing - a"* for a in this expression. 

^ (Math. Trip. 1902.) 

29. If the values of cn«, which are such that cn3* = a, ore «?|, Cj, ... Cp, shew that 


30. If 


3-t^ n Cr-i-P* 2 Cr~0. 
ral 


a-hHn(it-l-w) 6-l-cn(«+v) c + di^4^i0 


(Math. Trip. 1899.) 


a + 8n(a-7) '6+cn(u-v) c+dn(u-y) 

and if none of snv, cnu, dn «, 1-I:=‘sn^« an“ y vanishes, shew that u is given by the 

equation a® + 5® - c*) bu“ u - 4-1’' 6^ _ c*. 

(King’s, 1900.) 
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31. Shew that 


1 


-sn(2J:rM=(l-siux) 5 /(!-?»»->)» (I-2y-sin^+g^)» 1 

(l~2g=*’‘*'lC50S2a.+9^"~*)/ 


32. Shew that 


2n^2 

C50S ^ 

(Math. Trip. 1912.) 


1 ~3D {^Kxjtr) 






{dn {2Kxln) - P an (2 “ «=» (1 + 29 ="*' * sin x+j 

(Math. Trip. 1904.) 

33. Shew that if I: be so small that may be neglected, then 

sn u=:sin m—|I:® co8u.(u-sin ucosu), 

for small values of u. (Trinity, 1904.) 

34. Shew that, if | / (x) | < (t). then 


logcn(2A:r/ir) = logcosj— 2 _y sin* nx 

»-in{l+(-o)"}* 


[Integrate the Fourier series for sn (2Aar/ff)dc{2Ax/ff).] 


(Math. Trip. 1907.) 


35. Shew that 


/ 




[Express the integrand in terms of functions of 2k.] 


(Math. Trip. 1906.) 


36. Shew that 


/ 




log 


sni--8nK ° 
where 2Ax=irtt, 2Ay = trt;. 
37. Shew that 


5i(y+i^T)* 
(Math. Trip. 1912.) 


(H-P)P» [ 


nn^udu 


0 (1 +CU u) dn* u 


«1. 


38. Shew tliat 


(Math. Trip. 1903.) 


, . l4.t 

*1 sna(iv = log-r 

7 *’l-ir 


sn a sn d 


sn asn iS 


(St John’s, 1914.) 


39. By integrating Je**'dii ucs round a rectangle whose corners are 
n + coi (where 2Kt=iru) and then integrating by parts, shew that. if0<it*<l, then 




40. Show th&t And a ^ the oqiidtioo 


(Math. Trip. 1902.) 


4 :* 


(Pu 


du 


c(l-o)^+(l-2.)-_i„=0. 


dc 


where c=^*; and deduce that they satisfy L^ndre’s equation for functions of degi-ee 
- i with argument 1 — 2i*. 
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41. Express the coordinates of any point on the curve jn the fonn 

2.3isnHdn«-{l -cnu)* 2^^ cos t^tt^I - cn u) {1 +tan cn iQ 
2 . ji su H dn It + (1 - cn «)* 2.3* an « dn u + (1 - cn n)* 

the modulus of the elliptic functions being sin ; and shew that 

J* (1 -x3)-ldx= J'''(l-y3)"^rfy-=2"*.3i«. 

Shew further that the sum of the parameters of three collinear points on the cubic is a 
period. 

rsee Richelot, Journal fur Math. IX. (1832), pp. 407-408 and Cuy\ty,Proc Cumb. PhU 
Soc. IV. (1883) pp. 106-109. A uniformising variable for the general cubic in the canonical 
form X^+ K3 Vz» + 6m XyZ=0 has been obtained by Bobek, EinUitung in die Theorie d«r 
ellipMen Funktionen (Leipzig, 1884), p. 251. Dixon {Quarterly Journal, xxiv. (1890), 
pp. 167-233) has developed the theory of elliptic functions by taking the equivalent curve 
x3+y5-3ary = l as fundamental, instead of the curve 

y^ = (l-.^){\-k^J^).] 

42. Express P{( 2 x-x'!) (4 j^ + 9)} " W in terras of a complete elliptic integral of the 

first kind with a real modulus. (Math. Trip. 1911.) 

43. If {(« + !) ((* + (+!)}" ^^^<7 

terms of Jacobian elliptic functions of « with a real modulus. 


express x in 


44. If. 


(Math. Trip. 1899.) 


u = j^{l+t^-2t*) ^dt, 


express X in terras of a by means of either Jacobian or Weieretrassian eUiptic f'»>^ions. 
^ (Math. inp. 1914,} 

45. Shew that 


-9,^.-25r . (2* - t) r(1) 

« +e +« +...- • 


(Trinity, 1881.) 




46. When a>x>0>y, reduce the integrals 

I * {(a -1) « - 3) a - y)J ■ * *. f ^ - 0 (< - 3)« - y)} ■ ^ * 

by the substitutions , v j , /a \ r .,12 

^ .^_y = (a-y)dn*tt, .r-y = (0-y) nd^y 

respectively, where k*=(a — — y)- 

Deduce that, if a + y = Aj then 

1 _ an* tt - sn* v + k- sn* u sn* y *0. 

By the substitution y = (a-O(^-m^-y) Wli^d to the above integral taken between 
the limits ^ and a, obUin the Gaussian form of Landen’s transformation, 

(ai*co8* a + bj sin* 0) ~ j ^ ^ ~ ^ 

where a^, 6, are the arithmetic and geometric means between a and 6. 

(Gauss, IVerke, ill. p. 352; Math. lrq>. 1895.) 
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47. Shew that 

- 2i A') - ({2iK% 

where the Zeta-fuDctions are formed with periods 2 o>|, 2 « 2 = 2 A, 4 tA'. 

, « i.« r,. . « (Math. Trip. 1903.) 

48. Shew that A—F* A satiafies the equation 

where c=P, and obtain the primitive of this equation. (Math. Trip. 1911.) 

49. Shew that n j' 

(n + 2) Jj-E'cli = (,t + 1) (Trinity, 1906.) 


shew that 


c(c-l) 


<Pu 


'dc^4 4l(l-<ir)4 • 


51. Shew that the primitive of 


(Trinity, 1896.) 


IS 


du I- 

5i + T + rrB=o 

A(£-/C) + A'E' 


tt= 


, . .. AE+A'(E'-K’y 

where A, A are constants. 

52. Deduce from the addition-formula for A(u) that, if 

ttl + M« + ?<34-ttj=0, 

( 3 n sn - sn i £3 sn 1 / 4 ) an (U| + Uj) 
is unaltered by any permutation of suflBces. 

5 . 3 . Shew that 


(Math. Trip. 1906.) 


(Math. Trip..1910.) 


A(3m)-.3A(u) = 


I - 6W + 4 (1-2 + it*) • 

54. Shew that 

f2K 

ucd*urfK = 2A{(2-fP) A-2(l+it*) A}. 

[Write u = A+r.] {Mixth. Trip. 1904.) 

55. By consideriug the curves = (1 - x) (1-t^x), y=f+ma--f-a.r», shew that, if 
Wi4-U2 + «3 + K4=0, then 

A(«,) + A(«2) + A(tt3) + A(K4) = i- |J^^2 + 2cJCJC^c,-2^,^3^^^4-2j.^ 

(Math. Trip. 1908.) 

56. By the method of example 21, obtain the foUowing seven expressions for 
A(Ki)-1-A(u 2) +A(u3)-hA(M4) when mi + «24-«3+ii4s=0: 


^ ^ ^ i:»d^d,d^d, 

I , ... ^ ;—s—2—: 






-l-^^eiCjC jetdid^d^dt * 

2 tr'iCrdr), 


did^dsdi + k^cicicyct rti 

^*l*2hU + CiC2C3Ci * . . 

ClC2C3C4 + i'i,,j^,3,^ ^rK»rCr), 

-^■®l(»l«2«3«l)'‘ + (fiC3C3C4)-*-(-i*(rf,rfjrf3rf,)-l}-l 2 l;(*^C,.rf,.). 

rm\ 

(Forsyth, Jfessenper, xv.) 
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57. Shew that 


= co»eo> X + l^i^> _ 8 i 


»r / IT- 

when I / (x) I < «•/ (r); and, by difl'erentiation, deduce that 

6 (^y ns* = 6 cosec* a- + 4 [^( 1 + jE^) - 1 j 


1-9 


2n 


C08CC* X 




COS ^nx 




Shew also that, when | I{x) \ < ^»r/(r), 


/2^x\ “ (2n + l)^ / >r N*) 2nq 




jT \*) 2ff^'*+*sin (2/1 + 

2*3 2*3 \2fc)} 

(Jacobi.) 

68. Shew that, if a be the semi-major axis of an ellipse whose eccentricity is sin^w, 
the perimeter of the ellipse is 

Wsj s/sj r a) + r(i)r 

(Ramanujan, Qriarterly Journal, XLV.) 

59. Deduce from example 19 of Chapter xxi that 


l)3r 


*3 cn* 2u s= 


— min 3u 

1 + *3 sii3 u sn du * 


dD3 2us= 


it^+/* cn3 cn 3w 


K„l„ l+f*' K ) A"„f„ l + 9,«"*> V A" 


l + it^sn® u sn 3 m 

(Trinity, 1882.) 

60. From the formula sd (iw, k)*=i ad («, F) deduce that 

oinK IllLJ. , 

A 

9 =exp( —fl-A'/A'), 9 i = eip( —ffA/A'), 
and u lies inside the parallelogram whose vertices are 

±iA±A". 

By integrating from u to A', from 0 to w and again from u to A', prove that 

jr3 * ( —L 

/I ^ M V / I t ^ ' 4»' 


where 


A3 I A^ I (-)”9 * cn:ih 

^ (A » - A 3 - m 3) + A* ^2 ^ (2n + l)3(l+93"-‘) I A ) 




=»A'* 2 




COS 


/Oi+i) 


V 




»:o(2«+l)3(l+?r«M) 

[A formula which may l>e derived from this by writing M = ^+iTj, where $ and rj are 
real, and equating imaginary jmrts tui either side of the equation was obtained by Thomson 
and Tait, /Natural PhUoaoph/, ii. (1883), p. 249, but they failed to observe that their formula 
was nothing but a consequence of Jacobi’s imaginary transfornmtion. The formula was 
suggested to Thomson and Tait by the solution of a problem in the theory of Elasticity.] 


CHAPTER XXIII 

ELLIPSOIDAL HARMONICS AND LAMP’S EQUATION 


23T. The definition of ellipsoidal harmonics. 

It has been seen earlier in this work (§18*4) that solutions of Laplace's 
equation, which are analytic near the origin and which are appropriate for 
the discussion of physical problems connected with a sphere, may be con¬ 
veniently expressed as linear combinations of functions of the type 


r"P„ (cos ^), r"P„” (cos . mA, 

where n and m are positive integers (zero included). 

When P„ (cos 6) is resolved into a product of factors which are linear in 
cos* 6 (multiplied by cos 6 when n is odd), we see that, if cos 0 is replaced by 
z/r, then the zonal hannonic r"Pn (cos 0) is expressible as a product of factors 
which are linear in y* and z^, the whole being multiplied by z when n is 
odd. The tesseral harmonics are similarly resoluble into factors which are 
linear in x*, y* and 2 * multiplied by one of the eight products 1, x, y, 2 , yz, zx, 
xy, xyz. 


The surfaces on which any given zonal or tesseral harmonic vanishes are 
surfaces on which either $ ox 6 has some constant value, so that they are 
circular cones or planes, the coordinate planes being included in certain cases. 

When we deal with physical problems connected with ellipsoids, the 
structure of spheres, cones and planes associated with polar coordinates is 
replaced by a structure of confocal quadrics. The property of spherical 
harmonics which has just been explained suggests the construction of a set 
of harmonics which shall vanish on certain members of the confocal system. 

Such harmonics are known as ellipsoidal harmonics; they were studied by 
Lam^* in the early part of the nineteenth century by means of confocal 
cooixlinates. The expressions for ellipsoidal harmonics in terms of Cartesian 
coordinates were obtained many years later by W. D. Niven+, and the 
following account of their construction is based on his researches. 

The fundamental ellipsoid is taken to be 


a:* V* 2 * 


and any confocal quadric is 


• Journal de Math. iv. (1839). pp. 100-123, 126-163. 
+ Phil. Trane. 182 a (1892), pp. 231-278. 
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23*1, 23* 



where ^ is a constant. It will be necessary to consider sets of such (juadrics, 
and it conduces to brevity to write 




+ 


y 




+ 


5^ + e., c= + ^ 


-1 =e«. 


.7" 


y 


+ 6^+19 


- ir 


The equation of any member of the set is then 


0 ;, = 0. 

The analysis is made more definite by taking the j7-axis as the longest axis 
of the fundamental ellipsoid and the 2 -axis as the shortest, so that a >h>c. 


23‘2. The four species of ellipsoidal harmonics. 

A consideration of the expressions for spherical harmonics in factors 
indicates that there are four possible species of ellipsoidal harmonics to be 
investigated. These are included in the scheme 


1. y, ^y^ 


- 0102 ... 0m . 


where one or other of the expressions in { } is to multiply the product 
0102 ... 


If we write for brevity 

0,©....0m-n(0). 

any harmonic of the form T1(0) will be called an ellipsoidal harmonic of the 
first species. A harmonic of any of the three forms* xll (B), yll (W), 2 11 (0) 
will be called an ellipsoidal harmonic of the second species. A harmonic ot 
any of the three forms* yzW (0). zxU (0). xyU (0) will be called an ellipsoidal 
harmonic of the third species. And a harmonic of the form xyzXX (0) will be 
called an ellipsoidal harmonic of the fourth species. 

The terms of highest degree in these species of harmonics are of degrees 
27ft, 27 n + 1, 27n -f- 2, 27 ft + 3 respectively. It will appear subsequently {§23-2(i) 
that 2ft + 1 linearly independent harmonics of degree n can be constructed, 
and hence that the terms of degree ft in these harmonics form a fundamental 
system (§ 18'3) of harmonics of degree n. 

We now proceed to explain in detail how to construct harmonics of the 
first species and to give a general account of the construction of harmonics of 
'' the other three species. The reader should have no difficulty in filling up 
the lacunae in this account with the aid of the corresponding analy.sis given 
in the case of functions of the first species. 


* The three forms will be distinguished by being described as different types of the species. 
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23*21. The construction of ellipsoidal harmonics of the first species. 

As a simple case let us first consider the harmonics of the first species 
which are of the second degree. Such a harmonic must be simply of the 
form 0,. 


Now the effect of applying Laplace’s operator, namely 


a* a* a* 

+ . tO 




riy- 


18 


a«* 

2 


+ 

2 


+ 


y' 


¥ + e, 
2 


+ 


Z‘ 


+ 


-1 


a'‘ + 0, ' b' + e,'*'c- + 0,‘ 
and so @j is a harmonic if is a root of the quadratic equation 

{^+6“)(^ + c») + (0 + c*)(^ + a») + (^4-aO(^ + 6’) = O. 

This quadratic has one root between — c* and — ¥ and another between 
- ¥ and - Its roots are therefore unequal, and. by giving 6i the value of 
each root in turn, we obtain two* ellipsoidal harmonics of the first species 
of the second degree. 


Next consider the general product 0,08... 0^; this product will be denoted 
by n (0) and it will be supposed that it has no repeated factors—a supposi¬ 
tion which will be justified later (§ 23*43). 


If we temporarily regard 0,. 08, ... 0„ as a set of auxiliary variables, the 
ordinary formula of partial differentiation gives 


dn(0) _ 5 an(0) 2x 


dx 


dBp dx 30 'a^ + B. 


and, if we differentiate again, 


Sx^ 


a^n (0) _ “ an(0) 2 3»n (0) 

3:1^ „=1 a0„ ‘ -\-Bp^ • (a= + Bp){a* + B,) ’ 


''•^p 

where the last summation extends over all unequal pairs of the integers 
1, 2, ... m. The terms for which p~q may be omitted because none of the 
expressions 0,. 02 , ... 0„ enters into □ (0) to a degree higher than the first. 

It follows that the-result of applying Laplace’s operator to 11(0) is 

.2,2 

dHp ^ + 


^ an (0) 1 2 . 


¥+B 


P + 

Hx^ 


d%d<% l(u* 4- Bp) (a’ + B.,) {¥ + Bp) {¥ + B^) (c» + Bp) (c> + B^)} ‘ 


Now 


*. V, («" + ^p) + B^) 




N| 


U, fi. c) 


e,-e. 


* The complete set of 5 ellipsoidal harmonics of the second degree is composed of these two 
together with the three harmonics yr, sx, which are of the third species. 
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and 9n (0)/90p consists of the product 11 (0) with the factor 0^ omitted, 
while 3®n (0)/00^90, consists of the product 11 (0) with the factors 0p and 
0q omitted. That is to say 

^0=n(0) 0n(0) a^n(0) 0n(0) 

'’a0p00, 00, ’ ’00p00,” 00p * 

If we make these substitutions, we see that 


_0ic* ^ 0y^ 



may be written in the form 


^ an (0) 

pii a©p 


+ 


+ ^p ’ + 0p 


+ 


m g 

_1. 2'_2_ 


the prime indicating that the term for which g- p has to be omitted from 
the summation. 


If n (0) is to be a harmonic it is annihilated by Laplace’s operator; and 
it w’ill certainly be so annihilated if it is p>ossible to choose Ou ^ 2 > ••• so 
that each of the equations 

1 1 1 , 4 

is satisfied, where p takes the values 1, 2, ... m. 

Now let ^ be a variable and let A,(^) denote the polynomial of degree 
m in 6 

IT (^ - 0g). 

9=1 

If A/(^) denotes dAi(0)id0i then, by direct differentiation, it is seen that 
A/(^) is equal to the sum of all products of 0 — 0i, 0~ 02 , ••• 0 — 0m, — 1 at 

a time, and A,"(^) is twice the sum of all products of the same expressions, 
7M — 2 at a time. 


Hence, if 0 be given the special value 0p, the quotient A,"(^p)/A,'(^p) 
becomes equal to twice the sum of the reciprocals of ^p — ^p — ^ 3 , ... ^p — 
(the expression 0p — 0p being omitted). 

Consequently the set of equations derived from the hypothesis that 

m 

n (0p) is a harmonic shews that the expression 


p-\ 




1 11 .2Ar(^) 


a} + 0^ h^-i-0" c^-^0 A:{0) 

vanishes whenever 0 has any of the special values 0^, 0 . 2 , ... 0,^. 
Hence the expression 

(tt" + e)(6> + 0)(c> + tf)A."(e) + *| S (¥ + 6) + 8)1 A,'(8) 

^ a. b.e ’ 
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is a polynomial in Q which vanishes when Q has any of the values ^5, •••, 
and so it has 0 — 9i, 0 — O 2 , .... ^ as factors. Now this polynomial is of 
degree m + 1 in ^ and the coefficient of is 7n(m-f J), Since ni of the 
factors arc known, the remaining factor must be of the form 

m(m + 0 \C, 

where C is a constant which will be determined subsequently. 

We have therefore shewn that 


{^■^ + 6){b"- + 0)(c^ + e)A''{e) + l\ 1 (b^ + 0) (o’+ 6)1 A,'(6) 

^ a, b.c ) 

= + + A. (0). 

That is to say, any ellipsoidal harmonic of the first species of (even) 
degree 7i is expressible in the form 


where 0^, 0^, .... are the zeros of a polynomial Ai(^) of degree Jh ; and 
this polynomial must be a solution of a differential equation of the type 


4 + «) (b^ + 0) (c’ + 5)1 ^ j^v/Ka’ + 0) (6> + 0) (c’ + 5)1 

= (n(n + l)5 + Cl A,(5). 

This equation is known as Lamp's differential equation. It will be in¬ 
vestigated in considerable detail in §§ 23*4-23'81, and in the course of the 
investigation it will be shewn that (I) there are precisely -I-1 different 
real values of C for which the equation has a solution which is a polynomial 
in 0 of degree and (11) these polynomials have no repeated factors. 

The analysis of this section may then be reversed step by step to establish 

the existence of 1 ellipsoidal harmonics of the first species of (even) 

degree n, and the elementary theory of the harmonics of the first species will 
then be complete. 


The corresponding results for harmonics of the second, third and fourth 
species will now be indicated briefly, the notation already introduced being 
adhered to so far as possible. 


23'22. Ellipsoidal harmonics of the second species. 

m 

We take x 11 (0^) as a typical harmonic of the second species of degree 
2m 4- 1. The result of applying Laplace’s operator to it is 


X 


■ ^ 311(0) 

( + 

2 

2 ] 


W^0p^ 


c-^0p 


-f- 


^ cr-U{e ) 


8x2 


+ 




+ 


Hz' 


[(a> + 0p) (a* 4- 0^) (6^ 4- 0p) (6“- -h 0,^) (<^ + 0p) (c’ -J- 0 


',)! ] ’ 


23-22, 23*23] ellipsoidal harmonics 


541 


and this has to vanish. Consequently, if 


in 

A, ( 6 )= n (B-e,). 

q~l 

we find, by the reasoning of § 23*21, that Aj is a solution of the differential 
equation 


(a» + 6) (6» + d) (c* + e) A," ($) 

+ J {3(6« + ^)(c“ + d) + (c= + ^) (a“+ ^) + (a=*+^) (6“ + ^)l A^'iS) 

= jm (m + §) ^ + i Cg) Aa (d), 


where Og is a constant to be detennined. 

If now we write Ag {$) = A (^)/\/(a’ + 0), we find that A (0) is a solution 
of the differential equation 




d 

dd 


•^{(a^ + 0) {b* + 6) + 0)] 


dA (oy 

dO 


= ((2m + 1) (2m + 2)0 + 0] A {0), 


where 


C^C^+b^+c\ 


It will be observed that the last differential equation is of the same type 
as the equation derived in §23*21, the constant « being still equal to the 
degree of the harmonic, which, in the case now under consideration, is 27n + 1. 

Hence the discussion of harmonics of the second species is reduced to 
the discussion of solutions of Lamp’s differential equation. In the case of 
harmonics of the first type the solutions are required to be polynomials in 
0 multiplied by ^{a^ + 0) \ the coiTesponding factors for harmonics of the 
second and third types are •Jib^+d) and ^{c^ + 0) respectively. It will be 
shewn subsequently that precisely m + 1 values of C can be associated with 
each of the three types, so that, in all, 3m + 3 harmonics of the second species 
of degree 2m + 1 are obtained. 


23*23. Ellipsoidal harmonics of the third species. 

We take yz H (^^p) as a typical harmonic of the third species of degree 


2m + 2. The result of applying Laplace’s operator to it is 


yz 


[1 

Lp = 1 


6 


an (0) f 2 , _ _ 

a«„ trt’ + 0p b^ + 0p~^ 


+ 


1 


+ 


a^n (€)) ( 80 *= _ . 8y« gg _}] 

5o ae„ae„ |(a* + 0p) (a*+ oy) (6= + Op) (6» + ey (c^+^ p)( c=+ 0q)\ \ ’ 


and this has to vanish. Consequently, if 

m 


A, (5)= n (0-e,), 
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we find, by the reasoning of § 23*21, that A 3 (^) is a solution of the differential 
equation 

(a= + e) {¥ + 6) (c“ + B) A" (B) 

+ iK6^ + ^)(c“ + ^) + 3((^ + ^)(a^ + ^) + 3(a» + ^)(6* + 0) A,'(B) 

= {m (m +1) ^ i (7,i As {B), 

where C, is a constant to be determined. 

If now we write A, (B) = A (^)/V{( 6 * + ^) (c* + B)], 
we find that A (B) is a solution of the differential equation 

4 Vl(a* + 6) (b^- + e)(d‘ + d)\ ^ |^Vl(a» + 0) (6> + 0) (c» + S)} 

= {(2m + 2) (2m + 3) ^ + C) A (0), 
where C - C, + 4a» + 6“ + c*. 

It will be observed that the last equation is of the same type as -the 
equation derived in § 23*21, the constant n being still equal to the degree 
of the harmonic, which, in the case now under consideration, is 27 n + 2 . 

Hence the discussion of harmonics of the third species is reduced to 
the discussion of solutions of Lame’s differential equation. In the case of 
harmonics of the fiist type, the solutions are required to be polynomials in B 
multiplied by (o’+ ^)j; the corresponding factors for harmonics of 

the second and third types are V((c“ + B) (a* + B)} and V((a» + B)(h* + B)\ 
respectively. It will be shewn subsequently that precisely m 4 * 1 values of C 
can be associated with each of the three types, so that, in all, Sm + 3 harmonics 
of the third species of degree 2 m + 2 are obtained. 


23*24 Ellipsoidal harmonics of the fourth species. 

The harmonic of the fourth species of degree 2m + 3 is expressible in the 


form xyz (0p). The result of applying Laplace’s operator to it is 


xyz 


m 


&n(e) 


6 


a^ + B 


4* 


+ 2 


a-n (0) 


p^q 


6''4-^, 

8 x> 


4- 


p V -r vp 


— i 

c* 4-^,1 


+ 




8«* 


[(<*" + ^p) (»=* + B^) 4- Bp) {h* 4- Bg) (c* 4- Bp) (c> 


and this has to vanish. Consequently, if 


+ ’ 


m 


A, (B) = n - B,). 

9 = 1 


we find by the reasoning of §23*21 that A 4 ( 5 ) is a solution of the equation 


( 


«> + 0)(6>+e)(c* + fl)A."(e) + |i 2 (6> + (9)(c> + e)lA.'(fl) 

U, b,e ) 


= [m (m + J)0 +JC.) A.(^), 


where (74 is a constant to be determined. 
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If now we write 


A,(^) = A (^)/VlK + 

we find that A(^) is a solution of the differential equation 
4 ^((a’ + 6) (b' + 0) (c* + ^)1 ~ |^V[(“'‘ + 0) <*>’ + 


, dA {d) 

‘ de 


= ((2»1 + 3) (2/h + 4) ^ + C) a (0), 


whore C = C, + 4* {a~ + 6^ + c’). 

It will be observed that the last equation is of the same type as the 
equation derived in §23-21. the constant n being still equal to the degree 
of the harmonic which, in the case now under consideration, is 2m + 3. 


Hence the discussion of harmonics of the fourth species is reduced to the 
discussion of solutions of Lamp’s differential equation. The solutions are 
required to be polynomials in 6 multiplied by (^' “h 

will be shewn subsequently that precisely m + 1 values of (/ can be associated 
with solutions of this type, so that m + 1 harmonics of the fourth species of 
degree 2;^ -f 3 are obtained. 


23*25. Nivens expressions for ellipsoidal harmonics in terms of lu>mo- 
geneous harmonics. 

If G„(ir, y, z) denotes any of the harmonics of degree n which have just 
been tentatively constructed, then (a:, y, z) consi.sts of a finite number of 
terms of degrees 7i, n — 2, n — 4, ... in x, y, z. If Hn(x, y, z) denotes the 
aggregate of terms of degree n, it follows from the homogeneity of Laplace’s 
operator that {x, y, z) is itself a solution of Laplace’s equation, and it may 
obviously be obtained from G„ (x, y, z) by replacing the factors %, which 
occur in the expression of (?„ (a:, y, as a product, by the factors Kp. 

It has been shewn by Niven {loc. cit., pp. 243—245) that {x, y, z) may 
be derived from Hn(x, y, z) by applying to the latter function the differential 

operator 

T ^ __+ 

^ 2(2n-l)‘*'2.4.(2n-l)(27i-3) 2.4.6(2n-I)(2a-3)(27i-5) 




where D’ stands for 


a 




■ ay> ’ dz^ 

and terms containing powers of D higher than the «th may be omitted from 
the operator. 

We shall now give a proof of this result for any harmonic of the first species*. 


• The proofs for harmonics of the other three species are left to the reader as examples. 
A proof applicable to fuDctione of all four speciee has been t?iven by Hobson, Ptoc. London 
Math. Soc. XXIV. (1898), pp. 60-64. In constructing the proof given in the text, several modiU- 
cations have been made in Niven’s proof. 
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For such harmonics the degree is even and we write 

Gn {x, y, = n = ri {Kp - 1 ) 

P=1 P=1 

— Sn ““ ^n—% "t" ^n—t “*•••> 

where Sn,Sn-z, ... are homogeneous functions of degrees n, n —2, n-4,...» 
respectively, and 

S„ = Hn (x, y, 2 ) = n Kp. 

p=i 

The function Sn-v is evidently the sum of the products of Ki, ... 
taken J a — r at a time. 

If Kyy K ^,... be regarded as an auxiliary system of variables, then, by 
the ordinary formula of partial differentiation 

^ dKp 

dx p=i dKp dx 

_ ^ 2x 

p=i dKp + 

and, if we differentiate again, 

p=i ^Kp + 0p dKpdKq {a^ Op) 0g) 

The terms in d'^Sn-trl^K^ can be omitted because each of the functions 
Kp does not occur in to a degree higher than the first. 

It follows that 


1 dKr, a» + ^ 6 


26» , 2c^ ) 

“+^p C*+tfpf 


+ X 




n— 


l(a* 


8a»a:“ 


86y 


8c»^» 


P 4.5 dKpdKq l(a* + Op) (a* + (6» + Bp) (6* + (c* + ^p) (c» + ^,)j ' 

It will now be shewn that the expression on the right is a constant multiple 


of 5 


n—2f—9 


We first observe that 




(«V c) 


0^K^-e,K, 


e^-0. 


and that, by the differential equation of § 23*21, 


a. 6, e a’ + 


X 


6. c a* + 0 , 


= 3 + X' 
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23*25] 


so that 


p ir 9^(i-ar , o V P ^'S^n-2r f 
D^Sn-tr = 0 2 +82 ■ •! 2 - 


Ii dK, 


p=i bK. 


1 


UxOp-e. 


^''Sfn-2r OpKp — 6qKq 


P=M 


dK.dKa • 


dp-Bq 


Now dSn-ir/bKp is the sum of the products of the expressions A',, A'^, 
... Ajn {Kp being omitted) taken 4n — r — 1 at a time ; and Kq^Sn--irlbKpdKq 
consists of those terms of this sum which contain A, as a factor. 


Hence 


S'S'H-jr rr B^Sn-ir 


dK. 


-K 


^ BKpdKq 


is equal to the sum of the products of the expressions A,, Aj, ... K^p,{Kp and 
Kq both being omitted) taken in —r — 1 at a time; and therefore, by sym¬ 
metry, we have 

dSn-,r .r B^Sn-^ dSn-2r r. 


BK 


-A 


so that 


p 

B^S 


n—^ 


'^dKpBKq BKq 
dSn-7r BS„_2r 


-A 


aA„aA 




BK, 


BK, 



nK„dK' 


(A^-A„). 


On substituting by this formula for the eecond differential coefficients, it 
is found that 




i« dS 


n—«r 


Ii dK, 


[ 


hi 


6 -I- T 


1 


4»* 

-8 2' 


dpKp-dqKq 


^lOp-^Oq q^x{Op-0q){Kp-Kq)j 


= *2 Te - 8 L " ^^^1 

OKp L —A^J 


= (4n - 2) ‘S 


1 


BS, 

^ BK, 




BSn- 


2 / 


aA, 




P = l BKp p^q 

Now we may write S„^ in the form 

^n-2r + KpSn-7r-^ + KqS n— 2 + KpKqS n— 2 r— 4 > 

where denotes the sum of the products of the expressions Aj, A„ ... A^,^ 
(Kp and Kq both being omitted) taken m at a time; and we then see that 

9^n-2r _ 

TiU 

9 


- = (X-p - K,) 


Hence 


dK^ 

= (4n - 2) § 

pal CAp 


— 82 Sn-ir-^ 
P*9 


Now it is clear that the expression on the right is a homogeneous sym¬ 
metric function of A,, A 2 , ••• Aj„ of degree Jn —r—1, and it contains no 

power of any of the expressions Ai, Aj, ... A^,^ to a degree higher than the 

first. It is therefore a multiple of (S„_jr- 2 - To determine the multiple we 
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observe that when is written out at length it contains i C, 

1 • 1 . i • ^ ^ Jf 


while the number of terms in 




terms 


in 

(4« - 2) 2 ^ _ 8 2 

P=i on.p 


IS 


The multiple is consequently 




t 


and this is equal to (2r + 2) (2n — 2r — 1). 

It has consequently been proved that 

= (2r + 2) (2n - 2r - 1) 
It follows at once by induction that 






and the formula 


2.4... 2r.(2n-I)(2n-'^...(2n-2r + l)’ 


(?„ (®, y, ^) =r f - 

Lr=50 2,4-.. 


(-YD^ 


2r.(2n- 1)( 2 n - :}):r( 2 ;r:: 2 iq:i)J 

IS now obvious when G„ (x, y, z) ‘is an ellipsoidal harmonic of the fimt species, 
second, third or fourth when G^{x, y, ?) ig an ellipsoidal harmonic of the 

Example 2. Obtain the symbolic formuU 

0.(x, y, ^) = r (4-a). (i7J)"+4/.„.j(Z,). 

23-26. Ellipsoidal harmonics of degree n. 

The results obtained and stated in SS 28 oi ou oa u . 

even there are j. i k , , “ 21-23-24 shew that when n is 

tbirf. ” ” i: l ^"^rbltJ’ThTirr'' • • -rr °“'': 

.Dd I (. - 1) bmodic. of tbo fo„?ii ,-oiiTTbM ,t 

there are 2n + 1 harmonics in all. It follows froTs 18 3 that if“th 

degree » m these harmonics are linearly indei^nLnt rf 

mental system of harmonics of degree a and aC£m ^ “ 

decree n is exnrp<i<iiLIo «> r ™ i • * homogeneous harmonic of 

:“b7i=-'‘^^ 

In order to prove the results concerning the number of harmonics of 

degree n and to estabhsh their linear independence, it is necessTy to make 

an mtensive study of Lam4s equation; but before we pursue this investigation 

we shall study the construction of ellipsoidal harmonics in terms of coffocal 
coordinates. 
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These expressions for ellii^soidal harmonics are of historical importance in view of 
Lame’s investigations, but the expiessions which have just been obtained by Niven s 
method are, in some respects, more suiUble for physical applications. 

For applications of ellipsoidal harmonic.s to the investigation of the Figure of the Earth, 
and for the redaction of the harmonics to forms adapted for numerical computation, the 
reader is referred to the memoir by G. H. Darwin, Phil. Traru. 197 a (1901), pp. 4(51-o:L. 


23 ’ 3 . Confucal coordinates. 

If (X, F, Z) denote current coordinates in three-dimensional space, and if 
a, 6, c are positive (a > i > c), the equation 

Xi Z^ 

"S' 6’ c“ 


represents an ellipsoid; 


the equation of any confocal quadric is 








and $ is called the parameter of this quadric. 

The quadric passes through a particular point {x, y, z) if d is chosen 
so that 

^ , y" 1 -^-.1 

a^ + $ b^ + O^ 

Whether 0 satisfies this equation or not, it is convenient to write 

_ _/(^) _ 

and, since f{0) is a cubic function of 6, it is clear that, in general, three 
quadrics of the confocal system pass through any particular point {x, y, z). 

To determine the species of these three quadrics, we construct the following 

Table: 


$ 

f{6) 

— 00 

— oO 

-a* 



yt .a*-6*)(6*-c3) 

-c^ 


+ ® 

+ 00 


It is evident from this Table that the equation f{d) = 0 has three real 
roots X, p, p, and if they are arranged so that X > ^ > v, then 

and also fW = (^ — ^) (^ ” m) “ ^)* 

From the values of X. p, p it is clear that the surfaces, on which 0 has 
the respective values X, p, v, are an ellipsoid, an hyperboloid of one sheet and 

an hyperboloid of two sheets. 
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Now take the identity in 

a^+e c^+e (a^ + ^)( 6 ^ + ^)(c» + ^)* 

and multiply it, in turn, by 0, 6 * + and after so doing, replace 

^ by - a“, - 6 % — c® respectively. It is thus found that 

(a^ + X)(a^ + M)(a ^ + y) 

(a-* - 6 ’*) {a^ - c=) 

- (A' + X) ( b^ + m) ( 6 « + v) 

^ (a^- 6 “)( 6 “-c=') 

,2 _ (c* + (c“ + /i) (c* + */) 

(a* - c*) ( 6 * - c») 

From these equations it is clear that, if (x, y, z) be any point of space and 
if X, /A, V denote the parameters of the quadrics confocal with 

which pass through the point, then (ar®, y“, z*) are uniquely determinate in 
terms of (X, /t, v) and vice vej'sa. 

The parameters (X, v) are called the confocal coordinates of the point 
{x, y, z) relative to the fundamental ellipsoid 

X' ys z' 

+ jT + —r = 1. 

a* 6’ c* 

It is easy to shew that confocal cooi'dinates form an orthogonal system; 
or consider the direction cosines of the tangent to the curve of intersection 
0 t e surfaces (/a) and (v) ; these direction cosines are proportional to 

dy dz \ 

\ax’ ax* 

andsince ~ 4 . ^ _ i v “*+*' a 

dXdfi, dXdfi dxdfjt *a. 7 ,c(a“- 6 ^)(a 2 -c*)~^* 

it is evident that the directions 

/dx ^ 

Vax* ax’ axA 

perpendicular, and, similarly, each of these directions is perpendicular to 

^ a^\ 

Vav * dv ’ dv) ' 

It has therefore been shewn that the three systems of surfaces, on which 
M, •< respectively are constant, form a triply orthogonal system. 

Hence the square of the line-element, namely 

(Sa)» + (Sy)« -(- (Szy. 

is expressible in the form 

(H,&\y + (H,s^y + {H,Svy, 
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where 




•+ m. 


\d\J 


with similar expressions in fi and v for and 

To evaluate in terms of (X, a*. observe that 


“■-mi*' 

4 / . 


4y- Vd\) ^ 43* \d\/ 

(a* + m) + *') 


,X e + >^) - *’) ’ 

But, if we express 

(\-m)(X-i^) 

+ X) (6* + X) (c= + ^.) ’ 

qua function of X. as a sum of partial fractions, we see that it is precisely 

, (o'+ _ 

„.7,.(a' + X)(>-6’)(a>-c-)' 

(X-m)(^-*^_) _ 

and consequently W = X)’(c* + X)' 

The values of and are obtained from this expression by cyclical 
interchanges of (X, fi, v). 

Formulae equivalent to those of this section were obtained by Ume, Journal de Hath. 
II. (1837), pp. 147-183. 

ExampU 1. With the noUtion of this section, shew that 

j4 + y2+22 = a* + i»2 + c2 + X + ;i+>'. 

Exufnpl^ 2. Shew that 


4^i*=,-::2ri'v2 + 


.V 


(ai+X)’^ (fr* + X)* (c* + X)» * 

23-31. Uniformising variables associated tvitk confocal coordinates. 

It has been seen in § 23-3 that when the Cartesian coordinates (x, y. z) 
are expressed in terms of the confocal coordinates r) the expressions 

obtled are not one-valued functions of (X. m, x). To avoid the -eoy-ience 
thereby produced, we express (X, r) in terms of three new vanables («, v, ) 

respectively by writing 

^ (v) = ^ + i C**’ + ^ 

|) {w) = v + J (a’ + ^>* + 

the invariants g, and g, of the Weierstrassian elliptic functions being defined 
by the identity 

4 (a- + X) (!)’ -h X) (c* -t- X) = 4(f)' (u) -Jfsjp («) - 9z- 
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The discriminant associated with the elliptic functions (cf. § 20-33, 
example 3) is 

and so it is positive; and, therefore*, of the periods 2®,, 2®, and 2®,. 2®. is 
positive while 2®, is a pure imaginary; and 2®, has its real part negative, 
since ®. + ®, + ®3 = 0; the imaginary part of ®, is positive since I > 0. 

In these circumstances e, >e 2 >e„ and so we have 

3e. = a'* + 6^ - 2c’, 3e, = c’ + o’ - 26’, = 6’ + c’ - 2a’. 

Next we express (x, y, z) in terms of (u, v, w); we have 

^ ^ (o’ + \) (o’ + o) (o’ + „) 

— 6“) (a® — c“) 

_ IfP (a) - e.1 (p (v) - e,] (p (w) - e,\ 

(^1 - C3 ) (^2 - € 3 ) 

^ (w) a^(o},)(T^{(02) 

o-» {u) ^ (r) a» iw) * (w,) o-,* (w,) ’ 

by § 20'53, example 4. Therefore, by § 20'421, we have 


and similarly 


x^± U.) (v) 0-3 (w) 

cr (w) <r (v) ff {w) ’ 

y-±e~ 0-2 (ojg) o'a (t') q- 2 (w) 

<r(w) <r(v) o-(w) 
o-i („ \ °-i(«)o-i(v)q-,(®) 


+ e-n, 


O’ (a) O' (v) O' (lo) 

The effect of increasing each of w, v, w by 2q>3 is to change the sign of the 
expression given for x while the expressions for y and . remain uLltered; 
and similar statements hold for increases by 2®, and 2®.; and again each of 
the three expressions is changed in sign by changing the signs of «, a, 

tl signs be taken in the ambiguities, there is a unique 

Zl ”■ representative points lie in any 

The iimformisation is consequently effected by taking 

M P's (y) O', (w) 

O' (u) O' (v) <T {w) * 

y = e -««(^2 \ gj( H) O’! (p) O', (w) 

O'(u) a (tf) O'(uj) ’ 

^ = e-t.-, 0-5 

_ ^ <r (v) a (w) 

1 an^sTl" these only by the interchange of the suffixes 

and 3 were given by Halphen, Fovctions Elliptiques, ii. (1888), p. 459. 

Cf. § 20'32, example 1, 
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23*32. Laplace's equation referred to confocal coordinates. 

It has been shewn by Lam^ and by W. Thomson* that Laplaces equation 
when referred to any system of orthogonal coordinates (\, y. v) assumes the 

form _ --.TV 

^ r ITT tt ^ TP * ^ / I_r XJf O ^ ( ff 1~f ri 

= 0 . 


\H,H, ari , a ] 

\H,H, dV] 

1 9 1 

f + 5“ 1 

1 ov 1 

H,H, dV) 

1 H, • ax r a/x 

[ H, -dy^l 

[ H, -d^ 


where {H„ H^) are to be determined from the consideration that 

(i/,8x)= + + (HMY 

is to be the square of the line-element. Although W. Thomson’s proof of this 
result, based on arguments of a physical character, is e.'ctremely simple, all 
the analytical proofs are either very long or else severely compressed. 

It has however, been shewn by Lam4t that, in the special case in which 
(X /X v) represent confocal coordinates, Laplace’s equation assumes a simple 
form’obtaiiiable without elaborate analysis; when the uniformising variables 
(«, V, w). of § 23-31 are adopted a-s coordinates, the form of Laplace s equation 

becomes still simpler. 

By straightforward differentiation it may be proved that, when nay three 
independent functions (X, y, u) of (x, y. z) are taken as independent variables, 

then 


transforms into 


A. M. 

+ 2 S 

A, *>. y 


d^V dfV d^v 

9 .f» df dz^ 


ly - (!)• * (S 




d^V 

d\^ 


dz dzj dpdt’ 




^ [■ 


^ dy^ dz* \ 9X 


In order to reduce this expression, we observe that X satisfies the equation 


a® + X 6* + X ^ + X 

and so, by differentiation with x,y,zo& independent variables, 

+ 


+ 


= 1 . 


2x 


a» + X 

4.T 


y' . + 


l(n* A-\f (6’ + xy (c" + X)=; 

3 :“ y" 


fy=o, 

dx 


- of ^ 4 . y‘-+ _ 

^I^+“x" ai^ Uf? + X)’^ + X)' (c= + x)>f \dxl 


!(«’ 




+ 


y 


+ 


+ X)’ ■ (6» + X)* (c» + X) 


1 S = 0 . 

i*f 8 x* 


* Cf. the footnote on p. 401. 
t Journal de Math. iv. {1830), pp. 133-136. 
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Hence 


a* + X ^ dx' 


2.7; 




jr- 




d^\ 


a^+X (a= + X)> H]' ^ 2H,‘ (a= + Xf (a' + X)‘ ~ ’ 

with similar equations in fi, v and y, z. 

From equations of the first type it is seen that the coefficient of ^ is 

oX" 

1 ^ d^V . 

and the coefficient of is zero; and if we add up equations of the 

second type obtained by interchanging x, y, z cyclically, it is found that 

2 




Id^X d^\ d^\] 

\ A ^ 


<». 6, c + X 


dy^ ' dz- 
with similar equations in y. and v. 

If, for brevity, we write 

V'((a« + X)(6^ + \)(c= + X)) = A*, 
with similar meanings for and A., we see that 


a’x ^ a=x 

*T“ ^ 




da:^ 


dy* dz' (X —//)(X —v) 

4Ax 


2 2 2 

+ X + X c* + \ 


(X-;i)(X- i;) d\’ 

and so Laplace s equation assumes the form 


that is to say 


^ ^ ^ _ 

A, n.,v(X^ /*) (X 






0X’ 


d\ ax 


-n 


(M-^)A.g^lA*|r}+(.- 




dj^ 

da 


+ (X —/*) A^^ 




The equivalent equation with («, v, w) as independent variables is simply 

a»r 


1(P («) - (f> («-)) ^ + (if> («-) - (f> (u)l + (p („) _ J, („)j 


or, more briefly, 


dw 


= 0 , 


/ .d^V , d^V 

(m - «') + («-- X) , . +(X-a)ti-.= 0. 


du 


dv^ 


du/^ 


The last three equations will be regarded as canonical forms of Laplace's 
equation in the subsequent analysis. 

23-33. Ellipsoidal harmonics referred to confocal coordinates. 

When Nivens function %, defined as 
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is expressed in terms of the confocal coordinates (X, fx, v) of the point (x, y, z)^ 
it assumes the form 

_ (X - Sp) {y, - dj,) {v - B p) 

and consequent!}', when constant factors of the form 

- (a= + Oj,) (t* + e^) (c* + 0^) 
are omitted, ellipsoidal harmonics assume the form 

‘T. yz 

1, y, zx, xyz 


z. xy 


[. n (X —n — n {v^Op). 

P=1 P=1 P«1 


If now we replace x, y, z by their values in terms of X, y., v, we see that 
ony ellipsoidal harmonic is expressible in the form of a constant multiple of 
AMN, where A is a function of X only, and M and N are the same functions 
of y and v respectively as A is of X. Further A is a polynomial of degree m 
in X multiplied, in the case of hannonics of the second, third or fourth 
species, by one, two or three of the expressions + X), + X), ^/{c'* + X). 


m 


Since the polynomial involved in A is 11 (X —^p), it follows from a con- 

p=i 

sideration of §§ 23*21-23'24 that A is a solution of Lamp’s differential equation 

4 Vl(a» + \) (¥ + \) (e + \)1 ^ + \) (t" + (c’ + X)) ^ j 

= 1)XH- C\ A, 

where n is the degree of the harmonic in {x, y, z). 

This result may also be attained from a consideration of solutions of 
Laplace’s equation which are of the type* 

■F= AMN. 

where A, M, N are functions only of X, y, v respectively. 

For if we substitute this expression in Laplace’s equation, as transformed 

in § 23'32, on division by V, we find that 

if( v)-^(w ) d^A ^(w)- ^(u) ^^ 

A dii^ M dt^ N dw* 

The last two terms, qua functions of u, are linear functions of |^(w), and 

so : , must be a linear function of fc>(u); since it is independent of the 
A au* 

coordinates v and w, we have 

where K and B are constants. 

• A harmonic which is the product of tliree functions, each of which depends on one coordi¬ 
nate only, is sometimes called a nornuil iotution of Laplace’s equation. Thus normal solutions 
with polar coordinates are (§ 1B'31) 

cos 

r" P.*'* (cos^) . 

** Pin 
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If we make this substitution in the differential equation, we get a linear 
function of ^(») equated (identically) to zero, and so the coefficients in this 
linear function must vanish; that is to say 


-x-7 


1 dm 1 


+ ^ 


M dv^ N dit^ 


= 0 , 


B 1^ (V) - p (.«)! + V ^ - V 

and on solving these with the observation that p(v) — jp{w) is not identically 
zero, we obtain the three equations 

^ = +B] M, 

When \ is taken as independent variable, the first equation becomes 

d 




d\ 


= {A-X + B + i a: ( 0 = + b^ + c’)) A, 


and this is the equation already obtained for A, the degree n of the harmonic 
being given by the formula 

« (n -f 1) = if. 

We have now progressed so far with the study of ellipsoidal harmonics as 
is convenient without making use of properties of lAm^’s equation. 

We now proceed to the detailed consideration of this equation. 

23'4. Various forms of Lame's differential equation. 

We have already encountered two forms of Lamp’s equation, namely 


A A ^ (a 

d\r''dK 


ss (n(a + l)A4*0} A, 


and this may also be written 


d"A 




a^ + \ 6* + X c^' + X 


dA [71 (n + 1)X 4-C^j A 
dX "" 4Xa= + X) (6^*X) ’ 


which may be termed the algebraic form; and 

= + l)fr>(«)+5j A, 

which, since it contains the Weierstrassian elliptic function may he 

termed the Weierstrassian form ; the constants B and C are connected by the 
relation 

^ } n (n + 1) (o’ + + (4) = a 


23*4] lame’s equation 5^ 

If we take a new variable, which will be called we obtain tht 

slightly modified algebraic form (cf. § 10 6) 

d^A [ i ^ i ]dA^ [n{n+ l) f + A 

This differential equation has singularities at e,, $ 2 , at which the 
exponents are 0, ^ in each case; and a singularity at infinity, at which the 
exponents are — J 71 , J (n + 1). 

The Weierstrassian form of the equation ban been studied by Halphen, Fonctions 
Elliptiques^ II. (Paris, 1888), pp. 457-531. 

The algebraic forms have been studied by Stieltjes, Acta Math. vr. (1885), pp. 321-326, 
Klein, Vorle9ungen Uber linearc D\^erent{elgleickungen{\\t\i 0 ^sip\\(td, Gottingen, 1804), and 
Bocher, Uher die Reihenenticickelungcn der Potentialtheorie (Leipzig, 1894). 

The more general differential equation with four arbitrary singularities at which the 
exponents are arbitrary (save that the sura of all the exponents at all the singularities is 2) 
has been discussed by Heuu, Math. A7ni. xxxiii. (1889), pp. 161-179 ; the gain in generality 
by taking the singularities arbitrary is only apparent, because by a hoinograpbic change 
of the independent variable one of them can be transferred to the point at infinity, and 
then a change of origin is sufficient to make the sum of the complex cof)rdinates of the 
three finite singularities equal to zero. 

Another important form of Lam6*s equation is obtained by using the 
notation of Jacobian elliptic functions; if we write 

Zi^'u \/(e, - €3). 

the Weierstrassian form becomes 




r 

-= n 
\ 


(" + i)b7::7,+ 




and putting , where 2iK' is the imaginary period of sn^ we 

obtain the simple form 

- {n (n + 3) A:®8n“o + A \ A, 

where A is a constant connected with B by the relation 

B + 6371 {n + 1 ) = A (e, - €3). 

The Jacobian form has been studied by Herraite, Sur qxtelquee applications dcs functions 
clliptiquee^ Comptes Rendus^ lzxxv. (1877), published separately, Paris, 1885. 


In studying the properties of Lamp’s, equation, it is best not to use one 
foi-m only, but to take the form best fitted for the purpose in hand For 
practical applications the Jacobian form, leading to the Theta functions * 
the most suitable. For obtaining the properties of the solutions of the 
equation, the best form to use is, in general, the second algebraic form 
though in some problems analysis is simpler with the Weierstrassian form 
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23*41. Solutions in series of Lame s equation. 

Let us now assume a solution of Lame’s equation, which may be written 

+ ( 6 f=- - (n (n + l)f + 5j A = 0, 


in the form 


r=0 


The series on the right, if it is a solution, will converge (§10’31) for 
sufficiently small values of |f — but our object will be not the discussion 
of the convergence but the choice of B in such a way that the series may 
terminate, so that considerations of convergence will be superfluous. 

The result of substituting this series for A on the left-hand side of the 
differential equation and arranging the result in powers of f — is minus the 
series 


4 S + [Sef)^n ~rin {n-\-l)e^-iBlbr-i 

r«0 

+ (e, - fij) (eg - es) (i n - r + 2) (i » - r + ^) 6,-a], 
in which the coefficients with negative suffixes are to be taken to be zero. 

Hence, if the series is to be a solution, the relation connecting successive 
coefficients is 


r (a - r + 4)6, = ( 3^2 (in - r + 1 )’ - i n (n + 1 ) eg - i-^l K-i 

- (ei - Cs) (e^ — Ci) (in - r-H 2 ) (in - r + i) 6 r- 2 . 
and (n- J) 6 i = Jn(n + 1 )^ 2 - i5) 6 o- 

If we take h^^l, as we may do without loss of generality, the coefficients 
br are seen to be functions of B with the following properties : 

(i) 6 , is a polynomial in B of degree r. 

(ii) The sign of the coefficient of B^ in 6 , is that of provided that 
r ^ n ; the actual coefficient of B’" is 

_ izY _ 

2.4..,2r(2n-l)(2n-3)...(2n-2r + l)‘ 

(iii) If Cl, e^, €3 and B are real and > e, > c,. then, if bj—i = 0, the values 
of br and hy-^ are opposite in sign, provided that r < i (n + 3) and r < n. 

Now suppose that n is even and that we choose B in such a way that 
If this choice is made, the recurrence formula shews that 

^in + 2 — 
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by putting r = J^n + 2 in the formula in question; and if both + i and 
^ 4 n +2 zero the subsequent recurrence formulae are satisfied by taking 

+ 3 “ ^in + 4 = • • • = 


Hence the condition that Lamp's equation should have a solution which 
is a polynomial in f is that B should be a root of a certain algebraic equation 
of degree Jn + 1 , when « is even. 

When n is odd, we take 5^(n + l) vanish and then ^^{n + 3 ) vanishes, 
and so do the subsequent coefficients; so that the condition, when n is odd, is 
that B should be a root of a certain algebraic equation of degree J (?i + 1). 


It is easy to shew that, when e, >^3 these algebraic equations have 
all their roots real. For the properties (ii) and (iii) shew that, qua functions 
of B, the expressions 60 , 61 , b^, ...hr form a set of Sturm s functions* when 
?' < J (n + 3), and so the equation 

1 ^in+l = 0 or 6 ^(„ + i) = 0 


has all its roots realf and unequal. 

Hence, when the constants c,, es, e^ are real (which is the case of practical 
importance, as was seen in § 23'31), there are ^n4-1 real and distinct values 
of B for which Lamp’s equation has a solution of the type 


2 

r»0 

when n is even; and there are J(n+1) real and distinct values of B for 
which Lamp’s equation has a solution of the type 

) r-O 

when n is odd. 


When the conaUnU Ct, « 2 , ^3 are not all real, it ia possible for the equation satisfied 
by B to have equal roots ; the solutions of Lamp’s equation in such cases have been 
discussed by Cohn in a Kdnigaberg dissertation (1B88). 

Example 1. Discuss solutions of Lamp’s equation of the types 



(i) i 6.'(«-e2)4"-’-4, 

r=0 

(ii) (f-e3)4 i 6."({-02)4”-'■-4, 

r=0 

(iii) («-ei)4(f-e3)4 1 

r=0 


* Mim. pri$enU» par let Savant ^Arangeri, vi. (1836), pp. 271-310. 
t This procedure ie due to Liouville, Journal de Math. xi. (1846), p. 221. 
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(i) r(n-r+^)hr = (3^2 + C 3 ) + 1 ) eg- 

'(ci-C2)(c2-C3)4n-r+^)(jH-r+l)6V-2, 

-(ei-C2)(c3-e3){^7fc-r+f)(^tt-r + lj 6 'V.„ 

(iii) /•{»-/* + ^)V" = l3e2(i«-r + i)*-ic 2 (n 2 +n + l)-i5}6"V_j 

-(^i -C 2 ) (ej - 63 ) (in- r + 1 )(fn-r+i) 6 "',.,. 

2 . With the notation of example 1 shew that the numbers of real distuict 

values of B for which Lamp’s equation is satisfied by terminating series of the several 
species are 

( 1 ) i(M-l) or i(M-2); (ii> i(a-l) or i(n-2); (iii) i(n-2) or i(n-3). 

23 42. The definition of Lavie functions. 

When we collect the results which have been obtained in § 23'41. it is 
clear that, given the equation 

5^ = [« (« + 1) i£> (w) + A, 

n being a positive integer, there are 2/i + 1 values of B for which the equation 
has a solution of one or other of the four species described in g§ 23-21-23‘24. 

If, when such a solution is expanded in descending powers of f, the 
coefficient of the leading term is taken to be unity, as was done in § 23*41, 
the function so obtained is called a Lame function of degree n, of the /rW 
kind, of the first (second, third or fourth) species. The 2n + 1 functions so 
obtained are denoted by the symbol 

= 2 , ... 2n + l). 

and, when we have to deal with only one such function, it may be denoted by 
the symbol 

(f). 

Tables ot the expressions representing Lam^ functions for n=l 2, 10 have been ^ 

compiled by Guerritore, Oiontale di Mat. ( 2 ) xvi. (1909), pp. 164-172. 

Example 1. Obtain the five Lam^ functions of degree 2, namely 

X+i5a*+^^{2a^-26V}, 

v/(X + fc2) ^(X + c*), V(X+c») V(X + a»), V(X+a*) y/{X + h*). 

Example 2 . Obtain the seven Lame functions of degree 3 , namely 

N/U?^ + a*)(X + Aa)(X+c*)}, 

and six functions obtained by interchanges of «, 6 , c in the expressions 

^/(X + a';. [X + i (o>+26* + 2c*) ± i + 4 c<- 76»c^ - - 0 * 6 *}]. 

23 43. Ihe nou~i'epetitioi\ of factors in Lame functions. ' 

It will now be shewn that all the rational linear factors of .£'„”(f)are ^ 
unequal. This result follows most simply from the differential equation which 
£■„”* (f) satisfies; for, if | be any factor of (f), where f* is not one of 
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the numbers or e,. then f, is a regular point of the ecpiation (§ 10 3), 
and any solution of the equation which, when expanded in powers of f - f,. 
does not begin with a term in (f — or (f — fj* must be identically zero. 

Again, if were one of the numbers ej, eg or e,. the indicial equation 
appropriate to would have the roots 0 and 4, and so the expansion of 
ill ascending powers of would begin with a term in or 

(f - ?.)i. 

Hence, in no circumstances has qua function of f, a repeateil 

factor. 

The determination of the numbers introduced in ^ 23-21- 

23*24 may now be regarded as complete; for it has been seen that solutions 
of Lam4s equation can be constructed with non-repeated factors, and the 
values of 0 ^, ... which correspond to the roots of £^„”*(f) = 0 satisfy the 
equations which are requisite to ensure that Niven’s products are solutions of 
Laplace's equation. 

It still remains to be shewn that the 2n + 1 ellipsoidal harmonics con¬ 
structed in this way form a fundamental system of solutions of degree « of 
Laplace’s equation. 


23*44 The linear independence of Lame functions. 

It will now be shewn that the 2n + 1 Lam4 functions which are 

of degree n are linearly independent, that is to say that no linear relation can 
exist which connects them identically for general values of f. 

In the first place, if such a linear relation existed in which functions of 
different species were involved, it is obvious that by suitable changes of signs 
of the radicf^ls \/(f —^i)i we could obtain other relations 

which, on being combined by addition or subtraction with the original relation, 
would give rise to two (or more) linear relations each of which involved 
functions restricted not merely to be of the same species but also of the same 
type. 

Let one of these latter relations, if it exists, be 
and let this relation involve r of the functions. 


Operate on this identity r — 1 times with the operator 

The results of the successive operations are 

{B^ry (f) - 0 (s = 1, 2. ... r - 1), 
where Bn”* is the particular value of B which is associated with En”* (f). 
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Eliminate aj, ... a,, from the r equations now obtained; and it is found 


that 


1 . 1 > 


{Bnr-\ 


1 


> 



... 1 

... B,/ 




Now the only factors of the determinant on the left are differences of the 
numbers and these differences cannot vanish, by § 23*41. Hence the 
determinant cannot vanish and so the postulated relation does not exist. 

The linear independence of the 2n4'l Lame functions of degree n is 
therefore estiiblished. 


23*45. The linear independence of ellipsoidal harmonics. 

Let Gn^ (x, y, z) be the ellipsoidal harmonic of degree n associated with 
and let y, z) be the corresponding homogeneous harmonic. 

It is now easy to shew that not only are the 2?i + 1 harmonics of the type 
Gn” (^. y> linearly independent, but also the 2 n +1 harmonics of the type 
(x, y, z) are linearly independent. 

In the first place, if a linear relation existed between harmonics of the 
type (a:, y, z). then, when we expressed these harmonics in terms of con- 
focal coordinates (X, p, v), we should obtain a linear relation between Lame 
functions of the type where f = x+ J (a* + 6® 4-o’*), and it has been 

seen that no such relation exists. 


Again, if a linear relation existed between homogeneous harmonics of the 
type Hn”* {Xy y, z), by operating on the relation with Niven’s operator 
23*25), 

2(2/1- I)"*" 2.4(271-l)(2n-3) 



we should obtain a linear relation connecting functions of the type Gn”' y> ^)’ 
and since it has just been seen that no such relation exists, it follows that the 
homogeneous harmonics of degree n are linearly independent. 


23*46. Stieltjes* theorem on the zeros of Lame functions^ 

It has been seen that any Lam6 function of degree n is expressible in the 
form 

{0 + {0 + 6*/* (0 + . n (^ - Bp), 

J?=sl 

where k^, /Ca, are equal to 0 or and the numbers 0\, 0%, ... 0m ®re real and 
unequal both to each other and to — a*, — 6*, — ; and J/i = /n + /c* + »»• 

When Kxy ic^y ks are given the number of Lam^ functions of this degree and 

type is m + 1. 
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The remarkable result has been proved by Stieltjes* that these m +1 
functions can be arranged in order in such a way that the ?’th function of the 
set has r — 1 of its zerosf between — a* and — 6- and the remaining 7/1 — r + 1 
of its zeros between — h- and ~ and, incidentally, that, for all the + 1 
functions, 6 ^, ... B^ lie between — a“ and — 

To prove this result, let ^ 4 , ... be any real variables such that 

(p = l, 2, ...r-l) 

(p = r, r+1, ... 77i) 

and consider the product 


m 


P-1 p4=g 


This product is zero when all the variables have their least values and 
also when all have their greatest values; when the variables are unequal 
both to each other and to — a®, — 6 ^ — c-, then 11 is positive and it is obviously 
a continuous bounded function of the variables. 

Hence there is a set of values of the variables for which IT attains its 
upper bound, which is positive and not zero (cf. § 3*62). 

For this set of values of the variables the conditions for a maximum give 


that is to say 


0 log n 0 log II 




+ T 


+ 


4 

+ 


1 

/c, -f- T 
4 


m 


+ S' 


1 


4>p-\-a^ <f>P+b^ <t>p + c^ 


-0, 


where p assumes in turn the values 1, 2, ... tu. 

Now this system of equations is precisely the system by which Bi, Bn, ... Bp 
are determined (cf. §§ 23*21-23*24); and so the system of equations determining 
B\, Bt, ... Bjn has a solution for which 

-a"^ <Bp< — ¥, (p = 1. 2, ... r- 1) 

— 6®< < — c®. {p-r,r+\,...m) 

Hence, if r has any of the values 1, 2, ... + 1, a Lam6 function exists 

with r — 1 of its zeros between — a* and — 6’ and the remaining 771 — r + 1 
zeros between — 6’ and — c*. 

Since there are m +1 Lam^ functions of the specified type, they are all 
obtained when r is given in turn the values 1, 2. ... m + 1 ; and this is the 
theorem due to Stieltjes. 

* Atta Mathenatica, vi. (1885), pp. 321-326. 

t The zeros -6*, - c* are to be omitted from this enumeration, ^i, only beiug 

taken into account. 
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An interesting statical interpretation of the theorem was given by Stieltjes,'namely 
that if 771+3 particles which attract one another according to the law of the inverse distance 

are placed on a line, and three of these particles, whose masses are * 1 +^, * 2 +^, 

fixed at points with coordinates — a^, —6*, — c*, the remainder being of unit mass and free 
to move on the line, then log n is the gravitational potential of the system; and the 
positions of equilibrium of the system are those in which the coordinates of the moveable 
particles are ^ 1,^21 • •• ^m» he. the values of d for which a certain one of the Lam^ functions 
of degree 2 (7n + «i + «c 2 + K 3 ) vanishes. 

Example. Discuss the positions of the zeros of polynomials which satisfy an equation 
of the type 

• 1-fl, rfA <l>r.2{0) 


rZ\e^a,d6^ r 


A=0, 


n (e-a,) 


where j (d) is a polynomial of degree r- 2 in d in which the coefficient of is 

r 

-7n{77i+r-l— 2 a,}, 

-=i 

m being a positive integer, and the remaining coefficients in are determined from 

the consideration that the equation has a polynomial solution. 

(Stieltjes.) 

23‘47. Lami furictions of the second kind. 

The functions (^), hitherto discussed, are known as Latn6 functions 

of the first kind. It is easy to verify that an independent solution of Lam^ s 
equation 

<i*A , 

^ = (71 (n + l)f+ £„"•) A 
is the function Fn”' (f) defined by the equation* 

and (f) is termed a Lam6 function of the second kind. 

From this formula it is clear that, near w = 0, 

F<r (f) = (2n + 1) u-» {1 + 0 (u)} 1“ (1 + 0 (u)l du = u»+‘ (1 + 0 (u)), 

and we obviously have 

It is clear from these results that F^ (^) can never be a Lam^ function of 
the first kind, and so there is no value of Bn”* for which Lami's equation is 
satisfied hy two Lam4 functions of the first kind of different species or types. 

It is possible to obtain an expression for which is free from 

quadratures, analogous to Christoffel’s formula for given on p. 333, 

example 29. We shall give the analysis in the case when .£»** (^) is of the 
first species. The only irreducible poles of qua function of u, are 

at a set of points u^, u^, ... u^ which are none of them periods or half periods. 

• This definitioD of the funetion U due to Heine, Journal fUr Math, xm (1845), 

p* 194. 
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23*47, 23*5] 

Near any one of these points we have an expansion of the form 

AV" (?) = ^*1 (w - Wr) + *»(«- Wr)* + ^8 (W - ^rY + • • • . 

and, by substitution of this series in the differential equation, it is found that 
is zero. 

Hence the principal part of XI{En”' (?))“ near Ur is 

1 

A:,* (u - UrY ’ 

and the residue is zero. 

Hence we can find constants Ar such that 


(?))“■ - ^ Ari>(u-Ur) 
r=l 

has no poles at any points congruent to any of the points w,; it is therefore 
a constant A, by Liouville's theorem, since it is a doubly periodia function 

of u. 

Hence ( ^ -4rl?(«““r) + ?(wT)l- 

Jo l^n (c)j 

Now the points Ur can be grouped in pairs whose sum is zero, since 
(?) is even function of u. 

If we take Wn-r = “ Wr+i> have 


/ 


du 


o{En”^{i)Y 


=Au- ‘i ir(u-«.)+?(«+«,)) 

r = l 

. . ‘3 . ^rjf>'(u) 

B ^t4 ” 2^ ^ A. r ^ 

r=l 


r.l P (“) - (P (“-■) ’ 


and therefore 

Fn”^ (?) = (2n + 1) l-dw - 2?(U) £ Ar] En^ (?) + (U) 1 (?). 

where i(?) is a polynomial in ? of degree in — 1. 

Example, Obtain formulae analogous to this expression for /*„"*($) when E,r{^) 
the second, third or fourth species. 


23’6. LanU's equation in o^sociafiort with Jacobian elliptic functions. 

All the results which have so far been obtained in connexion with Lamt^ 
functions of course have their analogues in the notation of Jacobian elliptic 
functions, and, in the hands of Hermite (cf. § 23‘7l), the use of Jacobian 
elliptic functions in the discussion of generalisations of Lam6 s equation has 
produced extremely interesting results. 

Unfortunately it is not possible to use Jacobian elliptic functions in which 
all the variables involved are real, without a loss ot symmetry. 
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I 


The symmetrical formulae may be obtained by taking new variables 
0 , 7 defined by the equations 

a = iK' + u - Bs), 

$ = iK' + 0 - « 3 ), 

,7 = iK' + w V(e, - ej), 

and then the formulae of § 23*31 are equivalent to 

s/{a^ — c*). sn a sn ^ sn 7 , 
y = — ^f(o^ — c*). cn a cn ^ cn 7 , 

\z= —c^).dn adn(Sdn 7 , 

the modulus of the elliptic functions being 

a*-6^ 


a/( 


,a* - c*. 

The equation of the quadric of the confocal system on which a is con¬ 
stant is 

F» 

(a^- 6 “) sn’ a (a" - 6 >) cn’ o ~ (a»-c>)dn=o “ 

This is an ellipsoid if a lies between iK' and K-^iK'; the quadric on which 
^ is constant is an hyperboloid of one sheet if lies between K -J- iK' and 
K ; and the quadric on which 7 is constant is an hyperboloid of two sheets d 
7 lies between 0 and Z; and with this determination of (a, 7 ) the point 

{x, y, z) lies in the positive octant. 

It has already been seen (§ 23*4) that, with this notation, Lamp's equation 
assumes the form 

and the solutions expressible as periodic functions of o will be called * (a)- 

The first species of Lam^ function is then a polynomial in sn*a, and generally 
the species may be defined by a scheme analogous to that of § 23*2, 

sn a, cn a dn a, 

1 , cn a, dn a sn a, sn a cn a dn a ^ (sn’a - sn» a^). 
dn a, sn a cn a, 


23'6. The integral equation satisfied by Lame functions of the first and 
second species’f. 

We shall now shew that, if is any Lamd function of the first 

species (n being even) or of the second species (n being odd) with sn a as a 

There is no risk of confusing these with the correaponding functions £„"*({). 

t This integral equation and the corresponding formulae of § 23*62 associated with ellipsoidal 

harmonics were given by Whittaker, Proe. London Math. Soc. (2) xiv. (1915), pp. 260-26S. 

Proofs of the formulae involving functions of the third and fourth species have not been 
previously published. 
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factor, then (a) is a solution of the integral equation 

(a) = X I Pn sn a sn 0) ErJ^ (B) dO ; 

J -2A' 

where X is one of the ‘characteristic numbers (§ 11*23). 

Xo establish this result we need the lemma that P«(A* sn w sn is 

annihilated by the partial differential operator 

^,-^-n(n+l)k-(3n‘a-sn^e). 

To prove the lemma, observe that, when n is written for brevity in place 
of A; sn a sn 0, we have 

fa* a»i 


aa* a^ 


Pn (k SD a sn B) 


= [cn* a dn* a sn® ^ - cn* B dn= & sn* a) Pn" {fA 
+ sn a sn ^ (sn* a — sn* B) Pn (/i) 

«= (sn *a — sn* B) [(/i® —\)Pn" (/a) + 2 /iP,/ (/x)] 

= it* (sn* a. — sn* n (n + 1) Pn (a). 

when we use Legendre’s differential equation (§ 15*13). And the lemma is 
established. 

The result of applying the operator 


to the integral 
is now seen to be 

tK ( 03 


ao 


— n (n +1) A:* sn* a — 


file 

I Pn (k sn a sn B) En”'(B) dB 

J -2A 


/ 

J -2K 


aa* 


— 71 (n + 1) sn* a — An”' 


Pn (k sn o sn B) En"* (B) dB 


r 

= - 71 (71 + 1) A:* sn* ^ - An"* Pn (A:sn a sn B)^ E,r {B) dB, 


and when we integrate twice by parts this becomes 
raPn(A:snasn^) „ ^^e^^Pn {k sn a sn B) 


-fj P„ (A:sn a sn ^) — ^ (”^ + 1) ^ ^ "(^) • ^^ 


Hence it follows that the integral 

f Pn{k snasnB) En”^ {B)dB 

J -2K 

is annihilated by the operator 

- n (n + 1)A:“ sn=o - 
da? 
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and it is evidently a polynomial of degree n in sn= a. Since Lamp's equation 
has only one integral of this type*, it follows that the integral is a multiple 
of £'n”^(a) if It IS not zero; and the result is established. 

It appears that every characteristic number associated with the equation 


/(a)=X / Pft sn a an d)/(d) 

y 


yields a solution of Lamp’s equation; cf. Ince, Proc. Royal Soc. Edin. xm. (1922), pp. 43-53. 
ExampU 1. Shew that the nucleus of an integral equation satisfied by Lam^ functions 

of the first species {n being even) or of the second species {n being odd) with cn a as a 
factor, may be taken to be 

Pn cn a cn . 

Example 2. Shew that the nucleus of an integral equation satisfied bv Lam^ functions 

of the first species (n being even) or of the second species (n being odd) with dna as a 
tactor, may be taken to be 


dn a dn . 


23-61. The integral equation satisfied by Lathe functions of the third and 
fourth species. 

The theorem analogous to that of § 23-6, in the ca^e of Lam^ functions of 

the third and fourth species, is that any Lamd function of the fourth species 

{n being odd) or of the third species (n being even) with cn a dn a as a factor, 
satisfies the integral equation 

nK 

En’" (o) = \ j cn a dn a cn 5 dn (A- sn a sn 6) E„’^ (6) dO. 

The preliminary lemma is that the nucleus 

cn a dn o cn 0 dn (^• sn a sn B), 
like the nucleus of § 23-6, is annihilated by the operator 

s* a® 

^ ^ (sn® a - sn® 6). 

To verify the lemma observe that 

a® 

^ (cn a dn oP„" (^* sn o sn ^)) 

= ^ cn® o dn® a sn® BPn'^ (/*) — Zk sn a cn a dn a sn ^ (dn® a + cn® a) Pn"' (/*) 
- cn a dn a (dn® a + i® cn® a - 4/t® sn* a) (^), 

and so 

fa® a®) 

^ « cn 0 dn eP," (A sn a sn e)j 

= A: cn a dn a cn ^ dn ^ (sn® a - sn® 6) ((m® - 1) + Qp.Pf" M + 6P„" (p)} 

= ^•® cn a dn a cn ^ dn ^ (sn* a - sn® B) ~ \{p} -1) P„' (;*)j 
= A:®7 i (n + 1) cn a dn a cn ^ dn (sn® a - sn® B) P^" (p), 

• The other eolation when expanded in descending powers of sn a begins with a term in 
(sn 
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and the lemma is established. The proof that (a) satisfies the integral 
equation now follows precisely as in the case of the integral equation of § 23 6. 


Example 1. Shew that the nucleus of an integral equation which is sjitisfied by Lani4 
functions of the fourth species (n being odd) or of the third species {n being even) with 
SQ a dn a as a factor, may be taken to be 


sn a dn a SD d dn ^ Pn 


( 


ik 

■p cn Q cn 



Example 2. Shew that the nucleus of an integral equation which is satisfied by Lam^ 
functions of the fourth species (n being odd) or of the third species (n being even) with 
sn a CD a as a factor, may be taken to be 


sn a cn a sn d cn ^ P 




dn adu 6 


)• 


Example 3. Obtain the following three integral equations satisfied by Lame functions 
of the fourth species (7* being odd) and of the third species (n being even); 


(i) 


{ I dEn'^{6)\ 

(n)=x CD a do aj {k sn a sn d) ^ |cu 6 dn"^ d$~] 


(ii) - cu- a (a) = sn a dn «(p ^ 

(iii) k^dn^aEn”^(a) = W^siiacnaJ^^^P„ Q,dnadntf^ 


)-(— 
/ d6 \sn 6 <■ 


1 


_ dE^'-j B) 

dn 6 dB 

dE„^ {&) 


dB, 


dB \sn ^ cn ^ dB 


]de; 


in the case of functions of even order, the functions of the different types each satisfy one 
of these equations only. 


23'62. Integral formulae for ellipsoidal harmonics. 


The integral equations just considered make it possible to obtain elegant 
representations of the ellipsoidal harmonic Gn” (x, y, z) and of the corre¬ 
sponding homogeneous harmonic Hn"' (^, y, z) in terms of definite integrals. 

From the general equation formula of § 18'3, it is evident that (x, y, z^ 
is expressible in the form 


(^. y. -2) = J cos e + y sin t -t- izy^fit) dt. 


where y*(i) is a periodic function to be determined. 

Now the result of applying Niven's operator to (j;cos t + y sin t + izY is 

rt (?t - 1) (a* cos= t + 6" sin" t - c") {x cos i -h y sin t + izy*-\ 

and so, by Niven’s formula (§ 23*25) we find that Gn*" g, is expressible 
in the form 


y, «) = |9l'‘ - 2 ” 


n{>l 1) 


1 ) 


n (« — 1) (« — 2) (71 3) _ 

2.4(2n-l)(27i-3) 
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= X cos i + y sin t + iz, 

33 = Vl(a’ — c^) cos'* i + (6* — c®) sin* t], 


Q ^ p vBn p / a; COS ^ + y sin g + tg 

” ’ ’ (2/i)! J-n ” Wl(a“ — c*) cos* i + (6* —c*)sin*ij/*^^ 

Now write sin< = cd^, the modulus of the elliptic functions being, as 
usual, given by the equation 

a*-6* 


yfc*- 


o* — c* * 


The new limits of integration are — 3/f and but they may be replaced 
by - 2K and on account of the periodicity of the integrand. 

It is thus found that 




where <f> {$) is a periodic function of d, independent of x, y, which is, as yet, 
to be determined. 


If we express the ellipsoidal harmonic as the product of three Lam4 
functions, with the aid of the formulae of § 23'5 we find that 

fiK 

(a) ErT m En^ (y)=0 (^) 0 (ff) d&, 

J ^iK 

where C is a known constant and 


fi = k^ siiasn03ny3ne~{k‘lk'^)cnacn^ cnycnO 

- (l/ifc'*) dn a dn dn 7 dn 

If the ellipsoidal harmonic is of the first species or of the second species 
and first type, we now give ff and y the special values 

^ ^ 0 = K. y = K + iK', 

and we see that 

riK 

C j Pn{ksna sn $) <p ($) d$ 


is a solution of Lamd’s equation, and so, by § 23-6, («) is a solution of Lame s 

equation which can he no other* than a midtiple of £■„"* {$). 

Hence it follows that 


(X, y, .) = ./ ,, 


where X is a constant. 


* If <p(e) involved the second solution, the integral would not converge. 


ELLIPSOIDAL HARMONICS 


569 


23*63] -- 

If (x, y, z) be of the second species and of the second or third type 
we put 

^ ^ = 0 . 7 = ^ + 

or y3 = 0 . 7 = ^ 

respectively, and we obtain anew the same formula. 

It thus follows that if y. be any ellipsoidal harmonic of the first 

or second species, then 

r2K 

Gn™ {x, y,z) = \ P„ ^^i) (0) de, 

J -SA" 

Hn”' (X, V. -r r (^'xan6l + ycne + iz dn 6 )^ (Q) dO, 

where y. = i]c x sn ^ + y cn ^ w dn ^)/\/(^' c^)* 

23‘63. Integral formxdae for ellipsoidal harmonics of the third and fourth 
species. 

In order to obtain integral expressions for harmonics of the third and 
fourth species, we turn to the equation of § 23'62, namely 

r2K 

ErT («) (y3) (y)=0 Pn (m) W dd, 

J • iX 

where 

fj. = A:*sn o sn sn 7 sn ^ - {k^jk'^) cn a cn ^8 cn 7 cn ^ - ( 1 /A;'“) dn a dn dn 7 dn ^; 
this equation is satisfied by harmonics of any species. 

Suppose now that Etl^ (a) is of the fourth species or of the first type of 
the third species so that it has cn a dn a as a factor. 

We next differentiate the equation with respect to /3 and 7, and then put 
^^K,y=^K + iK'. 

It is thus found that 


-Gn”* («) -Gn” (/3) 




;r (■>'>1 

Jy = A+»A" 

2 ^ 


Now 
so that 


m.. 


(IK r 

= c 

J -2K I 


K+iK' 


tK I 9^97 ]<fi=K.y=K+tK') 

= — (ilk') dn a dn dn 0Pn (m)* 


<f>{e)de. 


F— ^ = — A cn a dn a cn ^ dn ^ Pf' {k sn a sn 6). 

L 0pc7 Jo=A'. >=^+1.*:') 


Hence 


r%K 

I cn a dn a cn ^ dn dPn" (k sn aan 6) (p {0) d0 

J -2K 


is a solution of Lamp’s equation with cn a dn a as a factor; and so, by § 23 61. 
<f> (0) can be none other than a constant multiple of E,J^ (a). 
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We have thus found that the equation 


Gn”* (X, y,z) = \ P„ (/l) (0) d0 

J -iff 


is satisfied by any ellipsoidal harmonic which has cn a dn a as a factor; the 
corresponding formula for the homogeneous harmonic is 


(ic, y,z) = \ 


(2n)! 


2" (n !)3(62-.c*)i”J-aff 


riK 

I {lcxsn6-\-ycnd-\-iz6ji6YEj^{6)dd. 

J “ 


Example, Shew that the equation of this section is satisfied by the ellipsoidal 
harmonics which have sn a dn a or sn a cn a as a factor. 

23*7. Generalisations of Lame's equation. 

Two obvious generalisations of Lamp’s equation at once suggest them¬ 
selves. In the first, the constant B has not one of the characteristic values 
^n", for which a solution is expressible as an algebraic function of p (m) ; and 
m the second, the degree n is no longer supposed to be an integer. The first 
generalisation has been fully dealt with by Hermite* and Halphenf, but the 
only case of the second which has received any attention is that in which n is 

half of an odd integer; this has been discussed by Brioschit. HalphenS and 
Crawford II. v e 

We shall now examine the solution of the equation 

{n(n + l) fp(u) + B] A, 

where 5 is arbitrary and n is a positive integer, by the method of Lindemann- 
btieltjes already explained in connexion with Mathieu’s equation (g Ifi'S- 

The product of any pair of solutions of this equation is a solution of 
^ - 4 jn (n + 1) p (a) + ^ _ 2 „ ^ ^ 

by § 19-52. The algebraic form of this equation is 




dX 


-4{K + n-3)f-|-£j^-2n(n-H)2r = 0. 

If a solution of this in descending powers of f - e, be Uken to be 


2 (co-1) 

r«0 


* Compta Rcndus, lxxiv. (1S77), pp. S89-695, 728-732, 821-826. 
t FoHCtioru EUiptiquet, ii. iParis, 1888), pp. 494-502. 
t Comptes Rendiu, lxxxvi. (1878), pp. 313-315. 

§ Fonctiont Elliptiquet, n. (Paris, 1888), pp. 471-473. 
il Quarterly Journal, xxvil (1895), pp. 93-98. 
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the recurrence formula for the coefficients c,- is 
4r (n — r + t) (2n — r + 1) Cr 

- r + 1) [I2et (n - r) (n - r + 2) - 4ea (n» + n - 3) - 4Bj c^_, 

- 2 (n - r 4 - 1 ) (n - r + 2) (e, - e,) (eg - e,) {2n - 2r + 3) c^_^. 

Write r = n + 1. and it is seen that c„+. = 0 ; then write r = a + 2 and c„+, = 0 ; 
and the recurrence formulae with r > >i + 2 are all satisfied by taking 

Cn+3 " = ... = 0. 

Hence Lame’s generalised equation always has two solutions whose product 
w of the form 


tn—r 


2 Cr(f - «*) 

r=0 

This polynomial may be written in the form 

n (jp(w)-(p(«-r))» 

where n,. a,. ... a„ are. as yet, undetermined as to their signs ; and the two 
solutions of Lamp’s equation will be called An A,. 

Two cases arise, (I) when A./A, is constant. (II) when A./A, is not 

constant. 

(I) The first case is easily disposed of ; for unless the polynomial 

n (?-j?(ar)) 

r «1 

is a perfect square in multiplied possibly by expressions of the type f - 
f - e.. f - e.. then the algebraic form of Lamp's equation has an indicial 

equation, one of whose roots is i. at one or more of the points ? - (p («.); and 

this is not the case (§ 23'43). 

Hence the polynomial must be a square multiplied possibly by one or 
ft ^ ^ — e, and then A, is a Lam6 function, so that B has 

r.", ir.h„L»iL ;i«.. b.- , .h..«.f. i... b... 

discussed at length in §§ 23*1 23 47. 

(II) In the second case we have (§ 19'53) 

= 2(5, 


(iAg • 


A A _ 

' du 

where ® is a constant which is not zero. Then 

( d log A. _ d log A, ^ ^ ^ 

du du A 

d lot? Ag . d log Ai _ 1 dX 

du^^X du ' 

dlogA,_ 1_^_6 dlogA,_ y 


du 


2A du X * 


du 


2X du X ' 


80 that 
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On integration, we see that we may take 


A. = VXexpj-sJ^[. 


Again, if we differentiate the equation 


we find that 


A, ciu 2X du X' 


L ^ 

Ai dv} 


[Jj_^ 

Aj du 


.'= J-^ _ J_ V . ® dX 


■2X du^ 2X’\du ) '^X'du • 


obtain the interesting 

n(n + i)(P(u)+5=Ae> 

2X dv? \2X du) ^X'" 

('^ben multiplied by Z»), 
that, if ti be given the special value o,, then ^ ^ ' 

(^Y _ 4(i« 

We now fix the signs of a., o,. ... a, by taking 

(dX\ 2g 

^ /f=f. + p' (a,) • 

then, if we put 2g/Z, gua function of f, into partial fictions, it is seen 

?®=,V P'(<Ir) 

^ r=i f - p (o,) (?(“ -“r) - ?(m + O,) + 2f(a,)}, 

and therefore 


^‘= [nyp(«)-p(a,))J* 


exp 2^{log a(ar + u)- log ^ _ 2„f j _ 

i 1 . r A ^ ^ ^ 


whence it follows that (§ 20-53, example I) 

_ n f " (“r -m) I ( « 1 

■ ■ "i |- “,2 ?(a,)j , 


and 


A _ IT f «-(a^-u)) r » 

- ,?i {^00^)1 i“i, f K)} • 


• ' ' ' I r=l j 

The complete solution has therefore been obtained for arbitrary values of the 
constant B. 
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23-71] 


23'71. The Jacobian form of the generalised Lame equation. 
We shall now construct the solution of the equation 


doL 


j = (rj (n + 1) Ar* sn* o + A, 


for general values of A, in a form resembling that of § 23-6. 

The solution which corresponds to that of § 23*6 is seen to be* 

” (H(a + a,)l 


= n| 

r=l I 




0(a) ] 

where p, Og, ... On constants to be determined. 
On differentiating this equation it is seen that 

1 dA 


A da 


_ " ( H'(a + a,) 0'(g)) 

r=.l (H(o + ar) ®(a)) ^ 


2 {Z (o + Or + iK') — Z (a)) + p + ^nwilK, 

r=l 


so that 


1 d’^A 
A da“ 


“ {i {o+‘^ + iK') - dn» a]. 


and therefore, since A is a solution of Lamp’s equation, the constants p, Oi, 
0 ,, ...On are to be determined from the consideration that the equation 

rt(n + l)A:^8n’’a + jl = 2 {dn® (0 + 0 ^ + iK') — dn® a] 

r*l 


+ r 2 {Z (a + a,. + iK') - Z (a)) + p + inTri/K^ 

.r=l 


is to be an identity; that is to say 

n 

n-k^ sn® o + n + A + 2 cs® (a 4- Or) 


= 2 (Z(a + Or+ — Z(a)}+p + JnTTi/^ 

.r-l 


Now both sides of the proposed identity are doubly periodic functions of 
a with periods 2if, 2iK', and their singularities are double poles at points 
congruent to — — a^, — Og, the dominant terms near—t^'and 

- Or are respectively 


71' 


{a-hiK'y' (a + a,)® 

in the case of each of the expressions under consideration. 

The residues of the expression on the left are all zero and so, if we choose 
p, «!, Os, ... On so that the residues of the expression on the right are zero, 

* This solution was published in 1872 in Hermite’s lithographed notes of bis lectures delivered 
at the £eole polytecbnique. 
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it will follow from Liouville’s theorem that the two expressions differ by a 
constant which can be made to vanish by proper choice of 

We thus obtain n-\-2 equations connecting p, o„ a,, ... with A, but 
these equations are not all independent. 

It is easy to prove that, near — <ir» 

S (Z (a + Or + iK') - Z (o)) + p + iniri/K 

r=l 


n 


“ ft ^ (®p “ («r) + p + H” - I) + 0 (o + Or), 

where the prime denotes that the term for which p = r is omitted * and near 


n 


(o + Or + iK') — Z (o)} + p + \mnlK 


Hence the residues of 


Z (o,) + p + 0 (o + iK'). 


L=i - Z (a)} +P + inTnV-K’J’ 


Will all vanish if p, o,, a*, ... a., are chosen so that the equations 


n 


r Z(ay-a. + iA’') + nZ(a.) + p + J(n-l)fl,/^=0, 


n 


S Z (Or) + p = 0 

Vr*l 


are all satisfied. 


The last equation merely gives the value of p, namely 


- 2 Z(ar), 

r^i 


and. when we substitute this value in the first system, we find that 


n 


r JZ (Op - Or + iK') + Z (Or) - Z (Op) + ^nTijlC] = 0, 

where r = 1, 2, ... n. By § 22*735, example 2, the sum of the left-hand sides 
of these equations is zero, so they are equivalent to n - 1 equations at most; 
and, when o^, o^, ... o,* have any values which satisfy them, the difference 




sn® 0 + n + .4 + 2 cs’ (o + o 

r = l 


■>] 


- (Z (a + a. + lA") - Z(a) - Z (a.) + Jm/iri j* 


2371 ] 
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is constant. By taking a = 0. it is seen that the constant is zero if 

n + ^ + cs’a. = (Z (a. + iK') - Z (a.) + Jm/Jiril’. 


i.e. if 


f )• ” 

<2. cn ds a, • - 2 ns* <»;. = 

lr=l J r=l 


We now reduce the system of n equations; with the notation of § 22 2, if functions of 
Op, a,, be denoted by the suffixes 1 and 2, it is easy to see that 

z (up —Or + f^') +Z(a,,) — Z (ap) + ^»rl7A' 

= Z (op - a, + iK') + Z Co,) - Z (op +1 A") + cid, /f, 

—sn (op + iA ) sn Or sn (op + iA^' — Or) + Ci«f|/«| 


«2 


C.dy 


5isn(ap-ar) »i 

<2 + (*!* —gg*) 

«1 (*l*-*2*) 

C| di ^ c^do 


8i^ - SJ 


Consequently a solution of Lame's equation 


do* 


= {n (n + 1) Ar* sn* a + A} A 


IS 


=.jF 


(« + Or) 

0(a) 


exp {— aZ (a 


r)l]. 


provided that Oi. o^, ... o„ be chosen to satisfy the n independent equations 
comprised in the system 


" sn dp cn dp dn dp + sn a^ cn dr dn dr 


2 
0 = 1 


[i 

V _r=l 


cn Clr ds dr 


sn* dp — sn* dr 

t n 

— 2 ns* dr = A : 


= 0. 


r=l 


and if this solution of Lamp’s equation is not doubly periodic, a second 
solution is 


" r H(a-a.) 

;=i L ® (a) 


exp [dZ (a 


r){] = 0. 


The existence of a solution of the system of n + 1 equations follows from 
§ 23-7. 
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Miscellaneous Examples. 

1. Obtain the formula 

Gn (^, yy z) = D^Pn(^e~'^du. ffn (^, y, z). 

(Niven, Phil. Trans. 182 a (1891), p. 246.) 

2. Shew that 

u fl A ^ _ (-)".(2n)! JTn{x,yyZ) 

" dy’ 02 ys/(x*+/+«*) 2".n! (o^+yZ+zZfH' 

(Hobson, Proc. London Math. Soc. xxiv.) 

3. Shew that the ‘ external ellipsoidal harmonic ’ (f) (ij) (f) is a constant 

multiple of 

„ /a a a\ A . ip ^ _____ ip , \ \ 

■“"Vax’ ay’ a^A 2.(2n + 3)^2.4(2n + 3)(2n + 5)■**••7^(x»+y2+^8)• 

(Niven ; and Hobson, Proc. London Math. Soc. xiiv.) 

4. Discuss the con6uent form of Lamp’s equation when the invariants g% and ys of the 
Weierstrassian elliptic function are made to tend to zero; express the solution in terms of 
Bessel functions. 

(Haentzschel, Zeitschrift fUr Math, und Phys. xxxl) 

5. If V denotes ^ [f^ “ Z (/*)} a], where X and p are constants, shew that 

W \fl) 

Lamp’s equation has a solution which is expressible as a linear combination of 

c^-^v d^~*v d*~^v 

d^* d^' 

where X* and sn^p are algebraic functions of the constant A. 

(Hermite.) 

6. Obtain solutions of 

s ^^ +**) ± «■>/( 1 - 

(Stenberg, Acta Math, x.) 

7. Discuss the solution of the equation 

2(z-l)(z-a)^+[(a + ^+l)««-(a+^-a + l+(y+6)a}«+a7] ^+a$(s-q)y=^0 


in the form of the series 


l+a3 2 


(?) («/«)’ 


nsi n!7(y+I) — (r+»)’ 
where Gi (?)=?* (?)=9* + {(a+/3 — d + 1)+(y+J) a} j — ay, 

6'f»+i(9)=[”{(“+^-0+n)+(y + 6+n- l)o} + a3y]6',(?) 

-(a+n-.l)0+»-l)(y+n-l)itaG„_,(y). 

(Heun, Math. Ann. xxxin.) 
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8. Shew that the exponents at the singularities 0, I, a, « of Heun’s equation are 


where 


(0, 1 - y), (0, 1 - «), (0, 1 - .), 

y+d + « — a+/3 + l. 


(o, /9), 


(Heun, ifaM. Ann. zxxiii.) 


9. Obtain the following group of variables for Heiui’s equation, corresponding to the 
group 


, 1 1 
1-*, “» 


r-1 


for the hypergeometric equation: 


\-z* i-1’ 


I 


r- 1 


r- a 



1-Zy 



z-r 

z 

9 

z 


a 

a 

z 

z 

- a 

a* 

a 


a^z^ 

Z’-a 

» ^ 


a 


1 —a 

a- 

1 2 

— a 



a-r 

^ z — a 

» r- 

1 * 2- 


2-a * 

(a- 

l)z 

a(z-l) 

a(z 

-I) 


a 

a{z 

-ly 

z-a 

* («- 

•1)2’ 

(1- 

a)2* 


(1 ~g)g 
z — a 

(Heun, Math. Aim. xxxiii.) 

10. If the series of example 7 be called 

/"(a, ?; a, ft >> *; *)> 

obtain 192 solutions of the diflferential equation in the form of powers of «, «- 1 and z-a 
multiplied by functions of the type JF*. 

[Heun gives 48 of these solutions.] 

11. If tt = 2v, shew that Lamp’s equation 


du' 


= {n (n + l)P(u) + 5}.\ 


may be transformed into 


by the substitution 


A = {g>'(v)}-"Z. 


12. If ^=p(v), shew that a formal solution of the equation of example 11 is 

r«0 

provided that (o “ 2n) (a — » + i) **» 0 

and that 

4(a-r-2n) (a- r- 7 i + i) 6^+(a-r+1) (a-r-2n+I) + 4^271 (2n- l)-4fi] br-i 

-4(e,—«2) {a-r + 2)(a-r-n + 3)fcr-2 = 0. 

(Brioschi, Comptez Renduz^ Lxxxvi. (1878), pp. 313-315 and Halphen.) 

13. Shew that, if n is half of an odd positive integer, a solution of tl»e equation of 
example 11 expressible in finite form is 

r=0 
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provided tb&t 

4r(n-r+J) 2>r + [12ea (2n—r+l)(r-l)-4can (2n- 

+ 4 («! - e*) (e,- ej) (2n - r+2) (n - r+f) 6,._ a=0, 

and R is so determined that 




(Brioschi and Halphen.) 


14. Shew that, if n is half of an odd int^er, a solution of the equation of example 11 
expressible in finite form is 

p=0 

provided that 

4p(n+p+i)bp-[i2e^(n-p-hi)(n-hp~j)-4€in(2n-l) + 4B]b'^_y _ 

+ 4(ci-e2)(c2-C3) (n-p+i) (p-l)ft'p -2 = 0 

and 6'^^j = 0 is the equation which determines B. 

(Crawford.) 

15. With the notation of examples 13 and 14 shew that, if 

V ^( - )*^ («1 “ («2 - Vp-V 

the equations which determine c®, Cj, are identical with those which determine 

bi, ... ; and deduce that, if one of the solutions of Lamp’s equation (in which n is 

half of an odd integer) is expressible as an algebraic function of p (v), so also is the other. 

(Crawford.) 

16. Prove that the values of B determined in example 13 are real when «|, e* and ej 
are real. 

17. Shew that the complete solution of 

1 cPA 9M/ X 

is A={p'(4u)ri{jp(i»)+a}, 

where A and B are arbitrary constants. 

(Halphen, par divert savanit, XXVJU. (i), (1880), p. 105.) 

18. Shew that the complete solution of 

>8 A = {an i (C- a) cn i (C- o) dn J (C~ a)}** {A + B an> | (C~ a)}, 

where A and B are arbitrary constants and C=2A'+iA'. 


(Jamet, Comptet RenduSj cxi.) 


APPENDIX 


THE ELEMENTARY TRANSCENDENTAL FUNCTIONS 

A*l. On certain rctuXu oMumed in Chapten I-IV, 

It was conveuieot, in the hrst four chapters of this work, to assume some of the 
properties of the elementary transcendciital functions, namely the exponential, logarithmic 
and circular functions ; it was abo convenient to make use of a number of results which 
the reader would be prepared to accept intuitively by reason of his familiarity with the 
geometrical representation of complex numbers by means of points in a plane. 

To take two instances, (i) it was assumed (§ 2-7) that lim (expz) = exp(lim 2 ), and 
(ii) the geometrical concept of an angle in the Argand diagram made it appear plausible 
that the argument of a complex number was a many-valued function, possessing the 
property that any two of its values differed by an integer multiple of 27r. 

The assumption of results of the first type was clearly illogical; it was also illogical to 
base arithmetical results on geometrical reasoning. For, in order to put the foundations 
of geometry on a satisfactory basis, it is not only desirable to employ the axioms of 
arithmetic, but it is also necessary to utilise a further set of axioms of a more dehnitely 
geometrical character, conceraing properties of points, straight lines and planes*. And, 
further, the arithmetical theory of the logarithm of a complex number appears to be 
a necessary preliminary to the development of a logical theory of angles. 

Apart from this, it seems unsatisfactory to the aesthetic biste of the mathematician to 
employ one branch of mathematics as an essential constituent in the structure of another; 
particularly when the former has, to some extent, a material basis whereas the latter is of 
a purely abstract nature f. 

The reasons for pursuing the somewhat illogical and unaesthetic procedure, adopted in 
the earlier part of this work, were, firstly, that the properties of the elementary transcen¬ 
dental functions were required gradually in the course of Chapter ii, and it seemed 
undesirable that the course of a general development of the various infinite processes 
should be frequently interrupted in order to prove theorems (with which the reader was, 
in all probability, already familiar) concerning a single particular function ; and, secondly, 
that (in connexion with the assumption of results based on geometrical considerations) 
a purely arithmetical mode of development of Chapters i-iv, deriving no help or illus¬ 
trations from geometrical processes, would have very greatly increased the difficulties of 
the reader unacquainted with the methods and the spirit of the analyst. 

* It is not our object to give any account of the foundations of geometry in this work. They 
are investigated by various writers, such as Whitehead, Axionu of Projective (ieometnj (Cambridge 
Math. Tracts, no. 4, 1906) and Mathews, Prt^ective Geometry (London, 1914). A perusal of 
Chapters i, xx, xxii and xxv of the latter work will convince the reader that it is even more 
laborious to develop geometry in a logical manner, from the minimum number of axioms, than 
it is to evolve the theory of the circular functions by purely analytical methods. A ccnipletc 
account of the elements both of arithmetic and of geometry has been given by Whitehead and 
Russell, Principia Mathematica (1910-1913). 

t Cf. Merz, HUlory of Enropean Thought i« the nineteenth Century, ii. (London, 1903), pp. (531 
(note 2) and 707 (note 1), where a letter from Weierstrass to Schwarz is quoted. See also 
Sylvester, Phil Mag. (5), ii. (1876), p. 307 [Math. Papert, iii. (1909). p. 50). 
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A'll. Summary of the Appendix. 

The general course of the Appendix is as follows: 

Id A 2-A'22, the exponential Unction is defined by a power series. From this 
definition, combined with results contained in Chapter ii, are derived the elementary 
properties (apart from the periodic properties) of this function. It is then easy to deduce 
corresponding properties of logarithms of positive numbers (§§ A'3-A'33). 

Next, the sine and cosine are defined by power series from which follows the connexion 
of these functions with the exponential function. A brief sketch of the manner in which 
the formulae of elementary trigonometry may be derived is then given (§§ A‘4-A’42). 

The results thus obtained render it possible to discuss the periodicity of the exponential 
and circular functions hy purely arithmetical methods (§§ A'5, A'61). 

In §§ A'52-A-522, we consider, substantially, the continuity of the inverse circular 
functions. When these functions have been investigated, the theory of logarithms of 
complex numbers (§ A*6) presents no further difficulty. 

Finally, in § A-7, it is shewn that an angle, defined in a purely analytical manner, 
possesses properties which are consistent with the ordinary concept of an angle, based on 
our experience of the material world. 

It will be obvious to the reader that we do not profess to give a complete account of 
the elementary transcendental functions, but we have confined ourselves to a brief sketch 
of the logical foundations of the theory*. The developments have been given by writers 
of various treatises, such as Hobson, Plane Trigonometry ; Hardy, A course of Pure 
Mathematics ; and Bromwich, Theory of Infinite Series. 

AT2. A logical order of development of the elements of A nalysis. 

The reader will find it instructive to read Chapters i-iv and the Appendix a second 
time in the following older: 

Chapter i (omittingt all of § I'S except the first two paragraphs). 

Chapter n to the end of § 2*61 (omitting the examples in §§ 2*31-2-61). 

Chapter m to the end of § 3 34 and §§ 3-5-3-73. 

The Appendix, §§ A'2-A-6 (omitting §§ A-32, A-33}. 

Chapter ii, the examples of §§ 2-31-2-61. 

Chapter iii, 3*341-3-4. 

Chapter iv, inserting §§ A-32, A-33, A-7 after § 413. 

Chapter ii, gJi 2-7-2-82. 

He should try thus to convince himself that (in that order) it is possible to elaborate 
a purely arithmetical development of the subject, in which the graphic and familiar 
language of geometry: is to be regarded as merely conventional. 

In writing the Appendix, frequent reference has been made to the article on Algebraic 
Analysis in the Encyklopiidie der Math. Wu$ev$chaften by Pringsheim and Faber, to the same 
article translated and revised by Molk for the Encyclopidie des Sciences Math., and to Tannery, 
Introduction « la Thedrie des Fonctions d‘une Variable (Paris, iy04). 

+ The pr.iperties of the argument (or phase) of a complex number are not required in the 
text before Chapter v. 

: E.g. ‘a point’ for ‘an ordered nuraber pair.’ ‘the circle of unit radios with centre at the 
origin’ for ‘the set of ordered number-pairs (x, y) which satisfy the condition x* + y>=l.’ ‘the 

points of a straight line’ for ‘the set of ordered number-pairs (x, y) which aatisfy a relation of 
the type Ax + By + C ^ 0/ aod so on 
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A*2. The exponential functiou exp t. 

The expoDential functiou, of a complex variable e, ia dc6ned by the series* 

, z ^ , Z ^ 

expz-l + p, + ^F^, + ...-I+^2 

This series converges absolutely for all values of 2 (real and complex) by D’Alembert’s 
ratio test (§ 2‘36) since lim j (zfn) | = 0<1 ; so the definition is valid for all values of z. 

n 

Further, the series convei^es uniformly throughout any bounded domain of values of z-, 
for, if the domain be such that {z | ^ when z is in the domain, then 

Ka-Vn !)i^^/n!, 

and the uniformity of the convergence is a consequence of the test of Weierstrass (§ 3'34), 

oc 

by reason of the convergence of the series 1+2 (A"/n !), in which the terms are indepen- 

nsi 

dent of 2 . 

Moreover, since, for any fixed value of n, z'^/7i ! is a continuous function of z, it follows 
from § 3'32 that the exponential function is continuous for all values of z ; and hence 
(cf. § 3'2), if 2 be a variable which tends to the limit we have 

lim exp 2 =exp (. 


A‘21. The cCddition-thecn'em for the exponential function, and its consequences. 

From Cauchy’s theorem on multiplication of absolutely convergent series 2 03), it 
follows thatf 


(exp2i)(exp22) = (l+^ +|-, + ..-) 0'*'n 



, Z^ + Zi . 21 * + 22 , 22 + 2 .,=^ 

^ I m I A 


I 


+ ... 


= exp ( 2 ,+ 22 ), 

80 that exp (21 + 22 ) can be expressed in terms of exponential functions of 2 , and of by 
the formula 

exp ( 2 i + 22 )= (exp 2 ,) (exp 2 ..). 

This result is known as the addition-theorem for the exponential function. From it, 
wc see by induction that 

(exp 2 i) (exp 22 )... (exp 2 „) = exp ( 2 , + 22 +... + 2 ,,), 

and, in particular, 

{exp 2 } {exp (- 2 ))=exp 0=1. 

From the last equation, it is apparent that there is no value of z for which exp 2 = 0 ; 
for, if there were such a value of 2 , since exp ( — 2 ) would exist for this value of 2 , we 
should have 0= 1. 


It also follows that, when x is real, expx>0 ; for, from the .series definition, expa-^ 1 
when ; and, when exp.r= 1/exp (- i)>0. 


* It waa formerly customary to define exp 2 as lim 



cf, Cauchy, Corns d'Aiuihjse, i. 


p. 167. Cauchy (ibid. pp. 168, 309) also derived the properties of the function from the series, 
but his investigation when 2 is not rational is incomplete. See also Schlumilch, Handbnch der 
itlff. Aiutlijsis (1889), pp. 29, 178, 246. Hardy has pointed out (.Vatb. (Jazette, iii. p. 284) that 
the limit definition has many disadvantages. 


t The reader will at once verify that the general term in the product series is 

( 2 ," + ,, C, 2 ,’'~‘ 22 +„C 32 ,’‘- 2 z 22 ^ _ + ! = (z, + ‘ 
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Further, exp^ is an increasing function of the real variable x ; for, if ifc>0, 

exp (z+it)—exp jr=expx. {expit—1}>0, 


because exp j:> 0 and exp 


Also, since (exp A — 1 }/A = 1 + (A /2 !) + (A */3 !) + ..., 


and the series on the right is seen (by the methods of § A' 2 ) to be continuous for all 
values of A, we have 

lim (expA- 1 }/A= 1 , 


and so 


rfexp2^ ^■^6 xp(2 + A)-exp2 _ 


dz 




exp 2. 


A’ 22 . VarioiM properties of the exponential function. 

Returning to the formula (exp2i) (exp22)... (exp2„) = exp(21 + 23+ ...+2„), we see that, 
when n is a positive integer, 

(exp 2)'‘=exp(n2), 


and (exp 2)-" = 1/(exp 2)’*= 1/exp (n2) = exp (- m). 

In particular, taking 2 = 1 and writing e in place of exp 1 = 2 * 71828 ..., we see that, 
when m is an ii»teger, positive or negative, 

e«=exp m = 1 + (m/1!) + (m*/2!)+.... 

Also, if be any rational number { — plq, where p and q are integers, q being positive) 

(exp /*)«=exp ^ = exp p = e». 


so that the ^th power of exp ft \h e*^; that is to say, exp is a value of — and it is 
obvioxialy (§ A* 21 ) the real positive value. 


If X l)e an irrational-real number (defined by a section in which Oi and are typical 
members of the X-class and the /f-class respectively), the irrational power e* is most 
simply defined as exp ; we thus have, for all real values of x, rational and in-ational, 


X* 


^ ^'*'1 ! 

an eq\iation first given by Newton*. 


It is, therefore, legitimate to write 2* for expjr when x is real, and it is customary to 
write e* for exp 2 when 2 is complex. The fuiiction e* (which, of course, must not be 
regarded as being a power of «f), thus defined, is subject to the ordinary laws of indices, viz. 


[Note. Tannery, Zefon# dAlg'ehre et dAnalyse (1906), I. p. 45, practically defines e*, 

when X is irrational, as the only number A' such that ^ for eveiy ai and a*. 

From the definition we have given it is easily seen that such a unique number exists. 
For expA'( = A) satisfies the inequHlity, and if A'( +A) also did so, then 


exp a* - exp a, = - e**' ^ 1 A" - A |, 

so that, since the exponential function is continuous, a^ — Ug cannot be chosen arbitrarily * 
small, and so (ti|, ag) does not define a section.] 

* De Anahjsi per num. term. in/, (written before 1669, bat not pubUahed till 1711); 

it was also given both by Newton and by Leibniz in letters to Oldenburg in 1676 ; it was first 
published by Wallis in 1685 in his Treatise on Algebra, p. 34.9. The equation when x is irrational 
was explicitly stated by Schldmilch, Handbuch der alg. Analysis (1689), p. 182. 
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A*3. Logantkmi of positive numbers*. 

It has been seen {§§ A*2, A-21) that, when x is real, expx is a positive continuous 
increasing function of x, and obviously exp + « asx-^ + cc, while 

exp.r=l/exp(-x)-*-0 as 

If, then, a bo any positive number, it follows from § 3*63 that the equation in x, 

expx = a, 

has one real root and only one. This root (which is, of course, a function of a) will be 
writtenf Log^a or simply Loga ; it is called the Loffonthm of the positive number a. 

Since a one-one correspondence has been established between x and a, and since a is 
an increasing function of x, x must be an increasing function of a; that is to say, the 
Logarithm is an increasing function. 

Example. Deduce from § A*21 that Log a + Log 6 = Log oi. 

A’31. The continuity of the Logarithm. 

It will now be shewn that, when a is positive, Loga is a continuous function of a. 

Let Loga=x, Log(a+A)=sx-|-^, 

so that l+{A/a) = e*. 

First suppose that A>0, so that A>0, and then 

l+(A/a) = l-|--fe+U2+...>l+I-, 
and so 0<i'<A/a, 

that is to say 0< Log (a-I-A)-‘Log a < A/a. 

Hence, A being positive, Log (a-»• A) - Log a can be made arbitrarily small by taking A 
sufficiently small. 

Next, suppose that A<0, so that I:<0, and then aj(a+h) — e~^. 

Hence (taking 0< ~k<\ay as is obviously permissible) we get 

a/(a-(-A) = l +(-!:) ++ 

and so — — 1 +tt/(a +A)= — A/(a-f A)< — 2A/a. 

Therefore, whether A be positive or negative, if c be an arbitrary positive number and 
if t A I be taken less than both Ja and |af, we have 

I Log(a-HA)-Loga ! <r, 

and so the condition for continuity {§ 3*2) is satisfied. 

A*32. Differentiation of the Logarithm. 

Retaining the notation of § A’31, we see, from resiilts there pi*oved, that, if A-*-0 

(a being fixed), then also A-^0. Therefore, when a>0, 

cfLoea .. k 11 

= ? = 

Since Log 1 =0, we have, by § 4-13 example 3, 

Log««=J t~^dt. 

\ 

* Many matbeinattoians define the Logarithm by the integral formula given in § A-32. The 
reader should consult a memoir by Hurwitz {Math. .-iMn. lxx. (1911). pp. 33-47) on the founda¬ 
tions of the theory of the logarithm. 

t This is in agreement with the notation of most text-books, in which Log denotes the 
principal value (see § A’6) of the logarithm of a complex number. 
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A'33. The expaiuion of Ix)g (1 +a) in powers of a. 
From § A‘32 we have 

Log(}+a)=[ + 

J 0 


= a —+— ...+(- )*“* ia" + ^„, 

where = (_ )>• J r{\+t)~^dt. 

Now, if - l<a<l, we have 

0 as M . 

Hence, when —l<a<l, Log(l + a) can be expanded into the convergent series* 




If aas +1, 


Log(l+a) = a-ia2+Ja®-...=5 2 (-)"”* a“/7i. 

n = l 

|/?„t= + 71-*- 

Jo 

so the expansion is valid when a= -f 1 ; it is not valid when a=r - 1. 


00 


Example. Shew that 


lim (\ + =e. 

n-^co \ 


[We have 


Jm, «log (l + I) = 


-1, 


and the result required follows from the result of § A'2 that lim e* = e^.] 




A*4. The defnition of the sine and cosine. 

The functionst sin z and cos z are defined analytically by means of power series, thus 

(-)»22n + l 


9 % «4 


C0S?=l-_ + --... = i+ 2 




2it 


nil (2n)! ’ 

these series converge absolutely for all values of z (real and complex) by § 2 36, and so the 
definitions are valid for all values of z. 

On comparing these series with the exponential series, it is apparent that the sine and 
cosine are not essentially new’ functions, but they can be expressed in terms of exponential 
functions by the equations J 

2i sin z = exp (w) - exp ( - u), 2 cos z = exp (iz) + exp (- iz). 


* This method of obtaining the Logarithmic expansion is, in effect, due to Wallis, Phil. 
Tram. u. (1668), p. 754. 

t These series were given by Newton. De AnaJyti... (1711), see § A-22 footnote. The other 
trigonometrical functions are defined in the manner with which the reader is familiar, as 
quotients and reciprocals of sines and cosines. 

* These equations were derived by Euler [they were given in a letter to Johann Bernoulli in 
1740 and published in the Hitt. Acad. lierlin. v. (1749), p. 279] from the geometrical definitions 
of the sine and cosine, upon which the theory of the circnlar functions was then universally 
based. 
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It is obvious that ainz and cosz are odd and even functions of z respectively ; that is 
to say 

sin ( - r) = — sin cos (-«)*= cos z. 


A*41. The fundamental properties of sin 2 and cos 2 . 

It may be proved, just as in the caso of the e^cponential function (§ A-2), that the series 
for sin 2 and cos 2 converge ujuformly in any bounded domain of values of 2 , and con¬ 
sequently that sin 2 and cos 2 ai-e continuous functions of 2 for all values of 2 . 

Further, it may be proved in a similar manner that the series 



defines a continuous function of 2 for all values of 2 , and, in particular, this function 
is continuous at 2 = 0 , and so it follows that 

lim (2“*3in2)= 1. 


A‘42. The addition-theorems for sin 2 and cos 2 . 

By using Euler’s equations (§ A’4), it is easy to prove from properties of the exponential 
function that 

sin ( 2 j + 2 ^) = sin 2 | cos + cos 2 j sin 2 ^ 
and 00 s ( 2 i + 22 ) — cos 2 | cos 22 — sin 2 | sin 2 ^ ; 

these results are known as the addition-thevrems for sin 2 and cos 2 . 

It may also be proved, by using Euler’s equations, that 

sin- 2 +cos* 2 »= 1. 

By means of this result, sin (21 + 22 ) can be expressed as an algebraic function of sin 2 i 
and sin 22 , while 003(21 + 22 ) can similarly be expressed as an algebraic function of cos 2 , 
and cos 22 ; so the addition-formulae may be regarded as addition-theorems in the strict 
sense (cf. §§ 20 3, 22*732 note). 

By differentiating Euleris equations, it is obvious that 

(fsin 2 cfcos 2 

—-j = COS2, —;—=—sin2. 

dz dz 

Example: Shew that 

sin 22 = 28 in 2 C 0 S 2 , cos 22 = 2 co 8*2 —1 ; 
these results are known as the duplication-formulae. 

A*5. The periodicity of the exponential function. 

If 2 i and 22 are such that exp 2 i = exp 22 , then, multiplying both sides of the equation by 
®*P ( - we get exp {zi - x,) = 1; and writing y for zi - zj, we see that, for all values of z 
and all integral values of n, 

exp (2 + Tty) — exp 2 . (exp y)** = exp 2 . 

The exponential function is then said to have period y, since the effect of incre<asing 
2 by y, or by an integral multiple thereof, does not affect the value of the function. 

It will now be shewn that such numbers y (other than zero) actually exist, and that all 
the numbers y, possessing the properly just described, are comprised in the exj)rcssion 

2n*ri, (n=±l, ±2, ±3,...) 

^ whore n- is a certain positive number* which happens to bo greater than 2V2 and less 
than 4. 


* The fact that t is an irrational number, whose value is d*1415'J... , is irrelevant to the 
present investigation. For an account of attempts at determining the value of concluding 
with a proof of the theorem that r satisfies no algebraic equation with rational coefficients, see 
Hobson’s monograph Squaring the Circle (1913). 
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A'51. Tke iolution of the equation expy=l. 

Let -y^a + ijS, where a and ^ are real ; then the problem of solving the equation 
exp‘y = l is identical with that of solving the equation 

expo. expi^— 1. 

Comparing the real and imaginary parts of each side of this equation, we have 

exp a. cos ^ = 1, exp a. sin /S = 0. 

Squaring and adding these equations, and using the identity cos^)3 + sin^/9s 1, we get 

exp 2a= 1. 

Now if a were positive, exp 2a would be greater than 1, and if a were negative, exp 2a 
would be less than 1; and so the only possible value for a is zero. 

It follows that cos/9=l, sin/9=0. 

Now the equation sin 3 = 0 is a necessary consequence of the equation cos3 = l» on 
account of the identity cos*3 + sin^3= 1- It is therefore sufficient to consider solutions 
(if such solutions exist) of the equation cos3 = l. 

Instead, however, of considering the equation cos 3 = 1* it is more convenient to 
consider the equation* cosa:=0. 

It will now be shewn that the equation cosa'=:0 has one root, and only one, lying 
between 0 and 2, and that this root exceeds J’2; to prove these statements, we make use 
of the following considerations : 


(I) 

(II) 


The function cos.r is certainly continuous in the range 0 ^ 2. 

When 0 ^ X $ v'2, we have t 






x«_x« .i-« 

4! 6!^^* ~ 10! 


10 ! 


and so, when 0 < x < ^2, cos x > 0. 


(III) The value of cos 2 is 

(IV) When0<x$2, 


.V \ 6^^120 

and so, when 0 ^ x ^ 2, sin x ^ ^x. 



...>1 



It follows from (II) and (III) combined with the results of (I) and of § 3 63 that the 
equation co3x=0 has ai one root in the range v/2<x<2,and it has'no root in the 
range 0<x<v^2. 


Further, there is not more than one root in the range ^2<x<2; for, supjx'sc that 
there were two, Xi and X 2 (x^>xi)-, then 0<x,-x,<2-^/2<l, and 

sin (xg —X|)Bsin j-jcosxi — sin Xj coax^^O, 
and this is incompatible with (IV) which shews that sin (x^j-x,)^j^(x,-x,). 

7'he equation cosx^O therefore has one and only one root lying bettreen 0 and 2. This 
root lies between ^2 and 2, and it is called ; and, as stated in the footnote to § A‘6, its 
actual value happens to be 1'57079.... 


• If cosx^O, it is an immediate eonseqaenoe of the dnplieation-fomjulae that cos2jr= -1 
and thence that cos4x = l, so, if x is a solation of cos xsO, 4x is a solation of cos 3=1* 

t The symbol ^ may be replaced by > except when x=^2 in the first place where it occars. 
and except when x = 0 in the other places. 
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From the addition-formulae, it may bo proved at oooe by inductioo that 

cos n»r (— 1 )*, sioniTBO, 

where n is any integer. 

Id particular, cos2nff = l, where n is any integer. 

Moreover, there is no value of /3, other than those values which are of the form 2nTr, 
for which co8/3~l ; for if there were such a value, it must be real*, and so we can 
choose the integer m so that 

— »r ^ 2mfr — /3< fr. 

We then have 

sin I mTT-^jS ] *» +sin (mw -^/9)= ±sin ±2“^ (I -cos)3)'^=0, 

and this is inconsistent + with sin | miT — \^ \ > J | mw - i/91 unless /3=2m»r. 

Consequently the numbers 2n»r, (n=0, ±1, ±2,...), and no other's, have their cosines 
equal to unity. 

It follows that a positive number n exists such that exp£ has period itri and that 
expr has no period fundamentally distinct from ^iri. 

The formulae of elementary trigonometry concerning the periodicity of the circular 
functions, with which the reader is already acquainted, can now be proved by analytical 
methods without any difficulty. 

Example 1. Shew that sin ^ is equal to 1, not to — 1. 

E.xample 2. Shew that tan x>x when 0<x<lir. 

[For cosx>0 and 

ae ^4n-i i jpS 

sin.r —jrc 08 jr*B S tt -7:^-|4n-2 —-j——r 

„,i{4n-l)ll 4n+l 

and every term in the series is positive.] 

2d 

Example 3. Shew that ^ ^ ^ ~ 7 ^ positive when x= and that ^ ^ 

vanishes when A’=(6 — 2^/3)i — r5924,..; and deduce that J 

3l25<»r <3-185. 

A*52. The solution of a pair of trigonometrical equations. 

Let X, be a pair of real numbers such that 1. 

Then, if X 4= — 1, the equations 

cosa;*=X, 8inA=^ 

have an infinity of solutions of which one and only one lies between § —■n and it. 

First, let X and p be not negative; then (§ 3‘63) the equation cosotesX has at least one 
solution xx such that 0^;ri<4fr, since cosO«>], cos^n-ssO. The equation has not two 
solutions in this range, for if xi and were distinct solutions we could pi*ove (cf. § A’5l) 
that sin(xi-xj)=0, and this would contradict § A’5l (IV), since 

0<|xg—X| I :$^ir<2. 

Further, 8iuxi= 4 'x/(l — cos*Xi)= +^/(l —X*) = /i, so Xi is a solution of both oqiuitions, 

* The equation cob/ 3 s :1 implies that exp t/3=l, and we have seen that this equation has no 
complex roots, 

+ The inequality is trne by (IV) since 0 mv - ^81 $ Jr<2. 

I See De Morgan, A Budget of Paradoxes (London, 1872), pp. 316 et srg., for reasoua for 
proving that ir>3i. 

§ If Xs - 1, IT are solutious and there are no others in the range {~ir, ir). 
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The equations have no solutions in the ranges (-tt, 0) and (itrr, ir) since, in these 
ranges, either sin.r or cos.r is negative. Thus the equations have one solution, and only 
one, in the range ( — n*, tt). 

If X or (or both) is negative, we may investigate the equations in a similar manner; 
the details are left to the reader. 

It is obvious that, if Xi is a solution of the equations, so also is Xi + 27ijr, where n is 
any integer, and therefore the equations have an infinity of real solutions. 

A‘521. The ptincipal solution of the trigonometrical equations. 

The unique solution of the equations cosx = X, sinx«/i (where which lies 

between — tt and n- is called the principal solution*^ and any other solution differs from it 
by an integer multiple of 2Tr. 

The principal valued of the argument of a complex numberz( + 0) can now be defined 
analytically as the principal solution of the equations 

\ z \ con <j> = It (z), 1 2 1 sin = / ( 2 ), 

and then, if s = U). (cosd + fsin 0), 

we must have d = <^+2«7r, and $ is called a value of the argument of 2 , and is written 
arg 2 (cf. 1-5). 


A’522. The continuity of the argument of a complex variable. 

It will now be shewn that it is passible to choose such a value of the argument 6{z\ of 
a complex variable r, that it is a continuous function of 2 , i)rovided that 2 does not pass 
through the value zero. 

Let 2 o he a given value of 2 and let 0^ be any value of its argument; then, to prove that 
0 ( 2 ) is continuous at 2 ^, it is sufficient to shew that a number 0i exists such that ^|=arg 2 i 
and that | - ^ 01 can be made leas than an arbitrary positive number c by giving i 2 i - 

any value less than some positive number tj. 

Also let [ 2 , - 2 oi be chosen to be so small that the following inequalitie.s are satisfied: : 

(I) lXi-Zol< J l-rol, provided that Xo4:0, 

(II) i.yi-yoi<^iyol, provided thatyo + 0, 

(III) |■2^1 ~•Vo|<i^|2o|, (yi—yo|<i«|2o|. 

From (1) and (11) it follows that Xov, and y^yi are not negative, and 

•co-2^1 ^ ^Jo*, yo^i ^ Jyo*, 

Now let that value of 0, be taken which differs from 0^ by leas than ,r: then, since 

and X, have not opposite signs and and y, have not opposite signs it follows from 
the solution of the equations of § A-52 that 0^ and do differ by less than 

Now tan (A. - -^<>.^1 ~ -^ 1^0 

•Vo-vi+yoyi ’ 

If X = - 1, we take +t as the principal solution ; cf. p. 9. 

t The term pnncipal value was introduced in 1845 by Bjorling; see the Archiv der Math, 
und Pkijs. IX. (1847), p. 408. 

X (I) or (II) respectively is simply to be suppressed in the case when (i) Xa=0 or when 
(ii)i/o = 0. 

§ The geometrical mterpretation of these conditiona ia merely that r, and are not in 
oinereut quadrants of (he plane. 
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and 60 A*51 example 2), 


di — do 1 $ 


I ^oyi -^»yo 


^o^i+yoyi 

^ Xo(i/i~2fo)-yo {Xi~Xo)\ 

xoJTi+yoyi 

^2|i6l"Ml^ol-lyi-yol+|yoMA*i-^o|} 


But IJTOI $ 1 i and also 1 yo 1 ^ 1 *o I: therefore 

|di-dol^2i*ol“M|yi-yol+l*^i-^o|}<f* 

Further, if we take jii-zol leas than l\xo\y (if ^Tq + O) and i|yo|» (ifyo + 0) and ieUol, 
the inequalities (1), (II), (HI) above are satished ; so that, if be the smallest of the 
three numbers* i 1 xo I , i I yo I, M i , by taking | zi - ! <> 7 . we have ] d, - do | <*: and this 

is the condition that d (») should be a continuous function of the complex variable e. 


A*6. Logarithm* of compliis numbert. 

The number ( is said to be a logarithm of z if z = ei 

To solve this equation in C, write f-f+ 1 * 7 , where | and ,, are real; and then we have 

(cos »? + isiD r)). 

Taking the modulus of each side, we see that | 2 | = e^ so that (§ A-3), $=Log|zl; and 
then ... . • \ 

Zc=|zj (C08»7 + t8m T})y 

so that 17 must be a value of arg«. 

The logarithm of a complex number is consequently a many-valued function, and it 
cau be expressed in terms of more elementary functions by the equation 

log 2 *=Log|x| + targ«. 

The continuity of logz (when r4=0) follows from § A*31 and § A*522, since \z \ is a 
continuous function of z. 

The differential coefficient of any particular branch of log 2 (§ 5'7) may be determined 
as in § A-32 ; and the expansion of § A-33 may be established for log (I + a) when | a | < 1. 

Corollary. If a* be defined to mean a' is a continuous function of 2 and of a 

when a 0 . 


A*7. The analytical definition of an angle. 

Let 2 i, za, 23 be three complex numbers represented by the points /*,, Pz m the 
Argand diagram. Then the angle between the lines (§ A12, footnote) P\Pi and P\Pz is 

defined to be any value of arg (23 — xj) — arg (23 “ *i)* 

It will now be shewn + that the area (defined as an integral), which is bounded by two 
radii of a given circle and the arc of the circle terminated by the radii, is proportional to 
one of the values of the angle between the ladii, so that an angle (in the analytical sense) 
possesses the property which is given at the beginning of all text-books on Trigonometry 


• If any of these numberB is zero, it is to be omitted. • 

t The proof here given applies only to acute angles ; the reader should have no difficulty in 
extending the result to angles greater than and to the case when OX is not one of the 

bounding radii. , , • ». 

: Euclid’s definition of an angle does not. in itself, afford a meamn of an angle ; it is shewn 

in treatises on Trigonometry (cf. Hobson, Plane 2'rigonvmetry (1918), Ch. i) that an ang e is 

measured by twice the area of the sector which the angle cuts off from a unit oirole whose centre 

is at the vertex of the angle. 
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Let yi) be any point (both of whose coordinates are positive) of the circle 
x24./ = a3(a>0). Let 5 be the principal value of argC^Pj + iy,), so that 0<5<|jr. 
Then the area bounded by OX and the line joining (0, 0) to (x„ y,) and the arc of the 

circle joining {xu yi) to (a, 0) is ^ /(x)dxy where* 

/(x) tan ^ (0 ^ X $ a cos fl), 

/ (x) = (a* -x2)^ (a cos $ X <a), 

if an area be defined as meaning a suitably chosen integral (cf. p. 61). 


It remains to be proved that J*/(x) dx is proportional to $. 

/ a ra<soa$ fa 

/(x)dx= xUxiedx+l (a*-x*)irfx 
0 Jo J aco»0 ' 


= ia*aindcostf + ^|“^^^^ |a*(a*-x*)-i + ^.r (a*-cir 

-H'. 


a con 9 

ia^-x^)~^dx 


aco^$ 

*C 06 ^ 

0 

on writing x^at and using the example worked out on p. 64. 

That 18 to say, the area of the sector is proportional to the angle of the sector. To 
this extent, we have shewn that the popular conception of an angle is consistent with 
the analytical definition. 

* The reader will easily see the geometrical interpretation of the integral by drawing a 
figure. 
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\^The numbers refer to the pages. References to theorems contained in a few of 
Uie more important examples are given by numbers in lia/ictf] 

Abel’s discovery of elliptic functions, 429, 512 ; inequality, 16 ; integral equation, 211, 229, 230; 
method of establishing addition theorems, 442, 496, 497, 530, 534; special form, of 

the confluent hypergeometric function, 353 ; test for convergence, 17; theorem on continuity 
of power series, 57 ; theorem on multiplication of convei^ent series, 58, 59 
Abridged notation for products of Theta-functions, 468, 469 ; for quotients and reciprocals of 
elliptic functions, 494, 498 

Absolute conTergenee, 18, 28; Cauchy’s test for, 21; D’Alembert’s ratio test for, 22; De 
Morgan’s test for, 23 
Absolute value, aee Modulus 

Absolutely convergent double series, 28; infinite products, 32; series, 18, (fundamental 
property of) 25, (multiplication of) 29 

Addition formula for Bessel functions, 357, 380; for Gegenbauer’s function, 335 ; for Legendre 
polynomials, 326, 395; for Legendre functions, 328; for the Sigma-function, 451; for 
Theta-functions, 467; for the Jacobian Zeta-function and for £(u), 518, 534; for the 
third kind of elliptic integral, 523 ; for the Weierstrassian Zeta-function, 446’ 

Addition formulae, distinguished from addition theorems, 519 

Addition theorem for circular functions, 535; for the exponential function, 531; for Jacobian 
elliptic functions, 494, 497, 530; for the Weierstrassian elliptic function, 440, 457; proofs 
of. by Abel’s method, 442, 496, 497, 530, 534 

Affix. 9 

Air In a sphere, vibrations of, 399 
Amplitude, 9 

Analytic continuation, 96, (not always possible) 98; and Borel’s integral, 141 ; of the hyper- 
geometric function, 288. See also Asymptotic expansions 
Analytic functions, 82^110 (Chapter v); defined, 83 ; derivates of, 89, (inequality satisfied by) 91 ; 
distinguished from monogenic functions, 99; represented by integrals, 92; Biemann’s 
equations connected with, 64; values of, at points inside a contour, 88; uniformly convergent 
series of, 91 

Angle, analytical definition of, 589; and popular conception of an angle, 589, 590 

Angle, modular, 492 

Area represented by an integral, 61, 589 

Axgand diagram, 9 

A^fument, 9, 588; principal value of, 9, 688; continuity of, 588 

Associated function of Borel, 141; of Riemann, 183; of Legendre (z) and (z)], 323-326 
Asymptotic expansions, 150-159 (Chapter vio); differentiation of, 153; integration of, 153; 
multiplication of, 152; of Bessel functions, 868, 369, 371, 373, 374; of confluent hyper- 
geometric functions, 342, 343; of Gamma-functions, 251, 276; of parabolic cylinder functions, 
347, 348 ; uniqueness of, 153, 154 

Asymptotic inequality for parabolic cylinder functions of large order, 354 

Asymptotic solutions of Mathieu’s equation, 425 

Auto-functlons, 226 

Automorphlo functions, 455 

Axioms of arithmetic and geometry, 579 

Barnes' contour integrals for the hypergeometric function, 286, 289; for the confluent hyper- 
^ geometric function, 343-345 
Barnes’ O-fbactlon, 264, 278 
Barnes’ Lemma, 289 
Basic numbers, 462 

BemoulUan numbers, 125; polynomials, 126, 127 
Bertrand’s test for convergence of infinite integrals, 71 

Bessel coefficients t«J-(z)], 101, 356; addition formulae for, 357; Bessel’s integral for, 362; 
differential equation satisfled by, 357; expansion of, as power series, 355; expansion of 
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funcUonSninjenes^ of 374, 875, 384. (by Schlomilch), 877; expansion of 

ZinZT 

Bere/Co“’'' typergeomXIc °f"icLns, aif 

Bessel functioQB, 355-385 (Chapter svn) J (z) defined • /»,?•*• t i 

asymptotic expansion of. 368 369 371 373 , addition formulae for, 3S0; 

371 : expansion of funct ons in serts ofsTf 375 3 ^ 7 ^ ^58. 

integral for. 365 : integral connecting Legendre functfons wHh’ 

involving product of ’"fe™'PJ°P«rties 

372, 373; order of, 356; products of 579 3 M 0 9 A 9 ^aK aoJ ’ 356, 

373. 374; relations between 360 57/572 ’ rwurrence formulae for. 3.59, 

575 ; Schlafli’s form of Bes^l's intelm’l Ir 362 between Gegenbauer’s function and. 
Yi->{z) (Neumann). 372; V (z) (Web^Skflir’ 37 n ’« (Hankel). 370; 

solution of Laplace’s equation by 395 • solutiof ?»# fl modified. X„(z). 373; 

tabulation of, 378; whose order iJ’larL ’368 W?- ^ave-motion equation by, 397; 

with imaginary argument. K (f) ’ 372 ’ 373 ’ ‘f ^ ^ integer, 364 ; 

nUo Bessel coefficients aj B^llli's equation ' ' ’ ■S'" 

Bessers equation, J4,^ 807 ,^^ of (when n is not au integer,. 

Bifet s integrals tor log r (r), 248-251 ’ function. 

Binomial theorem, 95 

BOcher’s theorem on linear differential equations with five singularities 208 

Bolzano 8 theorem on limit points, 12 ^ uies, 203 

Bonnet s form of the second mean value theorem. 66 

Borel’s associated function, 141 ; internal 140- j 

Bounl'r;:r'“'' ' ^ ““‘*‘fl'^Heint.S‘;Lor:m,“"53“^ 

Boundary condlUons, 387 ; and Laplace's equation. 393 
Bounds of continuous functions, 55 
Branch of a function, 106 
Branch-point, 106 

Biinnann’s theorem, 120 ; extended by Teixeira, 131 


Cantor’s Lemma. 183 

Cauchy's condition for the existence of a limit iq- *• 

remainder in Taylor’s series, 96; ineoualitr 7 factor, 123; formula for the 

integral, 119; integral representing r (z) 24^ analytic function, 91; 

and integrals. 21, 71 ^ ^ ’ “““bers, 572 ; tests for convergence of series 

Cauchy-8 theorem, 85 ; eitension to curves on a cone 87 • Mor..,- 

CeU, 430 s converse of, 87, 110 


Cesiro's method of ‘ summing ’ series, 155; generalised i 
Change of order of terms in a series, 25 ; in an infinite ■ 

Change of parameter (method of solution of Math; > ^™amant, 37; in an infinite product, 33 

Characteristic functions. 226 ; numbed 21^ 

real. 226 ' numbers associated with symmetric nuclei are 

Chartier’a test for convergence of infinite integrals 72 
Circle, area of sector of, 589; limitine 9ft ' nf ' 

Circular functions. 435. 584; addition theorems^ ^ 

of. 585; duplication formulae. 555; periodicityV?8V 


Circular membrane, vibrations of, 356, 396 
Class, left (L), 4 ; right [R), 4 
Closed, 44 
Cluster-point, 13 

Coefficients, equating, 59; in Fourier serteB 

of, 163. 165 ’ of. 167.174 ; in trigonometrical series, values 

Coefficients of Bessel, <cc Bessel coefficients 
Comparison theorem for convergence of integrals 77 • 

Complementary moduli, 479 493 - ellinti^ ; . *. ‘or convergence of series, 20 

!omplet. empuo Integrals [£ I' £ ^ “‘T 8 

lation between, 520; properties it l«wa7nnctfoiS‘i?f f®,’ Legendre’s re- 

unctions of the modnlns), 484, 498, 499, 501, 521; 
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series for, 299 ; tables of, 518 ; the Gaussian transformation, 538 ; values for small values 
of |/r|, 521; values (as Gamma-functions) for special values of Ar, 621-527 ; with comple¬ 
mentary moduli, 479, 501, 520 
Complex Integrals, 77 ; upper limit to value of, 78 
Complex Integration, fundamental theorem of. 76 

Complexnombers, 3-10 (Chapter i), dehneJ, 6; amplitude of, 9 ; argument of, 9, 588 ; depemionce 
of one on another, 41 ; imaginary part of (/), 9 ; logarithm of, 689 ; modulus of, 8 ; real part 
of (R), 9 ; representative point of, 9 
Complex variable, continuous function of a, 44 

Computation of elliptic functions, 485; of solutions of integral equations, 211 
Conditional convergence of series, 18; of infinite determinants, 415. See itluti Convergence imJ 
Absolute convergence 
Condition of IntegrablUty (Riemann's), 63 
Conditions, Dirichlet’s, 161, 163, 164, 176 
Conduction of Heat, equation of, 387 


Confluence, 202, 337 
Confluent form, 203, 337 



functions, 360; the functions (2). 337-339; the relations between functions 

of these types, 346; various functions expressed in terms of IfVm (*)• ^*52, 353, 3()0. Sfc 

aUo Bessel functions aad Parabolic cylinder functions 
Confocal coordinates, 405, 547; form a triply orthogonal system, 548; in association with 
ellipsoidal harmonics, 552; Laplace’s equation referred to. 551; uniformising variables 
associated with, 549 


Congruence of points in the Argand diagrani. 430 
Constant, Euler’s or Mascheroni’s, [ 7 ], 235, 246, 248 

Constants e^, € 3 . 443; E, E\ 518, 520; of Fourier, 164; tj,, 446, (relation between 7,, 

and Da) 446 ; G, 469, 472 ; K, 484, 498, 499 ; K', 484, 501, 503 
Construction of elliptic functions, 433, 478. 492; of Mathieu functions, 409, (second method) 
420 


Contiguous hypergeometric functions, 294 
Coutinna, 43 
Continuants, 36 

Continuation, analytic. 96, (not always possible) 98; and Borel’s integral. 141 ; of the hyper- 
geometric function, 288. See also A83rmptotic expansions 
Continuity, 41 ; of power series, 57, (Abel’s theorem) 57 ; of the argument of a complex variable, 
588; of the circular functions, .585; of the exponential function, 501; of the logarithmic 
function, 583, 589; uniformity of, 54 

Continuous functions, 41-60 (Chapter in), defined, 41; bounds of, .55 ; integrability of, 63; of a 
complex variable, 44 ; of two variables, 67 
Contour, 85; roots of an equation in the interior of a, 119, J2S 

Contour integrals, 8-5; evaluation of definite integrals by, 112-124; the Mellin-Darnes type of, 
286, 343 ; see itmler the special/mictivu represaited hy the intcyrol 
Convergence, 11-40 (Chapter n), defined. 13. 15; circle of, 30; conditional, 18; of a double 
.series, 27; of an infinite determinant, 36; of an infinite prwluct, 32; of an infinite integral, 
70, (tests for) 71, 72 ; of a series 15, (Abel’s test for) 17, (Dirichlet’s test for) 17 ; of Fourier 
aeries, 174-179 ; of the geometric series, 19 ; of the hypergeometric series, 24 ; of the series 
'Ln-*, 19 ; of the series occurring in Mathieu functions, 422 ; of trigonometrical series, 181; 
principle of, 13 ; radius of, 30 ; theorem on (Hardy’s), 156. See also Absolute convergence. 
Non-uniform convergence aiul Uniformity of convergence 
Coordinates, confocal, 405, 547 ; orthogonal, 401, 548 
Cosecant, series for, 135 
Cosine, xrr Circular functions 

Cosine-integral (Ci (i)J, 352 ; -.series (Fourier series), 165 
Cotangents, expansion of a function in series of, 139 
Cubic function, integration problem connected with. 452, 512 
Cunningbam’s function ^-53 

Curve, simple. 43 ; on ft cone, extension of Cauchy’s theorem to, 87 ; on a spliere (Seiffeit's 
spiral), 527 
Cut, 281 

Cylindrical functions, 355. See Bessel functions 
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D’Alembert’s ratio test for convergence of series 22 
Darboux’ formula, 125 ’ 

Decreasing sequence, 12 

Dedekind’s theory of irrational numbers, 4 

Deficiency of a plane curv-e, 455 

Definite lutegraU, evaluation of. 111-124 (Chapter vi) 

Degree of Legendre functions, 302, 307, 324 

I>e la Vall4e Pouasin'e test for uniformity of convergence of an infinite integral, 72 
De Morgan's test for convergence of series, 23 
Dependence of one complex number on another, 41 

determinants, 37; of 

Derlvatea of an analytic function, 89 ; Cauchy’s inequality for, 91; integrals for 89 
Derlvates of elliptic functions, 430 
Determinant. Hadamard’s, 212 

Determinants in^^, 36; convergence of. 36. (conditional) 415; discussed by Hill, 36. 415; 
evaluated by Hill m a particular case. 415 ; rearrangement of, 37 / » » » 

Difference equation satisfied by the Gamma-function, 237 

Differential equations satisfied by elliptic functions and quotients of Theta.fun(>tinn<i 4 <l 6 477 

^ ^ WeiLtmss’ t”hLlm ciXmra’ 

and, 236. See aUo Linear differential equations and Partial differential equations 
Differentiation of an asymptotic expansion, 153; of a Fourier series 16ft- of an in 6 nite 

74 of an integral 67 ; of a aeries, 79, 91; of ellipTie7nnctioif ijO 4 ?? • of 
circular functions, 58.5; of the exponential function, 582; of the logarithmic function, 583, 

WricWofB conditions 161, 163 164, 176 ; form of Fourier’s theorem 161 163 176- formula 
connecting reiKated integrals, 75. 76, 77 ; integral, 252; integml for^W 247 interior 
Legenclre functions, 314; tost for convergenco, 17 r \ 

Dlscontinaitles, 42; and non-uniform convergence, 47 ; of Fourier <u>rii>c irtv i«o. » 40 - 

regular distribution of. 212; removable. 42 moaner senes, 167, 169; ordinary, 42, 

Discontinuous factor, Cauchy’s. 123 

Discriminant associated with Weierstrassian elliptic functions, 444 , 550 
Divergence of a series, 15 ; of infinite products, 33 
Domain, 44 

Double circuit integrals, 256, 293 
Double integrals, 68 , 254 

”“'‘of%rming“i7fatnicXT™“cfr'5^ ““dition,. 27; meUioda 

~’«moUon,, Xheo-ftmctlon. ontf 

“""“nX^io <-chonsX'rfo^“STg;nl 1 „;e^ for 

486; for the Weierstrassian e.Hptio func.itr4ri'“r Z 

Electromagnetic waves, equations for, 404 
Elementary functions, 82 

Elementary transcendental functions. 579-690 ^ 

Exponential function and Logarithm (Appendix). See aleo Circular foncttons, 

EUipsoidal harmonics, 536-678 (Chapter xxiin- , . 

derived from Lame’s equation, 538-543 552 ^ ^ coordinates, 662; 

nected with. 567; linear independence of equations con- 

physical applications of. 547 “ sS of 5^7 - ’ 

and Lam4 functions ’ 537. See aUo Lamd’s equation 

Elliptic cylinder functions, ^ee Uathlen ftinetions 

ElUpMc functions, 429-535 (Chapters ix-xxn\- 

derivate of, 430; discovery of by Abel oL 485; construction of. 433. 470; 

means of Theta-funclions. 473 ; exnrv^ed K. ^ 524; expressed by 

general addition formula. 457- number of Weierstrassian functions, 448-451; 

432: periodicity of, 429 . 479 . 500 ^ ^ 431. 432; order of. 

tween zeros and poles of, 433 ; residue n( parallelogram of, 430; relation be- 

poles (are constant), 431; with one HmiKig. of, 508; with no 

between). 452; with two simple poles*^ 43 ^ ‘ 7'^ the same periods (relations 

Theta-functions and Weierstrassian elliptic ftin^ons Jneobian elliptic functions, 
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BUlptlc InteffralB. 429, 512; first kind of. 515; function E(h) and, “I!?; 

519- inv^ion of. 429, 452. 464, 490. 494, 612, 524 ; second kind of, 517, (addition fomiulat^ 
for)’518 519, 534, (imaftinarv tmnsfornmtion of) 519; third kind of. 522, 5-*.'#. (dyniimii^ 
application of) 523. (pammeter of) 522; three kinds of. 514. .See .i^o Completo oUlpUc 

Inte^ralB 

Elliptic mambnino, vibrations of, 404 
Equating coefflclenta, 59. 196 

Equation of degree m has m roots, J2(< .... .• i r>i 

BquaUona indicial. 199; number of roots inside a contour. 119, 223; of Mathematical 
^ ^3^386-403; with perioilic coethcienU. 412. .SVe tilso Difference equation. Integral 
equationfl. Linear differential equatlone. nnd (t»<fer thr names oj specml e>iutitwns 

Equiyalence of curvilinear integrals. H3 
Error-function [Erf (j ) and Erfc ( r)]. 341 
Essential tlngrularity, 102; at infinity, 104 

Eta-function [U (>01, 479 , 490 oc^ . 

Kulerlan integrals, first kind of [/((m, n)], 253; expressed by Gamma-functions, 254. extended 

by Pochhammer, 256 

Enlerlan integrals, second kind of. 241 ; see Gamma-function . 

pSclffi lln 

Evaluation of definite Integrals and of infinite Integrals, 111-124 (Chapter \i) 

Evaluation of Hill’s inflnlU determinant. 415 
Even functions, 115, 165; of Mathieu (ce„(r, </)l, 40r 

Existence of derivatives of analytic function. 89 ; -theorems. 388 fxt hv 

P*i»nsionl 381 • bv Laerantfe, 132, 249 ; by Laurent. 100; by Maclaurin, 

149^ bv Plana 145 • by^Taylor, 93 ; by Wronski. 147 ; in infinite products. 136 ; m ^enes of 
Bessel coefficients or ^ssel functions 374. 375. 381 384- in series of 

series of inverse factorials. 142; in series of Legendre polynomials or Legendre functim s 
310 322 330 331 335', in series of Neumann functions, 374, 375, 394; m senes of para 
cylinder funciionl’ 3^; in series of rational functions. 134. Sc. uf«o Asymptotic expansions. 
Series, and tinder the nnines oj special functions 

Exponential function. 581; addition theorem for. 581; continuity of. 581; differentiation of. 

582 ; periodicity of, 585 
Exponential-lntagral [Ei (r)]. 352 

Exponents at a regular point of a linear differential equation, 198 
Exterior, 44 

External harmonics, (ellipsoidal) 576, (spheroidal) 403 

Factor, Cauchy’s discontinuous, J23 ; periodicity-, 463 
Factorials, expansion in a series of inverse, 142 
Factor-theorem of Weierstrass, 137 

Fejir's theorem on the summability of Fourier series, 169, 178 

Ferrers’ associated Legendre functions and 323 / 5 „f^<r«.t 5 on on 

Firat kind Bessel functions of. 359; elliptic integrals of, 515, (complete) 518, (integration of) 
^ 515 ; Eulerian integral of. 253. (expressed by Gamma-functions) 254 ; integral equation . 

221; Legendre functions of, 307 

First mean'value theorem. 65, 96 

First species of ellipsoidal harmonic, 537, (construction of) 538 
Floqnet's solution of differential equations with periodic coefficients. 412 

Fluctuation, 56; total, 57 

Foundations of arithmetic and geometry, 579 

Fourler-Bessel expansion, 38J ; integral, 385 

Fourier constants, 164 , 

series and. 160, 163 ; expansions of a function in, 163,165.175. l /b. ex^nsions o 
elliptic functions in, 510.511; expansion of Mathieu functions m, 409 4Ji. 414, - , 
theorem on 169 * Hurwitz-Liapounoff theorem on, 180 ; 1 arseval s theorem on, 1 , 

of s°Z^and aerto S cosines, 165; summability of, 169, 178; uniformity of convergence of, 

168, 179. See also Trigonometrical series 
Fourier's theorem, Diriohlet’s statement of, 161, 163, 176 


GOO 


GENERAL INDEX 


Fourier’B theorem on Integrala. 188. 211 

Fourth species of ellipsoidal harmonic, 537, (construction of) 542 
Fredholm's integral equation, 213-217, 228 
Functionality, concept of. 41 

Functions, bmnches of, 106; identity of two, 98; limits of, 42; principal parts of. 102; without 
essential singularities. 105; which cannot be continued, 98. See aUo under the name* of 
special j unctions or special types of/unctions, e.g. Legendre functions. Analytic functions 
Fundamental formulae of Jacobi connecting Theta-functions, 467, 488 
Fundamental period parallelogram, 430; polygon (of automorphic functions), 455 

Fundamental system of solutions of a linear differential equation, 197, 200 389 559 See uUo 
under the names of special equations 


Oamma-hmctlon 235-264 (Chapter xrr); asymptotic expansion of, 251, 276; circular 

* complete elliptic integrals and. 524-527. 535; contour integral (Hankel’s) 

for, 244 ; difference equation satisfied by. 237; differential equations and. 236; duplication 

t 254; Euler's integral of th^ second 

^ V Saalschiitz) 243, (modified by Hankel) 244; Euler’s 

product, 237; incomplete form of, 341; integrals for. (Binet’s) 248-251. (Euler’s) 241* 
minimum value of. 253; multiplication formula. 240; series. (Kummer's) 250, (Stirlings) 
2ol; tabulation of, 2 .j 3 ; trigonometrical integrals and. 256; Weierstrassian product, 235 
236. See also Eulerian Integrals and Logarithmic derivate of the aamma-functlon 

Gauss' discovery of elliptic functions. 429. 512, 524; integral for r'(z)ir(z), 246- lemniscate 
functions. «-<• Lemniscate functions ; transformation of elliptic inteVals 533 

Gegenbauer's function CC’„‘'(c)], 329; addition formula, 335; differentiareouaHon for 329* 

funcnlnran'd^^i'r’R^^ relation with Legendre functions, 329; relation involving Bessel' 
functions and. 385 . Rodrigues formula (analogue), 329 ; Schlafli’s integral (analogue). 329 

Genus of a plane curve, 455 v » /• 

Geometric series, 19 

Glalsher's notation for quotients and reciprocals of elliptic functions 494 498 

Greatest of the limits, 13 ' ’ 

Green's functions, 395 


Eadamard's lemma, 212 

Half-periods of Weievstrossian elliptic functions, 444 

'0^ r (.), 244 ; integml 

Hardy’S convergence theorem, 156; test for uniform convergence, 50 

HarmotUcs, solid and surface. 392; spheroidal. 403; tesseral 300 . i qao hm ma • 

Sylvester's theorem concerning integrals of. 400. ’ .f/e nTo’^pao'^ l^oiUcs ' ’ 

Heat, equation of conduction of, 387 ^mipsoioai harmonics 

Heine-Borel theorem (modified), 53 

Heine's expansion of ((- ?)-i in series of Legendre polynomials 321 

Hermlte's equation. 204, ^00. 342, 347. Sec also Parabolic cylinder functions 
Hermlte’e formula for the generalised Zeta-function {-{s, a). 269 
Hermlte's solution of lime’s equation, 573-575 
Heun'a equation, 5T6, 577 

HlU’s equation, 406, 413-417 ; Hill’s method of solution 413 
Hill’s Infinite determinant, 36. 40, 415; evaluation of. 415 
Hobson's associated Legendre functions, 325 
Holomorphic, 83 

Homogeneity of Weiewtrossian elliptic functions, 439 

■6 


ellipsoidal harmonics derived 


Homogeneous harmonics (associated with ellinLoiHi <- 

from (Niven’s formula). -543 ; linear independent of .56o' 

Homogeneous integral equations, 217, 219 
flurwlU’ definition of the generalised 7 t.tu 

theorem concerning Fourier constants 180 ” 265; formula for o), 268 : 

Hypergeometrlc equation, Hypergeometrtc functions 

-) integrals, 28«,, 282 ; contig.,on.,. 294 t 

functions expressed in terms of ’ differential equation for, '02, 2u7, 283 ; 

twenty-four expressions involving^ 2^“relations between 

series for (convergence of) 24 2fti s P-equation and. 208, 283; 

t B 01 ), i4, 281, squares and products of, 298, value of F (a, 6; c; 1). 
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381, 293 \ values of special fonns of hyperReometric functions. 29ii, 3<>I. See aU" Bessel 
fUncUons, Confluent liypergeometric functions Legendre functions 
Hypergeometric series, see Hypergeometric functions 
Bypotbesls of Rlemann on zeros of 373. 2S0 

IdentlcaiUy vanishing power series, 58 
Identity of two functions. 98 

Imaginary argument, Bessel functions with [i„ (;) and A'„ (.•)), 372, 373, 3»4 
Imaginary part {I) of a complex number. 9 

Imaginary transformation (Jacohl's) of elliptic functions, .505, 50G, .53.5; of Theta-functions, 1-.4, 
474; of f:(u) and Z(»). 519 
Improper Integrals, 75 
Incomplete Gamma-functions [7 (n, r)], 341 
Increasing sequence, 13 
Indlclal equation. 198 

Inequality (Abel’s), 16; (Hadamard’s), 212; satis 6 ed by Bessel coefficienU. 379 satistted by 
Legendre polynomials, 303\ satisfied by parabolic cylinder functions, Jo4; satisfied by 
f (s, «), 274, 275 

Infinite determinants, $ee Determinants 

Infinite Integrals, 69; convergence of. 70. 71,72; differentiation of. 74 ; esHluation of. 111-124. 
functions represented bv. «»der the uaines oj specud /uuctiouK ; representing analytic 
functions. 92; theorems concerning. 73; uniform convergence of. 70. 72. 73. .See aUo 
Integrals ttnd Integration 

Infinite products, 32; absolute convergence of. 32; convergence of. 32; divergence to zero. 33 ; 
expansions of functions as, 136, 137 (see aho under the of speettd functions); expressed 

by means of Theta-functions. 473, 433; uniform convergence of, 49 
Infinite series, see Series 

Infinity, 11, 103 ; essential singularity at, 104; point at, 103 ; pole at, 104; zero at, 104 
Integers, positive. 3; signless. 3 

Integrabillty of continuous functions, 63 ; Riemann’s condition of, 63 
Integral, Borel’s, 140; and analytic continuation, 141 
Integral, Cauchy's, 119 
Integral, Dlrichlet’s, 258 

Integral equations. 211-231 (Chapter xi); Abel’s, 211, 229, 230; Fredholm’s, 213-217, 228; 
homogeneous, 217, 219; kernel of, 213; Liouville-Neumann method of solution of. 221; 
nucleus of, 213 ; numbers (chamcteristic) associated with, 219 ; numerical solutions of, 211 ; 
of the first and second kinds. 213, 221; satisfied by Lame functions. 564-567; satisfied by 
Mathieu functions. 407; satisfied by parabolic cylinder functions. 231; Scbldinilch’s, 229 ; 
solutions in series. 228; Volterra’s, ‘221 ; with variable upper limit. 213. 221 
Integral formulae for ellipsoidal harmonics, 567; for the Jacobian elliptic functions, 492, 494, 
for the Weierstrassian elliptic function, 437 
Integral functions, 106; and Lamp’s equation, .571; and Mathieu’s equation, 418 
Integral properties of Bessel functions. 360, 36l, 365; of Legendre functions. 225. 305. 324; of 
Matliieu functions, 411; of Neumann’s function, 365; of parabolic cyhnder functions. 3.50 


Integrals, 

of. 61 
anal) 


rrals. 61-81 (Chapter iv); along curves (equivalence of). 87; complex. 77. 78; differentiation 
of. 67; double. 68. ‘2.55; double-circuit. 256. 293; evaluation of. 111-124; for denvates of an 
analytic function. 89; functions represented by. under the names oJ the special junctions ; 
improper. 7.5; lower, 61; of harmonics (Sylvester’s theorem). 400; of irrational uinctions. 
4-52. 512; of periodic functions, 112; principal values of. 75, 117; regular. 201; repeated. 
6 h, 75; representing analytic functions. 92; representing area-s, 61, -589; round a contour, 
85 ; upper. 61. See also EUlptlc Integrals, Infinite Integrals, and Integration 

grral theorem. Fourier’s, 188. 211 ; of Fourier-Bessel, 365 

gratlon, 61; complex, 77; contour-, 77; general theorem on. 63; general theorem on 
complex, 78; of asymptotic expansions, 133; of integrals, 68, 74, 75; of series, 78; pro¬ 
blem connected with cubics or quarties and elliptic functions. 452, 512. See also Infinite 


6h, 75; representing analytic functions. 92; representing area.s, 01 , -jwy, lou 
85 ; upper. 61. See also EUlptlc Integrals, Infinite Integrals, and Integration 

Integral theorem. Fourier’s, 188. 211 ; of Fourier-Bessel, 365 

Integration, 61; complex, 77; contour-, 77; general theorem on. 63; genera 
complex, 78; of asymptotic expansions, 133; of integrals. 68, 74, 75; of s€ 
blem connected with cubics or quarties and elliptic functions. 452, 512. Se 
integnrals and Integrals 
Interior, 44 

Internal spheroidal harmonics. 403 

Invariants of Weierstrassian elliptic functions, 437 

Inverse factorials, expansions in series of, 142 

Inversion of elliptic integrals, 429, 452, 454 , 480, 484, 512, 524 

Irrational functions, integration of, 4-52, .512 

Irrational-real numbers, 5 
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Irredadble set of zeros or poles, 430 

Irregular points (singularities) of differential equations, 197, 202 
Iterated functions. 222 

JMOW^ ,mptlc tsn u, cnu. dn «], 432, 478, 491-535 (Chapter xxi.); addition theorems 

for, 494. 497, 530,6J5\ connexion with Weierstraseian functions, 505; deOnitions of am m, 

’ differential equations satisfied by, 477, 492; 
differentiation of, 493; duplication formulae for, 498; Fourier series for. 510, 511, 53S; 
geometrical illustration of, 524, 527; general description of, 504; Gluisher’s notation for 
quotients and reciprocals of, 494 ; infinite products for, 508, 53S; integral formulae for, 492, 
tli' ® >mapnHry transfoi;mation of. 505. 506; Lame functions expressed in terms of, 

564. o73. Landen s transformation of, 507; modular angle of, 492; modulus of. 479, 492, 

representation of points on curves by, 524, 527, 527, 
470 ‘*^1.503 ; poles of. 432. 503, 504; quarter periods. A', iK\ of, 

S?’- ^tween. 492; residues of, 504 ; Seiffert’s s^erical spiral and, 

f fonnuloe. 5,30. o3j. 535; values of. when u is ^JC, AiA' or J (A’+iAT'). 500, 

r ^32. See alZ Elliptic functions, mptlc 

Integrals, Lemniscate ftinctlons, Theta-funcUons, atul Weierstrasslan elliptic functions 

Theta.functions, 479; 
formul.^. 467. 488; imaginary transformations, 224, 474. 505. 
50b, 519, oJ5 , Zeta-function, nee under Zeta fxmction of Jacobi 
Jordan's lemma, 115 

Kernel, 213 

Klein's theorem on linear differential equations with five singularities 203 
Kmmner's formulae for confluent hjpergeometric functiona, 338 ; aeries for log P (r), 2.50 

Lacunary function, 98 

Lagrange’s expansion, 132. J40 ; foi-m for the remainder in Taylor’s series 96 

'^elS?u“nctioL"l73^57’^^ (unctions. 556. 577; expressed by Jacobian 

S ons satisfied^^^^^ ZV x ""j'^^^^sian elliptic functions. 570-572; integral 
Xs of 557 55 !^ independence of. 559; reality and distinctness of 

solurionA^orr^neralisereqil^^^^ 

EUlpsoidal harmonics ' Lam6 functions a«d 

Landen’s transformaUon of Jacobian elliptic functions 476 507 533 

symmetrical solution of. 399; transformations of iSJ.To? 551 5W ^^ conditions. 393. 

^place’s integrals for Legendre polynomials and functions. 312, 313 314 319 326 337 

Least of limits, 13 
Lebesgue's lemma. 172 
Left (L-) class, 4 

^ -iution of. 316. .f. 

324 SrCntiLlTu^ion for^367. 40J ; degree of. S07, 
306; expansions in ascending series. 311 326’- Legendre poI:^omjals. 

326,554; expansion of a function 2 a series ^ ' 

functions. 311. 5JJ#; expression of Q (z] in A’™? 

Ferrers’ functions associated with 323 324 • a ♦ polynomials, 5 i 9 , 320, ^5. 

C,' (z), associated with. .« Oe^nbauer’a ‘ ’ G^genbauer’s function, 

of, 321; Hobson’s functions^^iated wit^^^^® ® expansion of (( - r)-> ^ a seri^ 

564: intetrral oronertiPs of aoa . r cuuuecting Bessel functions with, * 


equation 


t o uaxsaxAfUbit/lk Ut a **** 

Legendre polynomials and Legendre 



formula for. 326. 387; degree of. 302; differ- 
, pension in ascending series, 311; expansion in descending 
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series, 302 , 334 \ expansion of a function as a series of, 310, 322 , 330, 331, 33'*, 335 i 
expressed by Murphy as a hypergeometric function, 311, 312; Heine’s expansion of {t 
as a series of, 321; integral connecting Bessel functions with, 364-, integral proi)erties of, 
225, 805; Laplace’s equation and, 391; Laplace’s integrals for, 31*2, 314 ; Mehler-Ditichlet 
integral for, 314; Neumann’s expansion in series of, 922 ; numerical inequality satlstied by. 
303; recurrence formula© for, 307, 309; Rodrigues’ formula tor, 225, 303; Schliitii’s integnvl 
for, 303. 304 ; summation of l/i" (z). 302 ; zeros of. 303, 316. See oho Legendre functions 

Legendre’s relation between complete elliptic integrals. 520 
Lenmlscate functions [sin lemn <p and cos lemn <p], 524 
LlaponnofTs theorem concerning Fourier constants, 160 
Limit, condition for existence of, 13 

Limit of a function, 42; of a sequence, 11, 12 ; -point (the Bolzano-Weierstn\ss theorem), 12 

Limiting circle, 98 

Limits, greatest of and least of, 13 

Limit to the ralne of a complex integral. 78 

Llndemann’s theory of Mathieu's equation, 417 ; the similar theory of Lame s equation, .>70 
Linear differential equations. 194-210 (Chapter x), 386-403 (Chapter xviii); exponents of. 198; 
fundamental system of solutions of, 197, 200; irregular singularities of, 197, 
point of, 194; regular integral of, 201; regular point of, 197; singular points of, 194, 197, 
(confluence of) 202; solution of. 194, 197, (uniqueness of) 196; special types of equations: 
—Bessel’s for circular cylinder functions, 204, 342, 357, 358, 373; Gauss’ for hy{x*rgeo- 
metric functions, 202, 207, 283; Gegenbauer’s, 329 ; Hemiite’s. 204. 209. 342. 347 
406, 413; Jacobrs for Thete-functions, 463; Lamp’s, 204, 540-543, 554-556, 5^0-575, 
Laplace^s, 386, 388, 536, 551 ; Legendre's for zonal and surface harmonics, 204, 304, 324; 
Mathieu’s for elliptic cylinder functions, 204, 406; Neumann’s, 3b5\ Rieinann s for 
P-functions, 206, 283, 291, 294; Stokes’, 204; Weber’s for parabolic cylinder functions. 
204, 209. 342, 347; Whittaker’s for confluent hypergeometric functions, 337 ; equation for 
conduction of Heat, 387; equation of Telegraphy, 387; equation of wave motions, 3H6, 397. 
402; equations with five singularities (the Klein-Bocher theorem), 203 ; equations with three 
singularities, 206; equations with two singularities. 200; equations with r singularities, 
209; equation of the third order with regular integrals, 210 
LloayiUe's method of solving integral equations, 221 
LlouvUle’a theorem, 105, 481 

Logarithm, 583; continuity of, 583, 589; differentiation of, 586, 589; expansion of, 504, 589; 
of complex numbers, 589 

Logarithmic derlvate of the Gamma-function [^^(z)]. 240, 241; Binet’s integrals for, 248-251 ; 
circular functions and, 240 ; Dirichlet’s integ^ for, 247; Gauss’ integral for, 246 

Logarithmic derlvate of the Riemann Zeta-function, 279 
Logarlthmlc-lntegral funotion [Liz], 341 
Lower integral. 61 

Lunar perigee and node, motions of, 406 

Maclaurin’e (end Euler’s) expansion, 127; test for convergence of infinite integials, 71; series, 
94. (failure of) 104, 110 
Many-yalaed functions, 106 
Hasoheronl’e constant [>], 235, 246, 248 

Mathematical Physics, equations of, 203, 386-403 (Chapter xvm). See aleo under Linear dif¬ 
ferential equations and tlie name$ of »pecial equations 
Mathlen functions (^^-(z, q), #r„(z, g), tn„(z, 7 )j, 404-428 (Chapter xix); construction of, 409, 
420; convergence of series in. 422; even and odd. 407; expansions as Fourier series. 409, 
411, 420; integral equations satisfied by. 407. 409; integral formulae, 411; order of, 410; 
second kind of, 427 

Mathieu’s equation, 204, 404-428 (Chapter iix); general form, solutions by Floquet, 4r2. by 
Lindemann and Stieltjes, 417, by the method of change of parameter, 424; second solution 
of. 413, 420, 427; solutions in asymptotic series. 4^5; solutions which are periodic, -cr 
Mathlen functions ; the integral function associated with, 418. See also Hill's equation 

Mean-value theorems, 65, 66, 96 

Mehler’s integral for Legendre functions, 314 

Mellin’s (and Barnes’) type of contour integral, 266, 343 

Membranes, vibrations of. 356, 396, 404, 405 

Mesh, 430 

Methods of ’ summing ’ series, 154-156 
Mlndlng’s formula, 119 

value of r (j) , 253 
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Uodlfled Helne-Borel theorem, 53 

Modular angle, 492 ; function, 481, (equation connected with) 482; •surface, 41 

Modulus, 430; of a complex number, 8; of Jacobian elliptic functions, 479, 492, (complement 

479. 493; periods of elliptic functions regarded as functions of the, 484, 498, 499, 601 fVI 
Monogenic, 83 ; distinguished from analjtic, 99 
Monotonic, 57 

Morera's theorem (converse of Cauchy’s theorem), 87, JJO 
Motions of lunar perigee and node. 406 

M-test for uniformity of convergence, 49 ^ 

Multiplication formula for F (z), 240; for the Sigma-function, 460 ^ 

Multiplication of absolutely convergent series, 29; of asymptotic expansions, 152; of converff'L' 
series (Abel’s theorem), 58, 59 ’ 

Multipliers of Theta-functions, 463 

Murphy’s formulae for Legendre functions and polynomials, 311, 312 a 


Neumann’s de6nition of Bessel functions of the second kind. 372; expansions in series 
Legendre and Bessel functions, 322, 374; (F. E. Neumann’s) internal for the Lerrend 
function of the second kind, 320; method of solving integral equations, 221 ^ 

Neumaim’s ftmctlon [0„(z)]. 374; differential equation satished by. dSs] expansion of, 374 

expansion of functions m series of. 376, 384; integral for. 375; integral properties o 
385; recurrence formulae for, 375 o t 

Non-uniform convergence, 44 ; and discontinuity, 47 

Normal functions, 224 

Normal solutions of Laplace’s equation, 553 

Notations, for Bessel functions, 356, 372. 373 • for T 0 oor,A,-^ t l- nne t . 

and ,eoip,ooa.a o, elliptic function., «4, 

Nucleus of an integral equation, 213 ; symmetric, 223, 228 


Numbers, 3-10 (Chapter 1 ); basic. 462; Bernoulli’s 125- avo. 

(reality of) 226; complex. 6; irrational, 6; r4tional\2?l 5 
rationaUreKl, 5; real, 5 ^rrawonal-real, 5; pairs of, 6; 


characteristic, 219, 
6; rational, 3, 4; 


Odd functions, 115, 166; of Mathieu, q)], 407 

Open, 44 

^^^'‘'Tuictions. 432 V W^^Lege^dre^^func^ron^ functions, 358; of elliptic 

function, 102; of terms in a series 25functions, 410; of poles of a 
function. 94 ’ factors of a product, 33; of zeros of a 

Ordinary discontinuity, 42 

Ordinary point of a linear differential equation 194 
Orthogonal coordinates, 394 ; functions, 224 
Oscillation, 11 


Parabolic cylinder functions (/) ai?. . . , 

204, 209. 347; expansion in a power LVi ?.*'/ 349; differential equation for, 

general asymptotic expansion of ’ expansion of a function os a senes of. 351, 

satisfied by. 231; integral nroneriifj satisfied by. 354; integral equation 

353; properties when n is an mteo ’ involving. J55; integrals representing, 

between different kinds of fD (zX ^^3. 354; recurrence formulae. 3o0: relatmns 

equation US; zeros of. 354. aUo Weber's 

Parallelogram of periods. 430 
Parameter, change of (method nf 1 

functions, 463. 464; of a point!?Matbieu’s equation). 424; connected with Theta^ 

confocalsystemsofquadrics 547 ” ^42, 496, 497, 527. 530, 533; of members of 

Parseval's theorem. 182 ’ ’ of elliptic integral, 522 ; thermomelnc. 4<w 

Partial differential equations 

Partition function, 462 ’ of- 390, 391. See aUo Linear differential equations 

Parts, real and imaginary 9 

Pearson s function (w„ 

P-equation. Rlemann's "*‘>06 

tions of. 283. 291. ’(relaiions hypergeometric equation. 208. 283 ; ^olu- 

-Muations with m ^ f^’^nsfoni^ions of. 207 
Periodic functions. mtecrr..ic . theory of) 4 F> 

ftincuons mvolving. n.>. 2 . 56 . iv, Fourier series 
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odlolty factor*, 463 . ». 

■>t odlclty of circular aiul exponential functions, 585-587; .of elliptic functions, 429, 434, 4,9. 

600, 502, 503; of Theta-functions, 463 

..iodic lolutlona of Miithieu's equation, 407 

erlod-parallelogram, 430; fundamental, 430 

•ulOdB Of elliptic functions, 429 ; qua functions of the modulus, 484, 498, 499, 501, 521 
’’ 4se, 9 

' Jicherle’s functions (modified Legendre functions), 335 
lina's expansion, 145 

cbhammer'B extension of Eulerian integrals, 256 

int, at infinity, 103 ; limit-, 12 ; representative, 9 ; singular. 194, 202 

nles of a function, 102; at infinity, 104; irreducible set of. 430; number in a cell, 431: relations 
between zeros of elliptic functions and, 433 ; residues at, 432, 504 ; simple, 102 

olygon, (fundamental) of automorphic functions, 455 

Polynomials, expressed as series of Legendre polynomials, 310 ; of Abel. 353 •, of Bernoulli, 126, 
127 ; of Legendre, see Legendre polynomials ; of Sonine, 552 
Popular conception of an angle, 589 ; of continuity, 41 
^osltiye Integers. 3 

'£ower aeries, 29; circle of convergence of. 30; continuity of, 57. (Abel’s theorem) oi ; expan- 
Bions of functions in, ore under tiie names of special functions; identically vanishing. .5b; 
Maclaurin’s expansion in. 94; radius of convergence of, 30. 32; senes derived from, 31; 
Taylor’s expansion in, 93 ; uniformity of convergence of, 57 
Principal part of a function, 102; solution of a certain equation. 482; value of an integral. 75. 
117; value of the argument of a complex number, 9, 588 

^ Principle of convergence, 13 
Pringaheim’s theorem on summation of double series, 28 

Products of Bessel functions, 379, 330, 383, 385 , 428 \ of hypergeometric functions. 298. See 
also Infinite products 


Quarter periods A', iK\ 479, 498, 499. 501. See also Elliptic Integrals ^ 

Qnartlc, canonical form of, 513; integration problem connected with, 452, 512 
Quasl-periodlclty, 445, 447, 463 

Quotients of elliptic functions (Glaisher’s notation), 494, 511; of Theta-functions, 477 


Radius of convergence of power series, 30, 32 
Rational functions, 105 ; expansions in series of, 134 
Rational numbers, 3, 4 ; -real numbers, 5 
Real functions of real variables, 66 


Reality of characteristic numbers, 226 
Real numbers, rational and irrational, 5 
Real part (i?) of a complex number, 9 

Rearrangement of convergent series. 25; of double series, 28; of infinite determinants, 37; of 
infinite products, 33 
Reciprocal functions, Volterra’s, 218 

Reciprocals of elliptic functions (Glaisher’s notation), 494, 611 

Recurrence formulae, for Bessel functions, 359, 373. 374 ; for confluent hypergeometric functions. 
352 ; for Gegenbauer’s function, 330; for Legendre functions. 307, 309, 318; for Neumann’s 
function, 375; for parabolic cylinder functions, 350. See also Contiguous hypergeometric 
functions 
Region, 44 

Regular. 83 ; distribution of discontinuities. 212; integrals of linear differential equations, 201, 
(of the third order) 2J0 ; points (singularities) of linear differential equations, 197 

Relations between Bessel functions. 360. 371 ; between confluent hypergeometvic functions 
m ± m (*)> » between contiguous h>T>ergeometric functions, 294 ; be¬ 
tween elliptic functioiis, 452 ; between parabolic cylinder functions ( ± r) and ± ir). 

348 ; between poles and zeros of elliptic functions, 433 ; between Riemann Zeta-functions 
f («) and f (1 - 8), 269. See also Recurrence formulae 
Remainder after n terms of a series, 15 ; in Taylor’s series, 95 
Removable discontinuity, 42 
Repeated Integrals, 68, 75 
Representative point, 9 

Residues, 111-124 (Chapter vi), defined. 111; of elliptic functions, 425, 497 
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Rlemann’s associated function, 183, 184, 185; condition of integrability, 63; equations satisfied 
by anal^ic functions, 54; hypothesis concerning f(e), 272, 280 \ lemmas, 172, 184, 186: 
P-equation, 206, 283, 291, 294, (transformation of) 207, (and the hypergeometric equation) 
208, »ee also Hypergeometrlc functions; theory of trigonometrical series, 182-188 Zeta* 
function, see Zeta-function (of Rlemann) ’ 

Bless’ method of ‘ summing’ series, 156 
Right {R-) claae, 4 

Rodrigues’ formula for Legendre polynomials, 303 ; modified, for Gegenbauer’s function, 329 

Roots of an equation, number of, 120, (inside a contour) 119, 123; of Weierstrassian elliptic 
functions (ei, eji 443 

Saalschuts’ Integral for the Gamma-function, 243 
Schlafll’s Bessel function of the second kind, [y„(z)], 370 

polynomials and fanotiona, 303, 

304, 306 ; modified, for Oegenbauer s function, 329 

Schlijmilch’s expansion in series of Bessel coefficients. 377 ; function, 352; integral eouation. 229 
Schmidt’s theorem. 223 

Schwarz’ lemma, 186 

Second kind, Bessel function of, (Hankel’s) 370, (Neumann’s! 372 fWehpr mO 

L'nitSMe ^ 

Second mean-value theorem, 66 

Second solution of Bessel’s eqimtion 370, 372. (modified) 373 ; of Legendre’s equation, 316 : 
Wel^Ps ^ hypergeometric equation, 286, (confluent form) 343 ; ui 

Second species of ellipsoidal harmonics. 537. (construction of) 540 ' 

Section, 4 ' 

Seiifert’s spherical spiral, 527 

Sequences, 11; decreasing, 12 ; increasing, 12 

®**^*ditionlnfcrnver«^^^^ convergent. 18; change of order of terras in, 25; con- 

15- differentiation of. 31. 79, 92; divergence of, 

of *29 58 59 - ’ ™®^hods of summing, 154-156; multiplication 

Lctori’als ’142 • o functions. 91; of cosines. 165; of cotangents, 139; of inverse 

variable i ©f rational functions, 134; of sines, 166; of 

15- reoresentini? nariini!i ^*^®*^*y ®f ccn^®rg®oce); order of terms in, 25; remainder of, 
differential and^inUrTrai functions, see under the name of the /unction; solutions of 
ewsSSoM 228; Taylor’s, 93/ See also Asymptotic 

of convergence ^^Paaaions, Pouriar series, Trigonometrical series and Uniformity 

Set, irreducible (of zeros or poles), 430 

'^‘^^^ '^ 2 ( 2 ), <r3(^)].447, 448; addition formula for, 461, 
t^es of 448 ^7; duplication formulae, 459, 460; four 

singly infinite product for functions by, 450; quosi-periodic properties, 447; 

connected withf u,, 473 «rtripU^tio™oTuU°M™*’ = Them-tuncUons 

Signless Integers, 3 ’ 

Simple curve, 43 ; pole, 102; zero, 94 

Simply-connected region, 455 

sine, prodMl for, 137. See aUo Olronlar ftmcUon. 

[Si (z)]. 353 ■ -series (Foorier series), 166 
Blngly-^rioaic functions. 429. See aim olrcuUr ftmcUons 

with 6ve 203^eouaH’oo*^’hifinity, 104; eonflaence of, 203, 337; equations j 
iOP; essential; 1%, 104 ; ^ 

equations ** *** Chapters x, xvm, xxm, and under the names of special 

Solutions of Integral equatlone, see Chapter xi • 

Sonlne's polynomial (z)], 352 I 

Speriee (various) of ellipsoidal harmonies, 537 
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Iphtxtoftl harmonloa, $ef H&rmonlcs 
Iphvrloal tplnJ, Seiffert’a, 527 

Siphttroldalhantionlci, 403 . 

SqaarM of Bessel functions, 379, 3S0 \ of Uypergeometric functions, 39S\ of Jacobian elliptic 
functions (relations between), 492 ; of Theta^functions (relations between), 466 

Btatanieiit of Fourier’s theorem, Dirichlet’s, 161, 163, 164, 176 

Steadily tending to zero, 17 

BUeltJes’ theorem on zeros of Lam6 functions, 660, (generalised) 562 ; theory of Matlueu s 
equation, 417 

Stirling’s series for the Gamma-funotion, 251 
Stokes' equation, 204 

Btols' condition for convergence of double series, 27 
Strings, vibrations of, 160 
Successive substitutions, method of, 221 
Sum-formula of Euler and Maclaurin, 127 

Summablllty, methods of, 154-156 ; of Fourier series, 169 ; uniform, 156 
Surface harmonic, 392 
Surface, modular, 41 
Surfaces, nearly spherical, 33H 

'Sylvester’s theorem concerning integrals of harmonics, 400 
Symmetric nucleus, 223, 228 

^^ahulatlon of Bessel functions, 3TO ; of complete elliptic integrals, 518 ; of Gamma-functions, 253 
•Taylor’s series, 93 ; remainder in, 95 ; failure of, 100, 104,110 
'•'elzelra’s extension of Burmann’s theorem, 131 
Telegraphy, equation of, 387 
Tesseral harmonics, 392 ; factorisation of, 536 

Tests for convergence, tee Infinite Integrals, infinite products and Series 
Thermometric parameter, 405 

Theta-mncUon. [», {,), (,). s,(0. (i) or a (r), 0 (.<)), 462-490 (Chapter Ml); abridgoa note 

tion for products, 468, 469 ; addition formulae. 467; connexion with Sigma-fuuctions, 446, 
473 487 ; duplication formulae. 488 ; expression of elliptic functions by, 473 ; four tjpes 
of, 463; fundamental formulae (Jacobi’s). 467, 488 \ infinite products for, 469, 473, 488; 
Jacobi’s first notation, e(u) and H (»), 479; multipliers. 463; notations. 464, 479, 487; 
parameters q, t, 463; partial differential equation satisfied by, 470; periodicity factors. 
463; periods, 463 ; quotients of. 477; quotients yielding Jacobian elliptic functions, 478; 
relation ^i' = boba^ 4 , 470; squares of (relations between), 466; transformation of, (Jacobi’s 
imaginary) 124, 474, (Landen’s) 476; triplication formulae for. 490; with zero argument 
(b 2 , ba, b 4 , bi ). 464 ; zeros of, 465 

Third kind of elliptic integral. H (u, a), 522 ; a dynamical application of, 523 

Third order, linear differential equations of, 210, 298, 418, 428 

Third epeclee of ellipsoidal harmonics, 537, (construction of) 541 

Three kinds of elliptic integrals, 514 

Tbree-term equation involving Sigma-functions, 451, 461 

Total fluctuation, 57 

Tranacendental functions, iee under the names of special functions 

TransformationB of elliptic functions and Theta-functions, 508; Jacobi’s Imaginary, 474, 505. 

506, 519 ; Landen’s, 476, 507 ; of Riemann’s P-equation. 207 
Trieronometrleal equations, 587. 588 

Trigonometrical integrals, 112, 263; and Gamma-functions. 256 

Trigonometrical eeries, 160-193 (Chapter ix); convergence of. 161; values of coefficients in. 163 ; 

Biemann’s theory of, 182-188; which are not Fourier series, 160,163. Sec also Fourier eeries 
Triplication formulae for Jacobian elliptic functions and E (u), 530,5,74; for Sigma-functioiis. 
459; for Theta-functions, 490; for Zeta-functions, 459 
»• Twenty-four eolations of the bypergcometric equation, 284 ; relations between, 285, 288, 290 
Two-dimensional continuum, 43 

Two variables, continuous functions of, 67; hypergeometric functions (Appell .s) of, 300 

Types of ellipsoidal ^imoqics, 537 \ 

Unloursal, 455 ) ■, 

Vnlformlsatlon, 454 


Ualformislng: variables, 455; associated with confocal coordinates, 549 

Uniformity, concept of, 52 

Uniformity of continuity. 54 ; of summability, 156 

Umformlty of convergence 41-60 (Chapter in), dehned, 44; of Fourier series, 172, 179, 180: ofi 
infinite in'egrals. jO, 72. 73; of infinite products, 49; of power series, 57; of series, 44, 
(condition for) 45, (Hardy a test for) 60, (Weierstrass’ if-test for) 49 j * 

oAnalytic functions, 91 

Uniqueness of an asymptotic expansion. 153 ; of solutions of linear dififerential equations, 196 

Upper bound. 55 ; integral. 61 

Upper limit, integral equation with variable. 213, 221; to the value of a complex integral, 78, 9 

Value, absolute, see Modulus ; of the argument of a complex number, 9, 588; of the coefficient 
in 1-ourier series and trigonometrical series. 163. 165. 167, 174 ; of particular hypergeometrii 
281 29.7. 298, 301 \ of Jacobian elliptic functions of IK. iiif. l{h’+iK'), 500. 

^ 521. 524. 525; of i'(s) for special values of » 

Vanishing of power series, 58 

Variable, unifonnising, 455; terms (scries of), nee Uniformity of convergence; upper limit, 

.integral equation with, 213, 221 a . ee . 

Vibrations of air in a sphere, 399 ; of circular membranes, 396; of elliptic membranes, 404, 405; 
of strings, 160 » p 

Volterra s integral equation, 221; reciprocal functions, 218 

equation of. 386; general solution, 397, 402; solution involving Bessel functions, 

Weber’s Bessel function of the second kind [r,.(r)], 370 

Weber's equation, 204, 209, 342, 347. See also Parabolic cylinder functions 

Weierstrass' factor theorem, 137 ; J/-test for uniform convergence, 49 ; product for the Gamma- 
function. 235; theorem on limit points, 12 e* - . i 

Welerstrasslan elliptic function 429-461 (Chapter xx). defined and constructed. 432. 

433; a«ldition theorem for. 440. (Abel’s method) 442; analogy with circular functions. 

438; definition of {^(j)-^,.}*, 457; differential equation for. 436; discriminant of, 444; 
duplication formula. 441; expression of elliptic functions by. 448; expression of ^(r) - j?(y) 
by Sjgina-functions, ^.5i ; half-periods, 444; h<^mogeneity properties, 439; integral formula 
for, 437; mtegmtion of irrational functions by, 452; invariants of. 437; inversion problem 
for, 484; Jacobian elliptic functions and, 505; periodicity. 434; roots c,. f,. c,. 443. See 
also Sigma-functions am/ Zeta-function (of Weierstrass) i ^ 

Whittaker’s function ^(z), nee Confluent hypergeometric functions 

Wronskl’s expansion. 747 

Zero .-rgument. Theta-functions with. 464 ; relation between, 470 

Zero of a function. 94 ; at infinity, 104 ; simple, 94 

Zeros of a function and poles (relation between). 433 ; connected with zeros of its derivate. 121, 
J^3 , irreducible set of, 430 ; number of, in a cell, 431 ; order of 94 

376. 381, (Lamp’s) 557, 558. 560. 57^. (Legendre’s) 303, 
JJ6, 335, (parabolic cylinder) 3.j4, (Riemann’s Zeta-) 268, 269, 272 260, (Theta-) 465 

Zeta-functlon. Z (») (of Jacobi). 518; addition formula for. 518; connexion with A'(./). 518; 
empu7f^cSins^'^’ imaginary transformation of, 519. See also Jacobian 

Zeta- 



_ . _ ... / ^ ^- 4iQi, zeros ui, 

u of uni’nll^^ »ith, 446; duplication formulae tor, 4.i9; er- 

Xrc ;,f.u WeiersLsslan e;Uptl^Wcu;nB'‘““‘■‘’"‘^ 

Zonal harmonics, 302. 392 ; f | ij f~|] m m,. 
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